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1 

Attosecond and XUV Physics: Ultrafast Dynamics and 
Spectroscopy 

Marc Vrakking 


1.1 

Introduction 

Scientific progress is tied to the observation and modeling of the world. Our ability 
to observe atomic and molecular matter requires tools beyond our natural senses. 
Following the development of X-ray techniques, it became possible in the twen¬ 
tieth century in biology and chemistry research to observe static structures, from 
the macroscopic scale down to the nanoscale and even beyond, with atomic res¬ 
olution. However, many important material properties are not static, and involve 
elementary physical processes that occur on ultrafast time scales. 

The natural time scale for the motion of atoms in molecules, and therefore 
for the making and breaking of chemical bonds, is in the femtosecond domain 
(1 fs = 10 -15 s). The observation of chemical or biological transformations there¬ 
fore typically requires measurements with femtosecond time resolution. Such ob¬ 
servations are only possible with correspondingly short light pulses, which then al¬ 
low the photo-induced initiation of a process of interest using a short “pump” laser 
pulse, followed by a stroboscopic observation after a well-defined time delay, using 
an equally short “probe” pulse. In the last few decades, widely tunable femtosecond 
laser pulses were developed, allowing the emergence of femtosecond spectroscopy 
(“femtochemistry”) a research field that has meanwhile greatly enriched our under¬ 
standing of physical, chemical and biological processes. This feat was recognized 
with the Nobel Prize in Chemistry that was awarded to Ahmed Zewail (Caltech) in 
1999 [1], 

Photochemical reactions studied by the methods of femtochemistry can com¬ 
monly be described as making use of the Born-Oppenheimer approximation, 
where potential energy surfaces describe the energy of all electrons as a function 
of the atomic coordinates, as well as the resulting forces acting on the atoms. As 
the atoms move under the influence of these forces, the electrons adiabatically 
adapt until curve crossings are encountered, where the Born-Oppenheimer ap¬ 
proximation breaks down and where the electronic structure may undergo drastic 
changes on time scales that are however still determined by the atomic motion. 
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Purely electronic motion, without involvement of atomic motion, can occur on 
much faster, attosecond time scales (1 as = 10“ 18 s), as can be appreciated from 
the 152 attosecond orbital period of an electron in the Bohr model of atomic hy¬ 
drogen. Until recently, direct measurements on these time scales were impossible. 
However, two new ultrafast, extreme ultraviolet (XUV)/X-ray sources, that is, high 
harmonic generation (HHG) and free-electron lasers (FELs) operating on the basis 
of self-amplified stimulated emission (SASE), have burst onto the scene in the last 
decade and are now beginning to provide unprecedented time-resolved access to 
processes reaching down into the attosecond domain. 

It is against this background that the ATTOFEL Initial Training Network was 
established in 2009 as a training network within the FP7 Marie Curie Program of 
the European Commission. The acronym ATTOFEL stands for “Ultrafast dynamics 
using ATTOsecond and XUV Free-Electron Laser sources”, expressing ATTOFELs 
goal of connecting the emerging attosecond and XUV/X-ray FEL scientific commu¬ 
nities. ATTOFEL also aims to give scientific training, in the broadest sense, to early 
stage researchers in this emerging field. The book in front of you is a direct out¬ 
come of this training effort and covers material that was presented at an ATTOFEL 
summer school, organized on the island of Crete in May of 2011, supplemented by 
a number of additional chapters. In this book, leading scientists in the field of at¬ 
tosecond and XUV/X-ray FEL research provide a comprehensive introduction. The 
book is intended for new researchers entering the field, while at the same time 
providing a reference text for researchers that are already active in this research 
area. 


1.2 

The Emergence of Attosecond Science 

In 2001, two independent research groups around Pierre Agostini at CEA Saclay 
and Ferenc Krausz at the TU Vienna showed almost simultaneously that attosec¬ 
ond XUV pulses can be created through HHG [2, 3]. These experiments were the 
result of a decade-long effort aimed towards understanding the dynamics of HHG, 
and culminating in the realization that HHG might be a viable way to produce 
attosecond pulses. 

In HHG, an intense femtosecond laser, usually a femtosecond Ti:sapphire laser 
with a central wavelength around 800 nm, is focused on an atomic or molecular 
gas. As described by Anne L’Huillier in Chapter 10, it was discovered in the late 
1980s that XUV radiation can then be produced at laser frequencies that are odd, 
and in some cases very high multiples of the driver laser frequency (hence the 
name “high harmonic generation”) [4, 5]. The explanation for the process was pro¬ 
vided a few years later by Paul Corlcum, who proposed a three-step mechanism 
starting with strong-field ionization of the target gas by the intense femtosecond 
laser, followed by acceleration of the released electron in the oscillatory electric field 
of the laser and, finally, a recombination of the accelerated electron with the ionized 
atom or molecule, where all the laser energy absorbed in order to ionize and accel- 


7.2 The Emergence of Attosecond Science |3 

erate the electron is released in the form of an energetic XUV or X-ray photon [6]. 
One of the early triumphs of the three-step model was its ability to explain the ob¬ 
served high-energy cutoff of HHG spectra given by £cutoff ^ IP + 3.2 Up, where IP 
is the ionization potential of the target gas and Up the ponderomotive energy, that 
is, the average kinetic energy of a free electron that is oscillating under the influ¬ 
ence of a strong laser field. As Corlcum showed using simple classical mechanics 
applied in the strong field approximation (i.e., neglecting the atomic potential once 
ionization has taken place, see Chapter 6 by Misha Ivanov), the maximum return 
energy of an electron that has left a target atom/molecule by tunnel ionization is 
equal to 3.17 U p , in close agreement with the experimental observations. 

The three-step model can also be used to rationalize why HHG leads to the for¬ 
mation of attosecond laser pulses. The initial ionization step is a highly nonlinear 
process that requires the absorption of a significant number of photons. Therefore, 
this process strongly favors the maxima of the oscillatory electric field of the laser, 
in particular at laser intensities where the tunneling picture applies. Consequently, 
electrons are not continuously being removed from the target atoms/molecules, 
but are formed in ultrashort bunches that have a duration much smaller than the 
optical period of the driving laser. The optical period of an 800 nm laser is only 
2.7 fs long, and therefore the electron wave packet that is accelerated has a dura¬ 
tion that is typically no more than a few hundred attoseconds long. Accordingly, 
the re-collision of the electron wave packet with its parent ion necessarily leads to 
attosecond laser pulses [7]. Of course, rationalizing that HHG ought to lead to the 
formation of attosecond pulses is one thing; to prove that it does is quite another 
matter, and this was the main accomplishment of the two aforementioned papers 
published in 2001 [2, 3]. 

1 . 2.1 

Attosecond Pulse Trains and Isolated Attosecond Pulses 

According to the three-step model, the attosecond pulse formation will occur twice 
during every intense enough cycle of the driving femtosecond laser pulse. In other 
words, using typical commercially available femtosecond laser pulses with a few 
tens of femtosecond duration, HHG will have the tendency to form an attosecond 
pulse train (APT), rather than an isolated attosecond pulse (IAP). This has had 
several important consequences. 

First of all, performing attosecond pump-probe experiments with an APT intu¬ 
itively seems very problematic. After all, if we use such a train in a pump-probe 
experiment (where the pump laser initiates the dynamics of interest and the probe 
laser makes a time-delayed observation of the evolving dynamics), then there is 
an uncertainty in the time delay between the pump and probe, since we do not 
know which attosecond pulse in the train has excited or probed the system. In the 
years since the first demonstration of APTs in HHG [2], attosecond scientists have 
learned how to deal with this problem, in particular by configuring experiments 
where the APTs are used in combination with a co-propagating near-infrared (NIR) 
laser field (typically a replica of the 800 nm femtosecond laser that was used to gen- 
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erate the APT). Rather than using the pulse envelope of the co-propagating 800 nm 
laser, the experiments use the optical cycle of this laser as a clock with attosecond 
time resolution. After all, 12 h on a normal clock correspond to only 2.7 fs on this 
“attoclock”! Given that the spacing between the attosecond pulses in the APT is 
exactly half the 800 nm optical period, all attosecond pulses experience the same 
800 nm electric field (up to its sign), making time-resolved studies of electron dy¬ 
namics on sub-fs time scales possible. For example, small time delays between the 
XUV-induced ionization of different argon atomic orbitals could be characterized 
in two-color XUV+NIR experiments using an APT [8]. Several examples of these 
types of experiments are discussed in this book, see, for example, Chapter 13 by 
Franck Lepine. 

Secondly, very extensive efforts have been developed to tailor the HHG process 
in a manner that rejects all but one of the attosecond pulses that are produced, in 
order to be able to configure experiments with IAPs. A number of different routes 
towards the generation of IAPs have been taken [9], and work in this direction con¬ 
tinues to this day [10]. The first successful demonstration by the team of Ferenc 
Krausz used the selection of cutoff harmonics generated in HHG with a very short 
(7 fs long) 800 nm driver pulse. When the duration of the 800 nm driver pulse is 
short enough, the highest energies (produced when U p is highest) will only be pro¬ 
duced during a single half-cycle of the driving laser pulse, thereby producing an 
IAP. In the years since the initial publication, this technique has been perfected, 
culminating in the reporting of 80 as IAPs in 2008 [11-16]. Alternatively, methods 
have been developed over the years that have relied on the use of a driving laser 
pulse with a time-varying polarization [17, 18], use of a two-color laser field [12], 
use of intensities that very rapidly increase and ionize the medium, leading to tran¬ 
sient phase-matching [13], or using combinations of the above. One of the most 
recent developments has been the “attosecond lighthouse effect” where HHG is 
performed with a driver pulse with a time-varying wavefront tilt, leading to a situ¬ 
ation where IAPs can be extracted from an APT because in the far field they move 
off in different directions [10,19]. 

1 . 2.2 

Characterization of Attosecond Laser Pulses 

Somewhat different characterization methods have been developed for APTs and 
IAPs. A comprehensive overview of these methods is presented by Adam Wyatt in 
Chapter 3 of this book. The first characterization of APTs used the RABBITT (re¬ 
construction of attosecond harmonic beating by interference of two-photon transi¬ 
tions) method [20], see also Chapter 10 by Anne L’Huillier, and Chapter 11 by Louis 
DiMauro. Here, a weak co-propagating NIR laser field (typically < 2 x 10 11 W/cm 2 ) 
is used. In the measurement, interferences in two-color XUV+NIR photoelectron 
sidebands are used to characterize the relative phase of a comb of harmonics, pro¬ 
viding a full characterization of the APT when combined with a measurement of 
the harmonic spectrum. 

The characterization of IAPs generally relies on stronger NIR laser fields, and 
uses the principle of the attosecond streak camera [21]: depending on the delay be- 
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tween the IAP and a co-propagating, moderately strong (typically 10 12 —10 13 W/cm 2 ) 
NIR laser field, the photoelectrons resulting from ionization by the IAP will be up- 
or down-shifted. It has been shown that measuring a complete streaking trace, 
that is, a complete set of photoelectron spectra as a function of XUV-NIR delay, 
allows the full characterization of both the IAP [18] and the NIR laser pulse [13]. 

An example of a streaking measurement may be found in Chapter 12 by Giuseppe 
Sansone. 

1.2.3 

Experimental Challenges in Attosecond Science 

Although the first experimental demonstration of the formation of an IAP was al¬ 
most immediately followed by a remarkable demonstration of the use of attosecond 
techniques to measure the lifetime of highly excited atoms undergoing Auger de¬ 
cay (see [22], discussed in Chapter 12 by Giuseppe Sansone), the first few years 
after that were largely devoted to improvement of the attosecond pulse production 
and characterization techniques. To do so was necessary, since the experimental 
use of attosecond pulses poses a number of major challenges. 

Given that attosecond pulses can only be synthesized using wavelengths with 
an optical period in the attosecond domain, the central wavelength of attosecond 
pulses is automatically in the XUV/X-ray range, where the development of highly 
reflective dispersive optics is extremely challenging. Moreover, since XUV radia¬ 
tion is absorbed by all materials, the experiments have to be entirely performed in 
vacuum. This creates challenges for the separation of the attosecond pulses from 
the NIR laser that has generated them and for the separation of the attosecond 
pulses generated via the “short” trajectory from those generated via the “long” tra¬ 
jectory (see Chapter 7 by Olga Smirnova and Misha Ivanov). Moreover, attosecond 
experiments pose extreme requirements on the stability of optical setups. When 
one considers that a light pulse travels a distance of 30 nm in 100 as and that in 
certain types of attosecond setups the “pump” and “probe” lasers travel along sep¬ 
arate paths over a distance of several meters, then it becomes clear that active sta¬ 
bilization of optical beam paths is often an absolute necessity to retain the attosec¬ 
ond time resolution. Finally, the attosecond pulses obtained by HHG are typically 
very weak. The conversion efficiency from NIR to XUV is typically on the order 
of 10“ 6 in HHG, meaning that millijoule-level 800 nm driver pulses will only lead 
to nano joule-level XUV/X-ray pulses. In the approaches used for the generation of 
IAPs, the efficiency is usually even lower. For this reason, the two color XUV-NIR 
experiments that were described above were up to now the only attosecond experi¬ 
ments possible. However, this is about to change. In the last few years, significant 
efforts have been undertaken to increase the pulse energy of attosecond pulses, 
and - in particular - the pulse energy of IAPs, in attempts to make IAP pump-IAP 
probe experiments possible [23]. Such experiments are extremely important, since 
they will allow more facile and reliable tracking of electronic motion over time 
delays exceeding the NIR optical period. Several laboratories have developed at¬ 
tosecond experiments on the basis of larger scale laser systems delivering 800 nm 
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pulses with several hundreds of millijoule pulse energy [24, 25]. With these sys¬ 
tems IAPs with pulse energies in the 100 nj range have recently been reported [25], 
which should be enough for IAP pump-IAP probe experiments. At the same time, 
as discussed by Uwe Morgner in Chapter 2, novel laser architectures like optical 
parametric chirped pulse amplification (OPCPA) are being introduced, that deliver 
800 nm laser pulses with characteristics (in particular, with pulse durations) that 
are more favorable for generating IAPs than traditional Tksapphire lasers [26]. The 
first experiment using an IAP both to pump and probe attosecond dynamics has 
recently been published [27]. 

1.2.4 

Attosecond Science as a Driver for Technological Developments 

As can already be understood from the previous paragraph, the development of at¬ 
tosecond science is strongly dependent on developments in, especially, laser tech¬ 
nology. Conversely, it may justifiably be stated that many current developments in 
laser technology are directly motivated by their utility in attosecond science. 

At the time that the first attosecond experiments got underway, hollow core fiber 
compression for the generation of intense few-cycle laser pulses had been shown 
a few years earlier [28, 29]. Furthermore, the development of frequency combs, 
allowing the production of pulses with a stable carrier envelope offset (CEO) phase 
and a reproducible carrier envelope phase (CEP) had just been demonstrated for 
oscillator lasers producing low power (nanojoule-level) laser pulses [30, 31]. Both 
of these developments were vital for the development of attosecond science, since 
both of the methods that were conceived early on for the development of IAPs, 
that is, selection of cutoff harmonics [3, 32] and polarization gating in order to 
generate IAPs in the plateau region of high harmonic generation [18], required the 
availability of high power few-cycle CEP-stable driver pulses for the HHG. A key 
breakthrough came in 2003, when Baltuska et al. published the realization of the 
first CEP-stable driver laser for HHG, based on chirped pulse amplification (CPA) 
of the output of a CEP-stable oscillator [12]. This allowed, for the first time, the fully 
reproducible production of IAPs. Since then, stabilization of the carrier envelope 
phase has remained a key topic in attosecond science, and therefore this topic is 
discussed in detail in Chapter 4 by Vincent Crozatier, who furthermore discusses 
novel CEP stabilization schemes that have been developed in the last few years, 
which greatly improve the CEP quality [33]. 

As discussed in Chapter 2 by Uwe Morgner, attosecond science continues to 
stimulate laser development in a number of important directions. As already stat¬ 
ed, the development of IAP pump-IAP probe experiments has motivated the imple¬ 
mentation of higher power lasers in attosecond experiments, and a first Terawatt- 
class CEP-stable CPA Tksapphire laser has been reported in the literature [34]. 
Still, to reach the combination of pulse energies and pulse durations that are de¬ 
sirable for IAP production [26], a shift from Ti:sapphire-based CPA technology 
to OPCPA appears imminent and is already being actively pursued by a num¬ 
ber of laser laboratories around the world. A major advantage of OPCPA is that 
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the sub-10 fs pulse durations that are a prerequisite for many of the IAP genera¬ 
tion schemes can readily be obtained directly from the amplifier, benefitting from 
the large phase-matching bandwidth in a noncollinear optical parametric amplifi¬ 
er (NOPA). One of the main challenges is the development of suitable picosecond 
pump lasers for pumping the OPCPA. However, in the last few years a number 
of ytterbium-based systems have been reported with pulse characteristics that are 
fully adequate [35, 36], and first OPCPA-based attosecond experiments are likely to 
be performed very soon. 

Another direction for OPCPA that is likely to become very important is the devel¬ 
opment of high repetition rate amplifier systems. Current Ti:sapphire lasers that 
are appropriate for use in attosecond science are largely limited to repetition rates 
< 10 kHz, making it extremely challenging to implement detection schemes that 
rely on coincident detection of multiple particles from a single pump-probe event, 
such as the electron(s) and ion(s) formed in an ionization event (see Chapter 16 by 
Artem Rudenko). However, with attosecond experiments addressing increasingly 
complex systems, the needs for the implementation of such coincident detection 
schemes has grown substantially in the last few years. Using OPCPA, the devel¬ 
opment of CEP-stable, high repetition rate, few-cycle drivers that are developed 
for attosecond science has already been reported and we may anticipate the first 
pump-probe experiments on attosecond time scales soon [37, 38]. 

Finally, we would like to draw attention to the development of mid-infrared lasers 
motivated by attosecond science. As discussed in detail by Louis DiMauro in Chap¬ 
ter 11, the scaling of the photon energy of the attosecond pulses with U p , allows a 
dramatic scaling with wavelength, given that U p = f^ser/^hser (a.u.), where Fi aser 
is the peak electric field of the laser and a>i aser = 2jcc/7li aser is the laser frequency. In 
other words, the ponderomotive energy, and hence the photon energy achievable in 
HHG, scale quadratically with the laser wavelength. In principle, the efficiency of 
HHG at longer wavelength scales very unfavorably [39], but this can be overcome 
to a large extent using appropriate target and phase-matching geometries [40], pro¬ 
viding a major impetus for the further development of mid-infrared, OPCPA-based 
driver lasers for HHG. In fact, the generation of keV X-rays by HHG using a 4 pm 
driver laser was recently demonstrated [41]. 

The usefulness of sophisticated, short pulse laser techniques in ultrafast pump- 
probe experiments is only as good as the characterization of the pulses. To this end, 
Chapter 3 by Adam Wyatt discusses in detail the wide range of available methods 
for pulse characterization at both the near-infrared driver wavelengths and in the 
XUV. 


1.3 

Applications of Attosecond Laser Pulses 

One decade after the first demonstrations of attosecond laser pulses [2, 3], two- 
color attosecond pump-probe experiments have addressed electron dynamics in 
atomic [22, 42-45] and molecular physics [46-48], in surface science [49] and in 
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solid-state physics [50]. In addition, attosecond time scale dynamics has been in¬ 
ferred in a range of strong field laser-induced phenomena [51-54], paving the way 
to both current and future attosecond experiments. 

Along the way, the arsenal of possible observables used in attosecond experi¬ 
ments has been significantly expanded. While many of the experimental imple¬ 
mentations of attosecond pump-probe spectroscopy have used photoelectron- 
based measurements schemes developed for the characterization of attosecond 
laser pulses (i.e., RABBITT-like detection in the case of APTs and streaking in the 
case of IAPs), the technique of attosecond chronoscopy, that is, measuring atom¬ 
ic/molecular charge states as a function of delay, has been used for experiments 
involving multiple ionization, such as experiments where shake-up and/or Auger 
decay play a role [42, 55]. These experiments are discussed by Giuseppe Sansone 
in Chapter 12. Another technique that is discussed in this chapter is attosecond 
transient absorption spectroscopy (ATS), which is rapidly becoming the technique 
of choice in many attosecond laboratories around the world [43, 56]. In ATS, NIR- 
induced changes in the XUV transmission through a sample are measured. A 
major advantage of this method is that the time resolution that can be achieved in 
the pump-probe experiment and the energy resolution in the absorption measure¬ 
ment are not limited by a Fourier relationship, in other words very high spectral 
resolution (~ 20 meV) can be combined with very high time resolution (< 50 as). 

In molecular systems, a main interest is in the attosecond time scale observa¬ 
tion and control of intramolecular electronic processes such as charge transfer and 
charge migration. For this, measurements of charge asymmetries in fragment ion 
kinetic energy and angular distributions resulting from dissociative ionization have 
proven to be a useful method, allowing to visualize both coupling of electronic and 
nuclear degrees of freedom, and correlations in the optical response of multiple 
electrons [46]. In molecular systems, the development of attosecond experiments 
has sparked considerable theoretical interest. It has been proposed that attosec¬ 
ond time scale excitation of electronic coherences (e.g., by means of the ultrafast 
removal of an electron, thereby producing the molecular ion in a coherent super¬ 
position of ionic states [57-59]), may lead to migration of the hole in the electron 
density across the molecular frame, on time scales preceding any nuclear motion, 
and thereby possibly paving the way for novel control schemes for molecular reac¬ 
tivity [60]. First experiments have recently been performed that may be seen as first 
steps towards this perspective, which along with an overview of existing results are 
discussed in detail by Franck Lepine in Chapter 13. 

Ionization by an XUV pulse is not the only way that a hole can be produced 
in the electron density of a molecular wave function. After all, as described by the 
three-step model, the process of HHG starts with an ionization process itself [6[. In 
the last few years, the production of multiple electronic states in atomic/molecular 
strong field ionization [61] in the course of HHG and correspondingly, the creation 
of rapidly moving holes in the electron density, has been intensively discussed. In 
fact, working alongside the attosecond science community relying on pump-probe 
spectroscopy using attosecond pulses, a second “dynamical imaging” research com¬ 
munity has developed, where the process of HHG itself is studied in great detail. 
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Important successes of this work have been tomographic reconstruction of the or¬ 
bitals that participate in the HHG process [62], the reconstruction of electronic 
wave packets that exist within HHG from the time that the photoelectron leaves 
the atom/molecule via tunneling, until the time of the laser-driven electron-ion re¬ 
combination [63, 64], the extraction of molecular structural information from HHG 
experiments [65], and the quantitative extraction of the time when an electron ex¬ 
its from the tunneling barrier in a HHG experiment [66]. Against this background 
Olga Smirnova and Misha Ivanov discuss, in Chapter 7, the quantum-mechanical 
framework for a theoretical description of HHG, connecting the so-called simple 
man’s model to more sophisticated methods that have been developed in the last 
few years. In doing so, they also address the role of multiple electrons in the HHG 
process. 

Though not yet studied experimentally in attosecond pump-probe experiments, 
multielectronic (plasmonic) aspects are of the essence in experiments on nanopar¬ 
ticles and nanostructures that are discussed by Matthias Kling in Chapter 14. 
Nanoparticles and nanostructures allow both spatial and temporal tailoring of light 
fields on, respectively, nanometer length scales and (sub)-femtosecond time scales. 

In combination with the field enhancement effects that are intrinsic to these struc¬ 
tures, this offers the promise of important implications in nanotechnology relevant 
to ultrafast computation and telecommunication. Already, plasmonic effects have 
been exploited in above threshold ionization (ATI) from nanoparticles [52] and 
nanoscale metal tips [53], and although very controversially discussed, in HHG 
from bowtie arrays [67] and three-dimensional metal nanostructures [68]. The pos¬ 
sibility to visualize the nanoplasmonic field through streaking of photoelectrons is 
discussed in the chapter and is an active field of research. 


1.4 

Ultrafast Science Using XUV/X-ray Free Electron Lasers 

As discussed in Section 1.2, one of the main challenges in attosecond science is the 
relatively low pulse energy, which makes it very challenging to perform attosecond 
pump-attosecond probe experiments. Moreover, although scaling of HHG tech¬ 
niques to keV photon energies has shown considerable progress in the last few 
years [41], the photon energies where HHG is used in pump-probe experiments 
so far tend to remain quite significantly below the energies required for the ion¬ 
ization of core shell electrons. For example, HHG in the “water window” region 
between the carbon K-edge at 284.2 eV (4.4 nm) and the oxygen K-edge at 543.1 eV 
(2.3 nm) [69] has been demonstrated, but has not yet been extensively exploited in 
experiments. These two limitations of HHG, the low pulse energy and the limit¬ 
ed tuning range towards high photon energies, are overcome in dramatic fashion 
by the first SASE XUV/X-ray free-electron lasers (FELs) that have come into op¬ 
eration within the last decade. On these instruments, the interest in the use of 
XUV/X-ray light is not so much the short optical period that provides access to the 
generation of attosecond pulses, but the high pulse intensities and high photon 
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energies, the latter allowing the configuration of diffraction experiments, either 
using the XUV/X-ray photons directly, or using the XUV/X-ray photons to eject 
energetic photoelectrons with a short de Broglie wavelength, that can he used to 
extract structural information [70]. FELs provide unprecedented XUV/X-ray inten¬ 
sities, allowing studies of multiphoton ionization in this wavelength range for the 
first time. 

As we observed in beginning of this introduction, X-ray techniques acquired a 
great prominence in the twentieth century as a tool for resolving structural infor¬ 
mation, the main implementation being X-ray diffraction from crystalline materi¬ 
als using synchrotron radiation. The development of XUV/X-ray FELs is driven to 
a considerable extent by the desire to be able to use X-ray diffraction techniques on 
systems that cannot be crystallized [71], with the added bonus of time resolution 
down into the femtosecond domain. Based on this motivation, intensive research 
efforts have gotten under way around the world to develop X-ray FELs, as well as 
the science that is made possible by them. 

In Hamburg, the Tesla Test Facility (TTF) at DESY became the first operational 
XUV SASE FEL in 2000. TTF was used for pioneering experiments on Coulomb 
explosion of rare gas clusters [72], revealing novel ionization mechanisms that had 
not been observed in NIR-induced Coulomb explosions that had been intensively 
studied a decade earlier. In 2005, FLASH succeeded TTF as the world’s first soft 
X-ray FEL user facility [73]. At FLASH, the first proof-of-principle experiments on 
coherent diffractive imaging were performed, showing that the technique can be 
implemented at FELs, and allowing the imaging of structures with sub-100 nm res¬ 
olution before irreversible damage of the object under investigation set in [74-76]. 
Some of the early experiments at FLASH and the conceptual and theoretical frame¬ 
work underlying coherent diffractive imaging are discussed in detail by Willem 
Boutu in Chapter 17 of this book. 

Beside the initial experiments on coherent diffractive imaging, FLASH was used 
to study the interaction of atoms and molecules with intense XUV light at a fun¬ 
damental level. As explained in detail by Artem Rudenko in Chapter 15, ionization 
at high intensity by an XUV/X-ray FEL proceeds according to mechanisms that 
are radically different from the mechanisms that are at play at NIR wavelengths. 
For example, the ponderomotive energy, which plays such an important role in 
the description of NIR laser-induced HHG, is virtually absent at XUV/X-ray wave¬ 
lengths. Accordingly, ionization processes are best described in a (multi)-photon 
picture. Besides studies of ionization processes, experiments were also performed 
at FLASH exploiting the femtosecond time resolution inherent in the source to 
monitor time-resolved molecular dynamics, and these experiments are discussed 
as well. 

The year 2009 saw the commissioning of the Linac Coherent Light Source (LCLS) 
in Stanford, the world’s first hard X-ray FEL, producing multi-mj, femtosecond 
X-ray pulses down to 1.2 Angstrom (lOkeV) [77]. This soon led to major improve¬ 
ments in the resolution that could be achieved in coherent diffractive imaging ex¬ 
periments. First experiments on serial crystallography of nanocrystals were pub¬ 
lished in 2011, and showed how the accumulation of a large number of single- 
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shot diffraction patterns enabled retrieval of the structure of Photosystem I with 
8 A spatial resolution [78]. While these initial experiments were performed using a 
“moderate” photon energy of 1.8 keV, this result has since been improved upon, by 
using 9.4 keV hard X-ray photons, leading to a spatial resolution of just 2.1 A [79]. 

LCLS allowed studies of X-ray laser-induced ionization at unprecedented inten¬ 
sities. These experiments, which are highly relevant for defining the conditions 
where coherent diffractive imaging experiments are possible, are discussed in de¬ 
tail in Chapter 16 by Linda Young, underscoring the greatly increased importance 
of inner shell and Auger processes in the ionization at X-ray wavelengths. She also 
discusses some of the other atomic and molecular physics pursued at LCLS shortly 
after it came on-line, including efforts to characterize the temporal properties of 
the LCLS beam. 

Since 2011, the SACLA hard X-ray FEL is operational in Japan [80]. Moreover, a 
number of additional hard X-ray FELs are planned around the world, including the 
European XFEL in Hamburg that is expected to generate first light in 2015, and 
the SwissFEL that is expected to come online in 2017. Extending the capabilities of 
FELs in the soft X-ray range, FERMI@ELETTRA came into operation just before 
the end of 2010 [81]. A special feature of this FEL is its seeded operation, thereby 
greatly improving the coherence properties of the source, as well as the synchro¬ 
nization of the FEL with external lasers, which is of crucial importance for pump- 
probe experiments. Seeding of hard X-ray FELs is also vitally important, and first 
results were recently obtained at LCLS [82]. 

Free-electron lasers are clearly “big machines” running at enormous costs and 
subject to considerable restrictions on the available beam time for individual users. 

For this reason, efforts to obtain high-energy XUV/X-ray pulses by alternative meth¬ 
ods continue to this day. In Chapter 5, Philippe Zeitoun describes ongoing efforts 
aimed at developing tabletop X-ray lasers to a level where single-shot coherent 
diffractive imaging becomes possible. He reviews progress that has been achieved 
in recent years, including the operation of HHG-seeded tabletop X-ray lasers, and 
describes a roadmap for the development of an approximately 6 mj, fully coherent 
X-ray laser, that is, even surpassing what can be achieved at an FEL today. 


1.5 

The Interplay between Experiment and Theory 

The complexity of the atomic and molecular physics that is addressed by the 
attosecond pump-probe and FEL experiments described above is considerable. 
Therefore, this book also contains a number of chapters that are devoted to the 
theoretical methods that are vitally important for understanding the results of ex¬ 
periments that are being performed or that are likely to be performed shortly. The 
importance of Chapters 6 and 7 by Misha Ivanov and Olga Smirnova, explaining the 
fundamentals of strong field ionization and the theory underlying high harmonic 
generation, has already been explained in Sections 1.2 and 1.3. Complementing 
these chapters, Armin Scrinzi discusses several methods for numerically solving 
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the time-dependent Schrodinger equation (TDSE) in Chapter 8. He discusses in 
detail considerations that come into play when one seeks to numerically integrate 
the TDSE on a grid, as well as the development of a number of methods that deal 
with multielectron problems by working with a suitable “essential states” basis. 
An important example is the multiconfiguration time-dependent Hartree-Fock 
method (MCTDHF), which allows, for example, to assess the role of multielectron 
effects in HHG. 

In view of their increasing importance in many pump-probe experiments, 
Robert Lucchese and Danielle Dowek discuss in Chapter 9 the formalism for cal¬ 
culating and evaluating photoelectron angular distributions (PADs) in atomic or 
molecular photoionization. They show how PADs can be completely described in 
terms of five angular functions, and describe methods that can be used to compute 
and measure these PADs, including the use of coincident photoelectron-fragment 
ion detection (leading to molecular frame photoelectron angular distribution (MF- 
PAD), respectively recoil frame photoelectron angular distribution (RFPAD) mea¬ 
surements), and the use of dynamically aligned or oriented molecular samples [83- 
86]). Using HHG and FEL sources and exploiting the short de Broglie wavelength 
of high-energy photoelectrons, novel methods for time-resolved femtochemistry 
may become possible that no longer rely on detailed knowledge of the potential 
energy surfaces of the molecules under investigation, but that allow the extraction 
of the time-dependent positions of all atoms through a measurement of holo¬ 
graphic interferences [70]. We note that this type of structural information is not 
exclusively available in XUV-induced photoionization processes, but may also be 
available when energetic photoelectrons are generated by means of near-infrared 
or mid-infrared induced strong-field ionization, where first experiments have re¬ 
cently been performed illustrating the possibility of achieving attosecond time 
resolution [87, 88]. 


1.6 

Conclusion and Outlook 

Attosecond and XUV Physics, in the form of ground-breaking experimental work 
exploiting novel XUV/X-ray sources (both HHG and FELs), and in the form of nov¬ 
el theoretical and numerical methods, provides a new path towards understand¬ 
ing and controlling microscopic light-induced processes, that is, on atomic length 
scales and on time scales reaching down into the attosecond domain. In this book, 
mirroring the program of a summer school organized by the ATTOFEL network 
where the latest progress in this research field was presented, a range of interna¬ 
tionally renowned specialists provide a snapshot of the current status of this ex¬ 
tremely rapidly developing field. It is our hope that in the next few years, until its 
contents will be superseded by innovations that currently take place or will take 
place in laboratories around the world, this book will provide a valuable reference, 
introducing and inspiring scientists that want to acquaint themselves with this ex¬ 
citing field. 
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2 

Ultrafast Laser Oscillators and Amplifiers 

Uwe Morgner 

2.1 

Introduction 

Fifty years ago, in the early days of laser physics, scientists already recognized the 
tremendous potential of lasers for generating ultrashort light pulses with unique 
properties and applications. In the following decades, scientists and engineers in¬ 
vented the concepts of Q-switching and mode-locking, and, already in 1970, pulses 
with picosecond duration were created from dye lasers (see Figure 2.1) [1, 2]. In 
the late 1980s, an impressive development of solid-state laser materials created 
neodymium-doped crystals and explored the potential of chromium-doped mate- 
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Figure 2.1 The steep decline of pulse durations directly obtained from laser oscillators from the 
beginning of laser physics to this day (extended from [5]). 
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Figure 2.2 Overview of the gain spectra of important broadband solid-state laser materials. 

rials. In the early 2000s, pulses emitted from Ti:sapphire oscillators reached dura¬ 
tions of a few femtoseconds, close to the limit of a single optical cycle [3, 4[. 

In the meantime, a large number of broadband solid-state laser materials have 
been explored, covering the wavelength range from the near-UV to the near- 
infrared (see Figure 2.2). The most prominent laser material for the generation 
of femtosecond pulses in the few-cycle range is still Ti:sapphire, which offers a 
large gain bandwidth, large heat conductivity, and a readily available high crystal 
quality [6-9]. For high-power laser light generation, Yb-doped materials became 
the most important gain media due to the availability of high brightness semicon¬ 
ductor pump lasers and a small quantum defect [10-17]. 

This book chapter shall give a brief overview of current laser technology for the 
generation of ultrashort and high-energy femtosecond laser pulses. Considering 
the extraordinary extent of this research area, this chapter can only highlight some 
selected topics and must refer to recent review papers for details. The emphasis 
here is laid on sources of laser light for strong-field science, for high harmonic 
generation, and for the generation of attosecond pulses. Thus, after a brief overview 
of few-cycle pulse generation and laser oscillators, different amplification concepts 
will be introduced and the current literature will be referenced. 


2.2 

Mode-Locking and Few-Cycle Pulse Generation 

For the production of ultrashort laser pulses, the phases of all frequency compo¬ 
nents in a laser pulse must be locked. The general principle of mode-locking is 
sketched in Figure 2.3. The resonator determines the longitudinal modes by impos¬ 
ing the constraint that an integer number of wavelengths has to fit into the cavity 
length. If the modes are spectrally equidistant and excited in phase, they interfere 
constructively at exactly one position inside the resonator and form a short pulse. 
The pulse duration is inversely proportional to the number of excited and phase co¬ 
herent modes. The equidistance of modes, and therefore the achievable pulse dura¬ 
tion, is a matter of cavity dispersion management. The generation of few-cycle pulses 
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mirror gain medium output coupling mirror 

Figure 2.3 The mode-locking principle. The coherent superposition of equidistant longitudinal 
resonator modes results in a periodic pulse train of ultrashort laser pulses. 

was enabled in the 1990s with the development of sophisticated dispersion com¬ 
pensation technology, most notably the dispersive mirror concepts [18-27]. This 
led to the shortest pulses directly from laser oscillators [3, 4, 28-32] with nj pulse 
energies. The predominant mode-locking mechanism for few-cycle pulse genera¬ 
tion, directly from the oscillator, is Kerr lens mode-locking (KLM), where nonlin¬ 
ear Kerr self-focusing discriminates the short pulses from the longer low-intensity 
background. 

Nonzero dispersion in the cavity results in a difference between group- and 
phase-velocity of the propagating pulse, giving rise to a pulse-to-pulse shift Acp 
of the carrier envelope offset phase (CEO phase, see Figure 2.4) between subse¬ 
quent pulses with repetition rate _f rep [33-37]. This pulse-to-pulse shift defines the 
offset frequency fcm = A(p/2n ■ / rep , so that each tooth of the comb f m has 
a frequency that is defined by an integer number m via f m = fcm + *n • / rep . 
These simple relations between repetition rate and optical frequency allow the syn- 



Figure 2.4 The phase A<f> between the carrier peak and the envelope peak (carrier envelope 
offset phase, CEO phase) shifts from pulse to pulse. This shift defines the offset frequency fcm 
of the mode comb. 





































22 


2 Ultrafast Laser Oscillators and Amplifiers 


c 

o 

ro 

T3 

® 

CL 



wavelength [nm] 


Figure 2.5 Coherent light pulses in the few-cycle regime from different sources. The diagonal 
represents the single-cycle pulse. 


chronization of rather low-frequency clocks with the high frequencies of optical 
waves. The frequency comb technique therefore revolutionized precision frequen¬ 
cy metrology [38]. The carrier envelope phase plays a significant role in attosecond 
science, defining the temporal position and the strength of the major field oscilla¬ 
tion. 

The high-energy regime has been explored by chirped pulse amplification (CPA) 
concepts [39] (see also Figure 2.10), where nonlinear damage of the amplifying gain 
medium is avoided by dispersive stretching of the pulse duration beforehand, for 
example, by a grating sequence. After amplification the high-energy pulse is then 
recompressed with the opposite dispersion to a Fourier-limited short pulse. For the 
generation of few-cycles, the high-energy pulses are spectrally broadened by self¬ 
phase modulation in gas filled capillaries [40-45] or filaments [46-48]. Filaments 
are self-guiding light ducts in gas where defocusing due to diffraction and plasma 
formation is balanced by nonlinear self-focusing, leading to a high-intensity chan¬ 
nel much longer than the Rayleigh length of the beam [49-51]. Based on dispersive 
mirrors as well as on other adaptive techniques such as the DAZZLER [52] or 4-f 
LCD-based schemes [53-57], the output reached the single-cycle limit (2.7 fs at 
800 nm [43]). Figure 2.5 summarizes the state-of-the-art regarding pulse durations 
of different laser light sources. 

The abovementioned laser technology has been very successful in the visible 
and near-IR spectral range. In the long-wavelength range, based on methods such 
as optical rectification or photoconductive switches, the single-cycle THz pulse is 
standard technology [59-61]. On the short wavelength side, the shortest pulses - 
attosecond pulses - have been generated by high harmonic generation in the XUV. 
For an overview, see the following papers and the remainder of this book [62-68]. 

We see in Figure 2.5 that there are significant gaps in the mid and far-IR spectral 
range as well as in the UV, with no few-cycle sources available yet. In the IR the 
approaches are based on materials such as Cr:ZnSe or novel nonlinear crystals for 
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parametric amplification [69, 70]. Below 300 nm no broadband amplifying medium 
is available yet. There are two main approaches for ultrashort pulse generation in 
this region: via ultrabroadband frequency conversion of few-cycle NIR pulses [71- 
75] or pulse compression directly in the UV [76, 77]. However, real few-cycle pulses 
in the UV could only be generated via harmonic generation in gas jets [78-80]. 


2.3 

High-Energy Oscillators 

The pulse energy scaling of femtosecond laser oscillators made rapid progress, over 
many orders of magnitude, over the past few years, as visualized in Figure 2.6. The 
data highlights the technology transition from Tfisapphire to ytterbium-based os¬ 
cillators for high-energy pulse generation with high repetition rates. We are thus 
tempted to formulate the following scaling law for mode-locked laser oscillators: 
every five years the pulse energy increases by an order of magnitude. Accordingly, milli- 
joule pulses directly from a mode-locked oscillator can be expected in 2017. 

During the last decade, all world record results for single-pulse energies from 
oscillators have been obtained by thin-disk laser concepts. The thin gain medium 
allows a one-dimensional, homogeneous heat flow, drastically reducing the thermal 
gradients inside the gain medium as compared to end-pumped bulk crystals [81]. 
Beyond the improved thermal management, the low quantum defect of Yb-doped 
crystals and major progress in InGaAs semiconductor pump laser technology sup¬ 
plied the key technologies for improving pulse energy scaling. Also, the thin crys¬ 
tals and the possibility to use large beam geometries reduces nonlinearities. Details 
about the latest technologies can be found in [58, 82-86]. The abovementioned ad- 



Figure 2.6 Evolution of high-energy femtosecond laser oscillators during the last two decades 
(compare with, e.g., [58]). 







24 | 2 Ultrafast Laser Oscillators and Amplifiers 

vantages of a thin-disk gain medium have also proven their usefulness for genera¬ 
tion of high average power from Yb-based oscillators. 

Figure 2.7 summarizes the achievements of high-power femtosecond oscillators 
for different host materials, which are mainly responsible for the available spectral 
bandwidth and thermal properties of the disk. The tungstates (Yb:KYW, Yb:KLuW) 
suffer from poor crystal qualities, whereas the sesquioxides (e.g., Yb:Lu 20 3 ) offer 
excellent thermomechanical properties, a good thermal conductivity, and a compa¬ 
rably broad amplification bandwidth [87]. They are well suited for extracting high 
average powers; the latest results have been published in [86, 88-90]. These lasers 
are mode-locked by semiconductor saturable absorber mirrors (SESAM). The de¬ 
sign principle of a SESAM is sketched in Figure 2.8: a quantum film of absorbing 
material is located at the field maximum of the standing wave inside a reflecting 
mirror. Low pulse energies excite the electrons of the quantum layer and suffer loss, 



year 


Figure 2.7 The development of thin-disk ultrafast oscillators in terms of average power for 
different ytterbium-doped materials. 
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Figure 2.8 The semiconductor saturable ab- (e.g., GaAs and AlAs). A small quantum film 

sorber mirror consists of a quarter wave highly in the front of the mirror made of an absorb- 

reflecting mirror made of alternating transpar- ing semiconductor material (e.g., InGaAs) 
ent layers with high and low index of refraction defines the saturable absorption. 
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repetition rate [MHz] 


Figure 2.9 Overview of ultrafast high-energy 
laser sources with femtosecond pulse du¬ 
ration. The gray shaded areas are typical 
regimes of oscillators and amplifiers. The ar¬ 
eas surrounded by dashed lines visualize the 


trend of up-to-date systems towards higher 
average powers; the dots are specific systems 
(filled dots: amplifier systems; open dots: os¬ 
cillators) (compare with, e.g., [58]). 


whereas higher pulse energies saturate the absorption and see a larger reflectance. 
The details about absorber technology are reviewed in [91, 92]. 

Pulse energies can be scaled up by many orders of magnitude using postam¬ 
plification at a lower repetition rate while keeping the average power constant. 
Figure 2.9 highlights the typical areas of operation of mode-locked oscillators and 
amplifier systems. The dots represent specific state-of-the-art laser systems. The in¬ 
tensity in the focus of a commercial university lab sized laser system can nowadays 
reach 10 18 W/cm 2 , easily reaching the regime of relativistic optics [93]. Meanwhile, 
large specialized industry provides standard and customized high-energy laser sys¬ 
tems for the vast number of applications in engineering, physics, chemistry, and 
life sciences. 


2.4 

Laser Amplifiers 

The basic principle of a laser amplifier system is sketched in Figure 2.10. The rep¬ 
etition rate of a pulse train from a short-pulse laser oscillator is reduced by an 
electrooptic or acoustooptic pulse picker. To avoid nonlinear damage in the ampli¬ 
fier, the pulses are stretched to pulse durations many orders of magnitude longer 
than the Fourier limit. The stretcher can be constructed by a grating sequence, a 
fiber line, a chirped fiber-Bragg grating (CFBG [94]), a chirped-volume Bragg grat¬ 
ing (CVBG [95]), or chirped mirrors. Behind the power amplifier, the high-energy 
pulses are recompressed to the Fourier limit by optical elements with opposite dis¬ 
persion. This concept is referred to as CPA [39]. 
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Figure 2.10 Principle of chirped pulse amplification. 


The laser amplifier concepts are categorized into single-pass fiber amplifiers, 

multipass, regenerative, and parametric amplifiers. 

• The fiber amplifier is the ideal candidate for high average power amplification. 
Due to the hardly avoidable nonlinearities caused by the long propagation in 
the fibers, peak intensities have to be reduced by CPA techniques and by novel 
fiber designs with large mode field diameters. The technology for Yb-doped fiber 
amplifiers is well developed and high-power InGaAs pump diodes are available. 
With the emergence of dielectric gratings for the compression of pulses with 
high average powers, fiber amplifier-based systems are now rather close to the 
kW-level with pulse durations in the hundreds of femtoseconds to picoseconds 
range. Recent state-of-the-art is published in [96-102], 

• The multipass amplifier is currently the system employed for most strong-field 
experiments. Due to the large emission cross-section and the large amplifica¬ 
tion bandwidth, commercial tabletop multipass Ti:sapphire CPA systems gen¬ 
erate femtosecond pulses in the multi-mj range and in many cases with carrier 
envelope phase stabilization. (For details of the CEP and its relevance, I refer the 
reader to Chapter 4.) These systems are the workhorses for attosecond science, 
but suffer from expensive (and low performance) pump lasers in the green spec¬ 
tral range. The current state of multipass amplifier technology is documented 
in [103, 104]. To overcome the shortcomings of green pump laser technology 
and to explore the benefits of high-power/high-brightness pump diodes, direct¬ 
ly diode-pumped Yb-doped materials for multipass amplification are the subject 
of current investigations. These approaches combine high average powers with 
low nonlinearities. The latest developments are documented in [105,106]. 

• The regenerative amplifier is the traditional amplification scheme for directly 
diode-pumped low gain materials such as Yb-based crystals since the number of 
passes through the gain medium is flexible. It is closely related to cavity dump¬ 
ing. The principles are presented in Figure 2.11. In Figure 2.11a, a standard pas¬ 
sively mode-locked laser oscillator is sketched. The repetition rate of the pulse 
train is defined by the resonator length. Figure 2.11b illustrates a cavity-dumped 
mode-locked oscillator. With no output coupling mirror, the repetition rate is de- 
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Figure 2.11 Dynamic output coupling: cw-mode-locking (a), cavity-dumping (b), regenerative 
amplification (c). TFP = thin-film polarizer, SAM = saturable absorber mirror. 


fined by the external electronics and can be varied over large ranges. Substantial 
amounts of intracavity pulse energy can be extracted by a transient polarization 
rotation imposed by a Pockels cell in front of a polarizing beam splitter. Unfor¬ 
tunately, the average power drops with decreasing repetition rate. Latest results 
are published in [107, 108]. The regenerative amplifier (Figure 2.11c) relies on 
100% dumping and requires a seed source. Here, the average power is constant 
over large ranges of repetition rates and pulse energies can be easily scaled. Re¬ 
cent results from directly diode-pumped schemes are published in [109-114]. 

• Parametric amplification of ultrashort light pulses employs second-order differ¬ 
ence frequency mixing schemes and benefits from reduced thermal load on 
the amplification crystal due to the all-optical amplification process (see Fig- 
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>.p= 515 nm 
X, = 800 nm 
>.,= 1450 nm 


(C) 


(b) 

Figure 2.12 Collinear (a) and noncoilinear 
(b) optical parametric amplification (OPA, 

NOPA). The term “p” denotes “pump,” “s” 
denotes “signal" and “i” denotes “idler.” Ener- 

ure 2.12). As parametric amplification is a nonresonant / effect, the upper 
state lifetime is practically zero. In contrast to the genuine laser amplification 
schemes, the quantum defect between pump and signal does not remain in the 
medium, but leaves the crystal as optical radiation (idler, term scheme, see Fig¬ 
ure 2.12c). Amplification occurs only within the duration of the pump pulse, 
imposing strict requirements on the temporal overlap between the pump and 
the signal pulses. 

The amplification bandwidth is determined by the phase matching of the three 
interacting waves. Figure 2.13 gives a typical example of phase-matched signal 
wavelength versus crystal angle in BBO. It reveals that the bandwidth can be 
drastically increased by a noncoilinear beam geometry with an angle of a = 2.4° 
between incident pump and signal. This is the “magic angle” valid for 515 nm 
pump wavelength; in case of a blue pump beam at 400 nm the optimum non- 
collinear angle increases to a = 3.7° (see Figure 2.12b). Employing the sec¬ 
ond or third harmonic of the abovementioned directly pumped solid-state pump 
sources, noncoilinear parametric amplification is ideally suited for the genera¬ 
tion of few-cycle pulses with high energies and high repetition rates. 

The literature proves the versatility of the OPA concept: pulse durations below 
5 fs and pulse energies on the joule scale have been demonstrated. An overview 
and recent results are published in [115-123]. The advantages of parametric am¬ 
plification schemes have been broadly recognized and within the next few years 
we will witness optical parametric chirped pulse amplification (OPCPA) tech¬ 
nology slowly replacing the Ti:sapphire amplifier systems in strong-field science 
labs around the world. 

After 50 years of research on pulsed laser sources, laser science has reached the 
limit of the single-cycle pulse duration, and the power and energy performance of 
commercial and custom systems is steadily increasing. With further progress in 
pump diode technology, advanced optical components, and novel concepts such as 
the coherent combination of short pulses from multiple amplification stages [122, 


gy level diagram showing the creation of one 
signal photon and one idler photon from one 
pump photon (c). 
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Figure 2.13 Phase matching for collinear (a = 0°) and noncollinear parametric amplification in 
BBO (pump wavelength 515 nm). 

124-127], no fundamental limit in power scaling is in view. Last but not least, de¬ 
velopment of waveform synthesizers broke the single-cycle limit, allowing artificial 
pulse shaping of octave-spanning pulses with durations below 2 fs [128]. For the 
foreseeable future, the laser will continue to deliver enabling technologies for a 
wide field of science. 

The author acknowledges the contributions of Marcel Schultze, Moritz Emons, 
Guido Palmer, and Maike Lieser. 
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Ultrashort Pulse Characterization 

Adam S. Wyatt 


3.1 

Motivation: Why Ultrafast Metrology? 

The measurement process is fundamental in any experiment: without the ability to 
make a measurement, it is impossible to learn about the system under study. Since 
the electric field is a fundamental entity in Maxwell’s theory, complete knowledge 
of the input, scattered, and radiated fields is required to extract the maximum in¬ 
formation about an optical experiment. 

In ultrafast optics, a key parameter of any experiment is the pulse duration, or 
more generally the exact time-dependent electric field. The pulse duration deter¬ 
mines the temporal resolution of dynamical measurements and, for a given flu- 
ence, the peak intensity in strong-field experiments (shorter pulses have higher 
peak intensities). Since the pulse duration and shape is a key parameter in the 
characteristics of ultrashort pulses, it is necessary to perform ultrafast metrology 
from the start. The most advanced ultrafast experiments often require the most 
advanced laser sources; these sources need to be optimized to deliver the maxi¬ 
mum energy, power, or intensity at a given central wavelength, bandwidth or pulse 
duration. Optimum performance can only be obtained through temporal charac¬ 
terization of the output pulses, or even complete space-time characterization of the 
pulses. 

Since ultrashort pulses are, by definition, faster than any current electronic de¬ 
tector, it is not possible to perform direct measurements of the temporal intensity. 
In general it is possible to consider detectors to be time-integrating, simply measur¬ 
ing the average power incident on the detector. Thus it is necessary to utilize more 
elaborate schemes for measuring the temporal intensity profile. These schemes 
are based on measuring the spectral intensity and phase of the field, thus allowing 
a Fourier transform to obtain the temporal intensity and phase. In this tutorial, I 
shall describe a general framework for ultrafast metrology, and then outline a few 
of the most common methods within this framework. 

This chapter is organized as follows: Section 3.1.1 outlines the motivation for 
ultrafast metrology in more detail and describes a few cartoon examples of how it 
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can be applied to study dynamical systems; Section 3.2 formally outlines what one 
wishes to measure, as well as some commonly used methods to describe ultrashort 
pulses; Section 3.3 describes a general framework for ultrafast metrology that can 
be used to understand the capabilities and limitations of any technique. This helps 
to visualize how existing methods can be extended to new regimes of operation; 
Section 3.4 details a wide variety of characterization schemes to measure ultrashort 
pulses in the infrared (IR), visible (vis) and ultraviolet (UV) spectral regions, where 
it is possible to make use of electro-optic modulators and nonlinear interactions, 
including the two most commonly used techniques of FROG (Section 3.4.2.1) and 
SPIDER (Section 3.4.5.2) - acronyms are explained in the relevant sections; and 
Section 3.5 outlines the most commonly used methods for characterizing extreme 
ultraviolet (XUV) pulses with durations ranging from femtoseconds to attoseconds, 
as well as several methods that have been proposed or demonstrated under limiting 
conditions. 

The purpose of this tutorial is to provide a relatively unbiased outline of com¬ 
monly used, and not so commonly used methods for characterizing ultrashort 
light pulses. For each method, I shall provide a nonexhaustive list of references 
describing experimental demonstrations of the method. Where appropriate, I will 
highlight currently known advantages and disadvantages of each technique in or¬ 
der to aid readers to isolate the most appropriate methods for their application. It 
is important to note that each method has its own advantages and that the true 
capabilities depend strongly on the nature of the pulse being characterized, on the 
exact variant of the technique used, and on the expertise of the user. 

3.1.1 

Ultrafast Science: High-Speed Photography in the Extreme 

The method of high-speed photography was first demonstrated by Eadweard Muy¬ 
bridge in 1878 with his “Horse in motion”: for the first time it was possible to 
determine whether all four hooves of a horse simultaneously leave the ground 
when the horse gallops. Human observers could not resolve this question before. 
Muybridge’s achievement was possible through advancements in three key areas: 
(1) synchronization between the observed dynamical process and the measurement 
(via the use of trip wires), (2) gating the acquisition to limit the exposure time (via 
the use of fast mechanical shutters) and (3) improved detector sensitivity (improved 
film technology that could acquire the image in the short acquisition time). Syn¬ 
chronization is essential to ensure that the image is captured at the correct time; if 
averaging over multiple acquisitions, it is essential to ensure that the synchroniza¬ 
tion jitter is less that the temporal resolution. Gating is necessary to ensure that 
the system appears to be frozen during the exposure time of the detector; this is 
typically achieved by electronically gating the detector, or by illuminating the sam¬ 
ple with a short flash. The shortest temporal resolution is now achieved via the 
use of gating with ultrashort laser pulses. Finally, the detection system needs to be 
sensitive enough to capture the image within the limited exposure time. 
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3.1.1.1 Time-Resolved Spectroscopy 

A modern equivalent of Muybridge’s experiment forms the basis of femtoscience 
and attoscience and is the so-called time-resolved spectroscopy (TRS), typically in 
the form of a pump-probe experiment. In such an experiment, a dynamical system 
is driven by a pump (usually a laser pulse) and then probed by a short laser pulse 
some time later. By scanning the delay between the pump and probe, a movie of 
the dynamics can be acquired, similar to a flick book, in order to measure how 
the system relaxes back into equilibrium [1], In transient absorption spectroscopy 
(TAS), the absorption of specific wavelengths of light are measured as a function 
of the pump-probe delay [2-4], as shown in Figure 3.1a. The temporal resolution is 
then given by the interaction time of the probe with the system. 

Time-resolved fluorescence spectroscopy (TRFS) is another common approach. 

In this case, the fluorescence emitted from an excited system is temporally gated 
and spectrally filtered as a function of the delay after pumping the system [5-7], see 
Figure 3.1b. The temporal resolution is then determined by the detection mecha¬ 
nism: electronic shuttering can provide sub-nanosecond resolution, streak cam¬ 
eras [8] offer sub-picosecond resolution, while optical gating provides the shortest 
temporal resolution, currently at tens of attoseconds. 

Most forms of TRS assume that the optical pulses used to probe/gate the system 
are much shorter than the time scale of the dynamics of interest. It is necessary 
to characterize the probe/gate pulses to ensure that this assumption is correct. 

As the sources become more advanced, pushing the boundaries in terms of pulse 
duration, intensity and central wavelength, the information required to optimize 
the source becomes more complex and the requirements placed on the metrology 
devices become more demanding. 

Figure 3.2a represents a cartoon for a model system and indicates how this sys¬ 
tem could be investigated using time-resolved spectroscopy. I shall use the example 
of a diatomic molecule, but the concepts can be applied to more general systems: 
the energy of the system (vertical axis) is plotted against internuclear separation 
along the horizontal axis. The curved lines are the electronic potential curves for 
the ground state, first excited state, and the ion. Initially, all molecules are in the 
ground state at some large internuclear separation. The molecules are then excited 
by a broadband pulse, resonant with the first excited state. Since the pulse is broad- 



Figure 3.1 Cartoons of different time-resolved 
spectroscopy experiments. Transient absorp¬ 
tion spectroscopy: the absorption of the ul¬ 
trashort probe is measured as a function of 


the pump-probe delay, z (a). Time-resolved 
fluorescence spectroscopy: the fluorescence 
is temporally gated by an ultrafast pulse and 
then spectrally resolved (b). 
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Figure 3.2 A model system based on a di¬ 
atomic molecule for performing time-resolved 
spectroscopy. Energy level diagram of the 
molecule as a function of internuclear sep¬ 
aration (a). The potential curves for three 
different electronic states are shown: ground 
state, |g), excited state, \e) and singly ionized 
state, 11P). Excitation from a broadband pump 
can excite multiple excitation levels, generat¬ 
ing an excited state vibrational wave packet 


that will oscillate in the electronic potential. 
This wave packet can be probed either with an 
ionizing pulse or by spectrally and temporally 
resolving the fluorescence at the inner turning 
point. An example pump-probe signal for this 
system (b). The decay in the oscillation am¬ 
plitude could be due to population decay, an- 
harmonicity in the electronic potential (which 
could exhibit revivals), or from decoherence 
through interactions with the environment. 


band, this will excite multiple vibrational and rotational levels, thus creating a wave 
packet in the excited state. This wave packet will then oscillate in the potential; the 
oscillation corresponds to a molecular vibration. The system can be probed in two 
ways. The first way utilizes the fact that there is a relatively good Franck-Condon 
overlap with the ground state at the inner turning point. Thus, some molecules will 
decay into the ground state, spontaneously emitting fluorescence with a photon en¬ 
ergy equal to the ground-excited state separation at that internuclear separation. If 
this fluorescence is spectrally and temporally resolved, the measurement would 
provide an oscillating intensity similar to that shown in Figure 3.2b. 

Alternatively, one may ionize the molecules with a high frequency pulse and 
then detect the number of ions formed [9]. At a specific internuclear separation, 
the ionizing pulse spectrum can match the energy separation between excited and 
ionic state and a high ionic yield will only occur when the oscillating wave packet 
crosses that internuclear separation. Thus, one would also obtain a trace similar to 
Figure 3.2b. Depending on the potential energy curve of the molecule, excitation 
can be to or from inner or outer turning points [10], or to and from nonturning 
points [11, 12], although typically the Franlc-Condon overlap is largest when trans¬ 
ferring the population between turning points. 

Many electronic potential curves exist in a real system and the population can 
be transferred between many different pairs of levels. In some cases, there may 
not be a single position with pronounced wavelength selectivity. There is also a 
fundamental limit resulting from the time-bandwidth theorem, which states that 
the product between the pulse duration and the spectral bandwidth is at least on 
the order of unity: the narrower the bandwidth, the longer the pulse. For longer 
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pulses, the wave packet will move during the interaction time, blurring out the 
dynamics. However, using a shorter pulse will require a larger bandwidth and thus 
may interact with more energy levels, reducing the wavelength selectivity. 

3.1.1.2 Coherent Control 

There is a logical step from observing a dynamical process to the attempt of con¬ 
trolling the process by optimization (either maximization or minimization) of the 
population transfer to a particular final state via coherent excitation with electro¬ 
magnetic pulses. A classic example is the pump-dump scheme [13-15]: the system 
is excited by a broadband optical pulse, resulting in an excited state wave packet. 
This wave packet will then evolve depending on the shape of the excited state poten¬ 
tial. At some later point, a dump pulse transfers the population to the desired final 
state, for example the ground vibrational state of the molecule in Figure 3.2 [16-18]. 

The pulse shapes found by optimizing a dynamical process in a real system tend to 
be very complex and usually exhibit multiple pulses, centered at different central 
wavelengths, and arriving at different times [19]. Such complex pulse shapes are 
intuitively expected, since it is necessary to transfer population to multiple states 
and to ensure destructive interference between excitation pathways that lead to un¬ 
desired final states. To understand the coherent control process, it is necessary to 
fully characterize the optimal pulse used in the experiment. Due to the complexity 
of the pulses, this requires the most advanced pulse characterization techniques or 
a combination of different methods. Another experiment, similar to coherent con¬ 
trol, is to distinguish between different species by observing the pulse shape that 
optimally transfers the population to a desired state [20]. 

3.1.1.3 A General Dynamical Optical Experiment 

Many pump-probe experiments utilize near-Fourier-limited probe pulses at a well- 
defined time. However, it is also possible to utilize longer probe pulses with a dura¬ 
tion that is comparable to the time scale of the dynamics being observed, but with 
a precisely known pulse shape. By accurately and precisely measuring changes in 
the pulse shape, it is possible to extract information about the dynamics of the sys¬ 
tem. A simple example, commonly used in experiments, is the use of a linearly 
chirped ultrabroadband pulse. Acting as the probe, the pulse duration spans the 
total duration of the dynamics being studied [21, 22]. Since the frequencies are lin¬ 
early mapped in time, it is possible to directly measure the response of the system 
as a function of time by measuring the change in the intensity of each frequency 
with a spectrometer. This scheme requires that the wavelength dependence of the 
detector and system response is taken into account, although, if the probe pulse 
is far detuned from any resonances relative to the pulse bandwidth, then the sys¬ 
tem response is approximately flat. For this method to be accurate, it is necessary 
to fully characterize the chirp rate. For extremely large bandwidths, it may not be 
possible to exactly linearly chirp the pulse. This results in a nonlinear mapping of 
time to frequency, placing even more importance on accurately determining the 
chirp rate. 
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Figure 3.3 Cartoon of the most general op¬ 
tical experiment to determine some time¬ 
nonstationary system. To fully determine the 
dynamics of the system, one would need to 
know the electric field on the boundary to that 


system. For ultrashort pulses, this can be de¬ 
termined by fully characterizing, in space and 
time, the incident and emergent fields at the 
entrance and exit planes, respectively. 


Accurate and precise ultrafast metrology is very important in measuring and 
understanding nonlinear phenomena, since relatively small changes in the pulse 
shape (either spatial, temporal, or both) can lead to quite different dynamics, es¬ 
pecially in strong-field physics. Figure 3.3 demonstrates the general principle of 
how to determine the dynamics of a nonlinear interaction. By measuring the full 
space-time field for both the incoming pulse and the modulated pulse after the 
interaction, the extra degrees of freedom can provide improved precision and accu¬ 
racy for determining the dynamics of the process [23]. Such an experiment can even 
track specific dynamics of interest in the measured data that cannot be identified 
by measuring the temporal evolution alone [24]. 


3.2 

Formal Description of Ultrashort Pulses 

In this section I shall formally outline the mathematical and physical descriptions 
of ultrashort pulses. The objective of ultrafast metrology is not to determine how 
the electric field changes inside the medium of interest - this is the goal of the ul¬ 
trafast scientist. Instead, ultrafast metrology reconstructs the electric field at some 
point or plane transverse to the direction of propagation. Typically, the location of 
this point or plane differs from the location of the experiment and therefore the 
user is required to determine the electric field at the entrance or exit of the system 
under study. Under these restrictions, it is only necessary to consider linear optics 
and to neglect the magnetic field for the purpose of defining the ultrashort pulse at 
the entrance/exit of the system. The electric field, magnetic field, and nonlinear po¬ 
larization can then be uniquely determined from the electric field on the boundary 
of the system, where linear optics are valid. 
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In a homogeneous isotropic linear medium, all electric field polarizations are 
decoupled, thus it is sufficient to describe the electric field according to Maxwell’s 
scalar wave equation: 



c 2 3t 2 


1 = 0 , 


(3.1) 


where n is the refractive index of the medium, c is the speed of light (in vacuum) 
and | is the real electric field in a given polarization. A particular solution of inter¬ 
est to this equation is that of a plane wave, 


£ = £o cos (k- r — cut + cp), 


(3.2) 


where fe is the wave vector (denoting the phase velocity and direction of propa¬ 
gation), at is the frequency 1 ’ and £ 0 is the amplitude of oscillation. Such a so¬ 
lution is neither a general solution, nor is it a physical solution since it extends 
over all space and time. A physical (and general) field can be obtained by sum¬ 
ming over all wave vectors and frequencies. Since the wave vector is constrained, 
|fc| 2 = fe 2 + k 2 + fe 2 = (not/c) 2 (setting z to be the optical axis), the general solution 
located at a plane z relative to a reference plane z 0 can be defined as 


§ (r, t) = 23i jjfjfjf | E (k±, at, z 0 )| e i ^ a - zo) 

x exp UJ\k\ 2 - k 2 - fc 2 (z - z o) ] e ik * x e ik yn~ iwt dk x dk y dm 

(3.3) 

For convenience in linear optics, it is only necessary to consider the positive 
frequencies, corresponding to forward propagating waves, thus Eq. (3.3) reduces to 
the analytic solution given by the Fourier transform over all angles of propagation 
and frequencies, 

E (r, t) = T kx -y x {^ v _ y [F-\ t {e (k ± , a», z 0 ) e^ Az }}} 

£(r,t) = 2SR{E(r,i)} (3.4) 

where Az = z — z 0 and E is the analytic signal. In nonlinear optics, it is necessary 
to consider both positive and negative frequency components (e.g., the third-order 
polarization can be decomposed into two contributing factors: E 3 and E| £| 2 , result¬ 
ing in third harmonic generation and self-phase modulation/optical Kerr lensing 
respectively). 

The analytic signal, E(r, t), is a complex entity, the magnitude of which is pro¬ 
portional to the square root of the temporal intensity. The Fourier transform of 
the analytic signal determines the spectral amplitude, E(k±, at, z), a complex en¬ 
tity whose magnitude is proportional to the square root of the spectral intensity. 


1) Unless specifically stated otherwise, I shall use the term frequency to mean angular frequency. 
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It may be convenient, but not necessary or always useful, to decompose the spec¬ 
tral (( p(a >)) and temporal ( rf>(t )) phase functions into their Taylor coefficients (for 
simplicity I shall neglect the spatial degree of freedom): 


<p(t) — (j) o + 
oo 


dcp(t 0 ) 

dt 

3"0(to) 
3 t n 


(t — to) + 
(i - to)” 


d 2 cp(t 0 ) 
dt 2 


(t ~ t 0 ) 2 


(3.5) 


<p(w) = (p 0 + 
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®o) + 


3 2 0(ft>o) 

3 ft ) 2 


( ft ) — ffl 0 ) 2 




d n (p(a>o) 

da> n 


{(D - ft> 0 )" . 


(3.6) 


Each of the first three terms in the expansion can be associated with an intuitive 
physical entity. The absolute temporal and spectral phase in Eq. (3.5) is known 
as the carrier envelope phase (CEP) and relates (in simple pulse shapes) the offset 
between the peak electric field and the peak of the intensity envelope. The linear 
temporal phase term gives rise to the instantaneous frequency, ft)in St (t) = a> 0 + 
d<p(t)/dt, and the quadratic term the (linear) chirp, since it quantifies the rate of 
change in the instantaneous frequency. The linear spectral phase term is the group 
delay (GD) of the pulse, t G d(®) = d(j>(a>)/da>. For simple pulse shapes, this is 
the delay of the peak in the intensity envelope. The third term is the group delay 
dispersion (GDD) and determines the (linear) stretch of the pulse resulting from 
dispersion. These terms are shown in Figure 3.4a. The rate of change of the CEP 
from pulse to pulse in a pulse train gives rise to the carrier envelope offset (CEO) and 
results in the frequency comb being offset from zero frequency (DC), as shown in 
Figure 3.4b. 

It should be noted that all self-referencing methods described later in Section 3.4 
cannot measure the CEP or GD of the pulse. The latter is trivially obvious, since the 
GD is not defined for a pulse in isolation - one requires a reference time to be de¬ 
layed from. It is possible to measure the CEO via an f-to-2f interferometer (or equiv¬ 
alent) and then to stabilize the CEO of a laser (see Chapter 4) [25-28]. However, this 
does not define the CEP of the individual pulses, but rather the CEP phase slip from 
one pulse to the next (or, more usually, to the fourth pulse). The CEP can be varied 
via a number of techniques: applying an offset to a CEO stabilization feedback sys¬ 
tem, using a phase modulator, or transmission through a variable amount of glass, 
such that the dispersion results in a different group and phase velocity (e.g., fused 
silica introduces approximately 0.12 rad/pm CEP phase shift at 750 nm). The CEP 
can be measured by processes that are sensitive to the electric field and not the in¬ 
tensity, for example via high harmonic generation [29, 30], stereo above-threshold 
ionization [31], photoelectron emission from metal surfaces [32, 33], or terahertz- 
emission spectroscopy [34]. 









Figure 3.4 (a) Physical meaning of phase terms in Eqs. (3.5)—(3.6): (i) CEP (absolute phase) 
and instantaneous frequency, (ii) chirp (change in instantaneous frequency) and (iii) spectral 
phase (At - optical period), (b) Frequency comb with (i) 0ceo = it and (ii) 0 ceo = 0. 


3.2.1 

Sampling Theorem 

The sampling theorem states that for a pulse with compact support T, the spec¬ 
trum needs to be sampled at a rate 5a> — 2jt/T. Conversely, for a band-limited 
pulse with total bandwidth B, the required temporal sampling rate is given by 
<5t = 2jt/f>. Combining these two equations leads to a definition of the time- 
bandwidth product (TBP), Nd B = BT/2n, that is a useful measure to indicate the 
pulse complexity, which defines the minimum number of points N required to suf¬ 
ficiently sample the analytic function. It should be noted that it is impossible for 
a pulse to have both compact support and be band-limited simultaneously. There¬ 
fore, it is necessary to choose the dynamic range, determined to be the ratio of the 
peak intensity to the noise floor; I shall quote the dynamic range in dB as a nu¬ 
meric subscript in the pulse complexity. The choice of the dynamic range depends 
strongly on the application. For example, in high harmonic generation with a peak 
intensity of I o < 10 15 W cm -2 , a dynamic range of 30 dB should suffice. If the peak 
laser intensity increases further, for example, I 0 > 10 18 Wcm -2 , it is necessary 
to measure the pulse with an even higher dynamic range, since a comparatively 
small pre-pulse may still have sufficient intensity to field-ionize the medium and 
thus change the dynamics of the process, or the amplified spontaneous emission 
background could fully ionize the sample before the main pulse arrives. 
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3.2.2 

Chronocyclic Representation of Ultrafast Pulses 

As described in Section 3.2, the gradient of the temporal phase determines the in¬ 
stantaneous frequency as a function of time; this implies the possibility to describe 
ultrafast pulses via a time-frequency distribution. A commonly used distribution is 
the chronocyclic Wigner distribution [35], defined as 

= + (3.7) 

The Wigner distribution, used extensively in quantum optics, is useful in de¬ 
scribing the action of devices and the nonlinear propagation of ultrashort pulses. 
The Wigner distribution is always real, but not necessarily positive - negativity is a 
sign of interference of a frequency located at multiple times (e.g., cubic phase or a 
double pulse). The marginals (Eqs. (3.8) and (3.9)) of the Wigner distribution give 
the spectral and temporal intensities (and, therefore, are always positive) 


1(a)) = / W(t,m)dt 

(3.8) 

i r 

I(t) = — / W(t,0))dw . 

2jt J 

(3.9) 


Example Wigner distributions and marginals are shown in Figure 3.5. 

3.2.3 

Space-Time Coupling 

The description of optical pulses so far has only considered temporal field distri¬ 
butions, neglecting any spatial distribution. This is sufficient, provided the pulse 
is factorable in space and time, that is, the temporal profile is independent of posi¬ 
tion: 


E(t,r) = £time(t)£ S pace(r) . (3.10) 

In practice, Eq. (3.10) is not always satisfied, as the temporal evolution of the field 
may depend on position; the pulse is said to exhibit space-time coupling (STC). 
Equation (3.10) also implies, when considering the complex amplitudes, that if a 
pulse does not exhibit STC then it must be possible to write the pulse in a factoriz- 
able form in any combination of temporal-frequency and spatial-angular represen¬ 
tations. Thus, STC also exists when there is a spatial or angular dependence on the 
pulse spectrum, or the spectral phase, or both, leading to eight types of space-time 
coupling [36] (four amplitude and four phase spatio-temporal distortions). STC is 
often used to perform temporal shaping of optical pulses, for example, in a 4-f 
pulse shaper and in chirped pulse amplifier systems [37, 38]. However, STC can 
also arise due to misalignment of optical setups, from propagation of large band¬ 
width pulses or from nonlinear effects. Although STC can arise in a complicated 
form, it is useful to consider first-order STC. 
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Figure 3.5 Example chronocyclic Wigner dis¬ 
tributions (images: negative values in black, 
positive in white, zero in gray) and marginals 
(spectral intensity as solid line, temporal in¬ 


tensity as dashed line) for Fourier-limited 
pulse (a), quadratic phase (linear chirp) (b), 
cubic phase (c) and a double pulse (d). 



Figure 3.6 Angular dispersion (i.e., frequency-dependent propagation direction) generated from 
a prism (a) and grating (b). Pulse front tilt (i.e., spatially dependent group delay) as a result of 
angular dispersion (c). 


3.2.3.1 Angular Dispersion 

Angular dispersion (AD) occurs when there exists a frequency-dependent propa¬ 
gation direction, typically generated from prisms or gratings as shown in Fig¬ 
ure 3.6a,b. AD is also equivalent to pulse front tilt (PFT): the arrival time of the 
pulse varies as a function of position and is shown in Figure 3.6c. 
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Spatial Chirp Pulse Front l ilt 
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Figure 3.7 A collimated beam that exhibits spatial chirp (i.e., a spatially dependent carrier fre¬ 
quency) will exhibit pulse front tilt at the focal plane of a lens, since the angular distribution is 
mapped to space due to the Fourier transform property of the lens. 


Pulse front tilt is generally detrimental to time-resolved spectroscopy as it cre¬ 
ates temporal smearing in spatially integrated measurements. This is because the 
arrival time of the probe at the sample is less well defined if the measurement is 
averaged over the spatial profile of the beam. Angular dispersion normally aris¬ 
es from an improperly aligned prism or grating stretchers/compressors or from 
transmission through a wedged optic. 

3.2.3.2 Spatial Chirp 

Spatial chirp occurs when the central wavelength changes as a function of position 
and often arises from chirped pulse amplified systems due to improper alignment 
of prism or grating stretchers/compressors. Spatial chirp in a collimated beam re¬ 
sults in pulse front tilt when the beam is focused to a spot, see Figure 3.7. Each 
frequency will have a different mean tilt due to passing the focusing optic at differ¬ 
ent spatial position and thus the pulse will exhibit angular dispersion at the focus. 
Nonlinear spatial chirp is also present in high harmonic generation and needs to be 
measured and reduced to obtain the optimal pulse for time-resolved spectroscopy. 


3.2.3.3 Focusing of a Short Optical Pulse 

When a short pulse is focused by a lens, portions of the wavefront at the edge of 
the lens will experience a different thickness of material than the portions at the 
center of the lens and, thus, will experience different dispersion and group delays, 
see Figure 3.8. Portions of the wavefront that traverse the lens near the edge will 
arrive at the focus before portions that traverse the lens through the center. The 
group front of the beam will no longer be a spherical wave centered at the focus. 
The apparent pulse duration at the focus can therefore be dramatically larger than 
the effective duration of each ray. This phenomenon was first pointed out by Bor, 
using simple ray tracing calculations [39]. 

As an example, a singlet lens made of BK7 with a focal length of 10 cm will intro¬ 
duce a 50 fs delay between the paraxial ray and a ray 1 cm off-axis. This is obvious¬ 
ly significant for short, few-cycle pulses. This phenomenon can also be described 
in the frequency domain as chromatic aberration (i.e., a frequency-dependent fo¬ 
cal length and mode size). An achromat, optimized for the correct wavelength, 
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Figure 3.8 Increase in the duration of an ultrashort pulse due to a lens. A singlet lens focuses 
a collimated beam at F (a). The pulse front does not coincide with the spherical wavefront and 
thus the temporal intensity will be considerably longer at the focus than before the lens (b). 


can reduce this group delay. However, the pulse will also experience GDD due to 
the material itself. This will result in the pulse stretching in time due to materi¬ 
al dispersion alone, which is also significant for few-cycle pulses. For example, a 
bandwidth-limited 10 fs pulse centered at 800 nm is stretched by a factor of four 
when traversing 3 mm of BK7 glass (i.e., at the center of a thin lens). The disper¬ 
sion at the edge of the lens is smaller, resulting in STC. This dispersion effect is 
considerably less than the STC introduced by the difference in the group and phase 
delay. 

3.2.3.4 Frequency-Dependent Mode Size 

A pulse can also exhibit STC from diffraction alone, since diffraction is wavelength 
dependent, resulting in a frequency-dependent mode size (FDMS). This effect is only 
noticeable for a bandwidth that is at least octave spanning (i.e., few-cycle pulses). 
Figure 3.9 illustrates this phenomenon for a few-cycle pulse upon propagation in 
free space and subsequent recollimation by a spherical mirror. The initial pulse can 
be written in the form given in Eq. (3.10). 

The carrier frequency decreases as a function of the radial coordinate, a result 
of the frequency-dependent diffraction. A further effect, that is less obvious, is that 
the root mean square pulse duration is also radially dependent. This would have a 
significant effect in a spatially integrated linear time-nonstationary optical experi¬ 
ment, but has less significance in an optically nonlinear experiment. 

3.2.4 

Accuracy, Precision and Consistency 

The performance of any metrology device can be quantified by three different pa¬ 
rameters. Accuracy is a measure of how well the reconstructed field matches the 
physical field which is measured. Inaccuracies are often a result of systematic er¬ 
rors. Since the physical field can only be obtained through measurement, the ac¬ 
curacy can only be quantified via simulation of the device and comparison with 
reconstructions of the same pulse from multiple independent devices. Precision is 
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Figure 3.9 Space-time coupling of an octave 
spanning pulse due to a frequency-dependent 
mode size resulting from propagation in free 
space. The pulse is generated via a simulation 
of the output of a 250 pm diameter hollow 
fiber pulse compressor [40] and the output 
mode is assumed to have zero space-time 
coupling. The fiber output is numerically prop¬ 
agated 750 mm, collimated by a spherical 
mirror (astigmatism neglected) and propa¬ 
gated a further 750 mm. The near field (exit 
face of fiber), far field (after propagation and 
collimation) and line-out from near field (solid 
black) and far field (dashed gray) in columns 
are shown. The three rows show the spectral 


intensity, temporal intensity and real temporal 
field. Dotted lines mark the intensity centroid 
position, dashed lines mark plus/minus one 
standard deviation. Note that the far field has 
a Jt/2 phase shift due to the Gouy phase. The 
pulse spectrum is blue-shifted near the center 
of the beam in the far field compared to the 
near field. The spectrum red-shifts with a de¬ 
creasing bandwidth away from the center, con¬ 
sistent with the fact that longer wavelengths 
diffract more. The arrival time of the peak in¬ 
tensity is constant with radial position, but 
the mean arrival time and root mean square 
duration of the pulse varies across the beam. 


a measure of the dispersion between multiple reconstructions of the same pulse. 
Imprecision is often a result of random errors. If a reliably reproducible pulse is 
available, the precision can be determined from multiple measurements of the 
same pulse. However, redundancy in the data can also be used to measure preci¬ 
sion from a single measurement, thereby avoiding shot-to-shot instabilities. Consis- 
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tency is here defined to be a measure of the difference between the measured data 
and data simulated from the reconstructed field. Iterative routines often strive to 
maximize consistency. But although poor consistency implies poor accuracy, good 
consistency does not necessarily imply good accuracy. 

3.3 

Linear Filter Analysis 

Different characterization methods encode information about the pulse in different 
ways and therefore require quite different inversion protocols. The general protocol 
required for a given device can be made clear by working with linear transforma¬ 
tions. This allows for the categorization of different methods and provides a cat¬ 
alogue of currently available technologies. This methodology becomes even more 
useful when it is necessary to operate in new regimes and therefore new devices are 
sought. Although the processes involved in these new regimes may appear quite 
different, the concepts involved (and the inversion routines employed) would be 
the same as in existing regimes. 

The necessary and sufficient conditions that must be satisfied to completely char¬ 
acterize an ultrashort pulse can be determined from a general theory based on ma¬ 
nipulating the pulses via a set oflinear filters [41, 42]. This implies that it is possible 
to fully characterize ultrashort pulses utilizing purely linear optics, a fact that was 
only recently appreciated [41, 43]. In practice, however, many methods make use 
of nonlinear optics since it is difficult to construct linear devices suitable for puls¬ 
es with durations of several hundred femtoseconds or less. Nonlinear optics often 
increases the complexity of the inversion routine, sometimes requiring an iterative 
inversion routine. However, as will be seen, nonlinear methods can often be for¬ 
mulated in terms oflinear filters. By expressing an optical interaction in terms of 
linear filters, it becomes clear how to characterize the ultrashort pulse by utilizing 
a metrological scheme that is based on the same set of filters. 

Since the pulse spectrum can be measured straightforwardly with a spectrome¬ 
ter, we remain with the issue of determining the spectral phase. Although some 
methods also return the spectrum, it is wise to compare this to an independent 
spectral measurement, since this provides a most basic accuracy check. 

A linear filter is one in which the output field depends linearly on the input field: 



(3.11) 



One can decompose the filters into two types: time-stationary (frequency-non¬ 
stationary), H s (Eq. (3.12)) and frequency-stationary (time-nonstationary), H N 
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Figure 3.10 Pulse characterization methods can be decomposed into an array of linear filters 
placed in series or in parallel. 




Table 3.1 Basic linear filters used for ultrafast metrology: all filters in general can be described 
as a combination of these filters. 
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(Eq. (3.13)). 2 ’ 


H s = S(t - t') <—^ H s = S(cj')d(co - (o') (3.12) 

H n = N(t')d(t - t') <—^ H s = N((o - (o') , (3.13) 

where <—denotes a Fourier transform. These filters can be arranged in se¬ 
ries or in parallel, as shown in Figure 3.10, whose output would be given by 
E'out(t) = {/ ••• / H n H n - 1 ... H 2 H, + f ••• / ... H'H'jE^t'). The basic 

requirements for complete characterization are quite straightforward: a time¬ 
nonstationary filter (i.e., a fast shutter or phase modulator), a spectrometer or 
dispersive element, and one or two beam-splitters. 

The linear filters can be broken down further into a set of three stationary and 
three nonstationary filters: 3 ’ a fast shutter or spectral filter, a linear temporal or 
spectral phase filter (i.e., a spectral shift or time delay, respectively), and a quadrat¬ 
ic temporal or spectral phase filter (i.e., frequency modulation and linear chirp, 
respectively). The forms of these filters are described in Table 3.1. 

Walmsley et al. [44] showed that a sufficient and necessary condition for ultra¬ 
fast metrology is the use of both, a time stationary and time nonstationary filter. 
Since, when dealing with ultrafast pulses, all detectors are time integrating, the 
last filter must be an amplitude filter. Therefore, there are only four basic charac¬ 
terization categories: either a phase or amplitude nonstationary filter followed by 
an amplitude stationary filter, or an amplitude or phase stationary filter followed by 
an amplitude nonstationary filter. 


2) I will use S to denote time-stationary and N to denote time-nonstationary filters. 

3) I forthwith omit the word “time,” i.e., time-stationary and time-nonstationary become stationary 
and nonstationary, respectively. 
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3.4.1 

Temporal Correlations 

3.4.1.1 Field Autocorrelation 

The field autocorrelation, A( r) of a pulse is the time-integrated interference of a 
pulse and a time-delayed version of itself, formally described by Eq. (3.14). This 
forms the basis of Fourier transform spectroscopy (FTS) [45, 46]. It is relatively 
straightforward to show that the Fourier transform of the field autocorrelation is 
equal to the pulse spectral intensity, |£(cy)| 2 , and therefore does not contain any 
information on the pulse spectral phase: 


A(t) = / E(t)E*(t-z)dt 



(3.14) 


The field autocorrelation is useful for measuring the spectrum with high resolu¬ 
tion and dynamic range with a single detector and can be achieved experimentally 
by measuring the intensity of the output of a Michelson interferometer as a func¬ 
tion of the delay between the two pulses. The intensity signal is given by 



(3.15) 


Simulations of example signals are shown in Figure 3.11c. 

3.4.1.2 Second-Order Autocorrelation 

Ifthe output of the interferometer is up-converted in a crystal with nonlinearity, 
then it is possible to perform an interferometric autocorrelation, provided there is 
sufficient intensity. The measured signal (see Figure 3.lid) is given by 



(3.16) 


The frequency of the fringes in the measured signal are equal to the central 
wavelength of the test pulse and therefore provide a quick calibration of the tempo- 
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Figure 3.11 Simulated examples of temporal 
correlations. Spectral intensity (dotted black) 
and two different spectral phases (gray) used 
to simulate various temporal autocorrela¬ 
tions (a). Temporal intensity (gray) of pulses 
in (a), including the temporal intensity cor¬ 
responding to the Fourier transform-limited 
pulse, that is, Fourier transform of spectral 
amplitude only (dotted black) (b). The field 
(c), interferometric (d) and intensity autocor¬ 
relations (e), respectively, of pulses in (b). All 


pulses have the same spectrum and thus the 
same field autocorrelation (c). Notice that the 
intensity autocorrelation easily identifies the 
approximate pulse duration but cannot eas¬ 
ily distinguish between very different pulse 
shapes. Phase information is encoded in the 
fringe pattern of the interferometric autocorre¬ 
lation (d), but very high signal-to-noise ratio is 
required to enable an adequate reconstruction 
of the spectral phase. 


ral axis. The interferometric autocorrelation does contain phase information, but 
as the complexity of the pulse increases, structure in the measured trace “wash¬ 
es” out. Therefore, it is not the ideal measurement device: the more “information” 
there is to obtain from the pulse, the less “information” is contained in the mea¬ 
sured signal. The ratio of the peak to the background should be 8 : 1 and is often 
used as quick consistency check. 

If the beams cross noncollinearly in the crystal, the measured signal will be giv¬ 
en by only the last term in Eq. (3.16), giving rise to an intensity autocorrelation, 
Figure 3.lie. The intensity autocorrelation is easier to measure, since it does not 
require interferometric stability. Although the intensity autocorrelation does not 
contain any phase information directly, it is possible to invert the signal provid¬ 
ed additional constraints are applied (e.g., measured spectrum, nonnegative spec¬ 
trum, known compact support) [47, 48]. However, many different pulse shapes lead 
to similar intensity autocorrelations and very high signal-to-noise ratio (SNR) and 
simple pulse shapes are required to provide a good reconstruction. 

Although autocorrelations are not ideal for providing the exact pulse shape, they 
are very useful due to their simplicity and allow easy estimation of the pulse dura¬ 
tion and, for example, aid the optimization of compressors in amplified systems. 
They can also be used as a consistency check for more complete measurement 
devices. Misalignment of the autocorrelator can create errors in the reconstructed 
pulse duration estimate, often reducing the measured value with respect to the real 
value. Other effects, such as the spatial profile or space-time coupling can also lead 
to erroneous results. 
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3.4.1.3 Cross-Correlation 

If the two pulses crossing in a nonlinear crystal are not identical, then the mea¬ 
surement is called a cross-correlation. This technique is often employed when one 
of the pulses is known to be significantly shorter than the other; the shorter pulse 
can then be approximated as a temporal delta-function and can be used to sample 
the intensity of the longer pulse. Third-order cross-correlation is often employed 
to measure the contrast ratio of ultrahigh intensity pulses on long time scales and 
with very high dynamic range. This method was used, for example, to measure 
amplified spontaneous emission over hundreds of picoseconds [49]. 

3.4.1.4 Electro-optic Sampling 

Electro-optic sampling (EOS) is a method based on the electro-optic effect and can be 
used to measure ultrafast pulses with picosecond resolution [50] or for measuring 
the electric field (not intensity) of a low-frequency test field via a cross-correlation 
with a higher frequency gate pulse. The gate pulse duration must be less than the 
period of the test field, for example, to measure fields in the terahertz spectral fre¬ 
quency range [51]. In this case, it is possible to obtain the pulse spectral intensity 
and phase, including the CEP, since the complete field is measured. Usually the 
gate field is considered to be a delta function as compared to the oscillation period 
of the test field. This does not necessarily need to be the case, see, for example, Sec¬ 
tion 3.5.1.8, where a variant of EOS is used to reconstruct XUV attosecond pulses 
“mixed” with an IR field. 

3.4.2 

Spectrography 

The general principle of spectrography is to temporally gate the test pulse and then 
spectrally resolve the gated pulse. Thus, the device consists of an amplitude non¬ 
stationary filter (fast shutter), followed by an amplitude stationary filter (spectrom¬ 
eter), as shown in Figure 3.12. Such a method can be considered as very intu¬ 
itive: as the gate is scanned through the test pulse, the central wavelength of the 
gated pulse will follow the instantaneous frequency. Ideally, one would like to ob¬ 
tain maximum temporal resolution by using the fastest gate possible. However, 
the time-bandwidth theorem dictates that the bandwidth of the gated function is 
inversely proportional to its time duration. Therefore, the optimal gate duration is 
approximately equal to the inverse of the test-pulse bandwidth, in order to prevent 
“spectral blurring.” For femtosecond pulses, the only object that satisfies this con¬ 
dition is the pulse itself and therefore spectrographic methods are typically based 
on nonlinear interactions. 

3.4.2.1 Frequency-Resolved Optical Gating 

Frequency-resolved optical gating (FROG) is a spectrographic method for measuring 
ultrafast pulses in the ultraviolet (UV), visible (vis.) and infrared (IR) with pulse 
durations ranging from a few femtoseconds up to hundreds of picoseconds [52- 
54]. There are numerous experimental implementations that differ in the nonlinear 
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Figure 3.12 Linear filter combination required 
to perform spectrography: an amplitude non¬ 
stationary filter (temporal gate), followed by 
an amplitude stationary filter (spectrometer). 
In the case of FROG, the gate is formed by the 


pulse itself (equivalent to a series of ampli¬ 
tude nonstationary filters with varying phase) 
therefore the measured signal requires an it¬ 
erative inversion routine to recover the pulse 
shape. 


process used, or in the method of generating the “gate” and “probe” (test) pulses. 
In all cases, the measured signal can be written as 


I(co, t) 


j P(t)G(t-r)e imt dt 


(3.17) 


where r is the delay between the “probe” P and “gate” G, and co is the frequency ax¬ 
is of the spectrometer. The functional form of the probe and gate is determined by 
the nonlinear process and is described mathematically in Eqs. (3.18a)-(3.18e). The 
most commonly used geometry is that of second harmonic generation (SHG) FROG, 
Eq. (3.18a), since this typically has the highest efficiency, see Figure 3.13 [55]. How¬ 
ever, the measured trace is symmetric about the delay axis, thus resulting in a di¬ 
rection of time ambiguity, that is, lsHG[ft>, t; £(t)] = IsHGltt*. t; £(—t)]. This ambi¬ 
guity can be resolved by an additional measurement of the test pulse after adding 
known dispersion (e.g., passing through a glass slide before the device) or adding 
a dispersive element in one arm of the interferometer to break the symmetry (note 
that simply attenuating one beam is not sufficient) [56]. 

Alternatively one can use the third-order polarizability of optical materials to pro¬ 
vide five alternative geometries: polarization gating (PG), self-diffraction (SD), tran¬ 
sient grating (TG) in two geometries [57] and third harmonic generation (THG) [58]; 
the gate functions are given in Eqs. (3.18b), (3.18c), (3.18d) and (3.18e) respectively. 
These methods often have lower efficiency than SHG frog, due to the lower nonlin¬ 
ear polarizability. However, since phase matching is not an issue in PG-, TG- and 
SD-FROG, thicker materials can be used and detection occurs at the fundamental 
wavelength, which may have higher detection efficiency. This can partially compen¬ 
sate the lower nonlinearity compared to SHG-FROG. In all cases, the symmetry of 
the process is broken and there is no direction of time ambiguity (except for the 



Figure 3.13 Schematic of SHG FROG setup. 
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sign of linear chirp in THG-FROG for symmetric pulses). 


SHG: 

P(t) = E(t) 

G(t) = E(t) 

(3.18a) 

PG: 

P(t) = E(t) 

G(t) = IE(t)l 2 

(3.18b) 

SD: 

P(t) = E 2 (t) 

G(t) = E*(t) 

(3.18c) 

TG: 

Pi(t) = |F(t)| 2 

Gi(t) = E*(t) 



P 2 (t) = E 2 (t) 

G 2 (t) = E*(t) 

(3.18d) 

THG: 

P(t) = E 2 (t) 

G(t) = E(t) . 

(3.18e) 


FROG is a widely used technique and has been developed into commercial prod¬ 
ucts suitable to measure pulses in many different regimes. Due to its common 
use, versatility, and broad range of applications, the inversion algorithms shall be 
discussed in more detail. 

3.4.2.2 Spectography Inversion Algorithm 

Since the gate function used is a function of the incident field itself, the test pulse 
is reconstructed via an iterative inversion routine. There are many algorithms 
available, all of which employ the same strategy that is based on the Gerchberg- 
Saxton [59] routine: 

1) Initial guesses of the probe and gate fields are generated (e.g. using the pulse 
spectrum with random phase). 

2) The gating process is simulated. 

3) The spectral intensity of the simulated trace is replaced by the square root of 
the measured intensity. 

4) A temporal constraint is applied and the next iteration of the probe and gate 
fields is extracted. 

The inversion routine for FROG is shown in Figure 3.14. Since it is a two- 
dimensional phase retrieval problem, it is known to have a unique solution, unlike 
the one-dimensional phase retrieval problem of the intensity autocorrelation [60, 
61]. FROG requires an iterative algorithm to reconstruct one-dimensional infor¬ 
mation of length 2 N from a two-dimensional dataset of length N 2 , where N is the 
number of sample points in one dimension of the FROG trace. It is therefore not 
the most efficient method in terms of the information to data ratio. However, the 
redundancy can be used to check the alignment of the device and to estimate the 
precision of the measurement; it therefore helps to ensure a robust reconstruction 
in the presence of noise [62]. 

One deconvolution method for reconstructing the electric field from a FROG 
trace is called principle component generalized projection algorithm (PCGPA)[63-66]. 
Although other methods exist [67-69], the PCGPA tends to be widely used be¬ 
cause it is independent of the type of FROG used, as it reconstructs both the gate 
and probe pulse simultaneously and allows rapid convergence for real-time recon¬ 
struction. 
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( Temporal Constraint ) 



Figure 3.14 Schematic of a typical iterative 
FROG algorithm. The algorithm is seeded 
with an initial guess for the test (probe) pulse, 
P(t), and gate, G (t), fields, usually derived 
from noise or a previous reconstruction. The 
algorithm switches between the frequency and 
time domains. In the frequency domain, the 


amplitude of the signal function is replaced by 
the square root of the measured FROG trace. 
A constraint based on the form of the signal 
field is applied in the time domain and the 
resulting probe and gate fields are used as the 
seeds for the next iteration. 


In the PCGPA, the temporal constraint comes from the fact that, after some row 
rotations, the signal field can be written in terms of the outer product of the gate 
and probe fields. This outer product can then be inverted using a singular value 
decomposition (SVD) to determine the gate and probe. Additional constraints can 
also be applied, such as symmetrizing the signal field in SHG-FROG to ensure 
that the gate and probe are identical. 

An important issue in measuring the spectrogram is that the temporal and spec¬ 
tral resolutions are constrained with respect to each other by the sampling theorem. 
This condition is rarely satisfied experimentally and it is necessary to perform in¬ 
terpolation on the measured data before processing it. Incorrect sampling leads 
to very inaccurate reconstructions, typically highlighted by a larger than normal 
FROG error, poor convergence or quite different reconstructed fields if the algo¬ 
rithm is run with different seed fields. In addition, it may also be necessary to 
filter the data (e.g., remove noise, background signal, etc.), or to symmetrize the 
measured trace (for SHG-FROG). 

The algorithm is seeded with initial guesses for the probe and gate fields. These 
can be derived from uniform noise, a noisy Gaussian, or even a previous recon¬ 
struction. The latter case improves the speed of the convergence, provided the re¬ 
constructed pulse only differs slightly from the seed pulse. However, it can be diffi¬ 
cult for the routine to move out of a local minimum if the pulse differs significantly 
and, thus, it is usual to apply noise to the seed to help prevent stagnation. 

The performance of the inversion routine is measured by the FROG error. This 
is defined as 


1 

N, 


EE [hvleas(^t i , Tj ) In(U>i,Tj)J 

\| i=i j=i 


(3.19) 
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The measured FROG trace is given by iMeas(ft);, r j) and the nth iteration of the 
reconstructed FROG trace is given by I n (aii, r j), where the subscripts i, j repre¬ 
sent the pixel number. Typical values of ct frog are 0.1 or lower. However, the defi¬ 
nition of the FROG error used above depends on the sampling rate. It is therefore 
difficult to compare the accuracy of the FROG routine with that of other methods 
(or different FROG configurations), unless the sampling grid and the span of the 
time and frequency axes are known. Low values for the FROG error can only be 
obtained if the FROG trace corresponds to one calculated from a physical field, 
that is, systematic errors result in a high FROG error. However, the opposite is 
not true: a high FROG error does not imply a systematic error. High FROG errors 
can also be a result of noise, from stagnation of the iterative algorithm at a local 
minimum, or from the measurement of an ensemble of incoherent pulses [70]. As 
the reconstruction is a global routine, it can be difficult to determine the source of 
large FROG errors. 


3.42.3 GRENOUILLE 

Grating-eliminated no-nonsense observation of ultrafast incident laser-light electric fields 
(GRENOUILLE) is a simplified version of SHG-FROG that uses a Fresnel bi-prism 
to eliminate the need for an interferometer and a thick crystal to remove the need 
for a spectrometer [71-73]. This enables a completely collinear geometry with few 
optics, significantly reducing the device cost and simplifying alignment. The con¬ 
cept is shown in Figure 3.15. The temporal scan is performed by mapping time 
to space, using the bi-prism to split a beam into two copies that converge in the 
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Figure 3.15 Experimental configuration for 
GRENOUILLE. Top view shows the time-to- 
space mapping, which is performed via a Fres¬ 
nel bi-prism and one-to-one imaging of the 
crystal onto the 2D sensor (a). The side view 


shows that the autocorrelation is spectrally 
resolved by “tight” focusing into a thick crystal 
and then Fourier transforming the image on¬ 
to the sensor via f-to-f “imaging” (b). Figure 
courtesy of Professor Rick Trebino. 
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Figure 3.16 Linear filter combination required 
to perform sonography: an amplitude sta¬ 
tionary filter (spectral filter) followed by an 
amplitude nonstationary filter (temporal gate). 


The gate is typically achieved via the use of a 
nonlinear interaction to achieve the required 
temporal resolution. 


nonlinear crystal. The relatively thick crystal (a few millimeters or more) results in 
a narrow phase-matching function compared to the pulse bandwidth; the central 
frequency of the phase-matching function depends on the angle of propagation of 
the pulse with respect to the crystal axis. Therefore, in the transverse spatial axis 
orthogonal to the time-to-space mapping, the beam is “tightly” focused into the 
crystal to generate a range of angles of propagation. The crystal is imaged onto a 2D 
sensor (i.e., 2f-to-2f) in the time-to-space axis to preserve the mapping, but is spa¬ 
tially Fourier transformed (f-to-f) in the orthogonal transverse spatial axis to map 
the angular dispersion resulting from the thick crystal to different spatial locations 
on the sensor. The bandwidth that can be measured (and therefore the minimum 
pulse duration) is limited by the range of angles traversing the crystal. This can be 
increased to enable measurement of 10-20 fs pulses by angle dithering the crystal 
or tight focusing [74, 75]. In addition to simplifying the device, GRENOUILLE en¬ 
ables the measurement of first-order space-time coupling (i.e., angular dispersion 
and spatial chirp) [76, 77]. Due to its simplicity and low cost, this is one of the most 
widely used devices for the characterization of ultrashort pulses. 


3.4.3 

Sonography 

A conceptually similar approach to spectrography is that of sonography, in which the 
order of the filters is swapped as compared to spectrography. Thus, the test pulse 
is spectrally filtered (amplitude stationary filter) and then temporally resolved (am¬ 
plitude nonstationary filter), see Figure 3.16. This can be achieved, for example, 
by spectrally filtering the pulse and then using frequency up-conversion with the 
unfiltered pulse in a nonlinear crystal [78]. Since sonography is often more techni¬ 
cally challenging to implement than its spectrographic cousin, it is not as widely 
used, although the measured signal and inversion algorithm is similar to spectrog¬ 
raphy [66, 79]. 

3.4.4 

Tomography 

The method of chronocyclic tomography is based on measuring projections of ro¬ 
tated Wigner distributions of the pulse (ensemble) onto the spectral axis, see 
Figure 3.17a. The rotations are performed via temporal and spectral quadratic 
phase filters; the projection operation is achieved by an amplitude stationary fil- 
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Figure 3.17 Schematic of chronocyclic tomog¬ 
raphy via rotations of the Wigner distribution 
of the pulse. The original Wigner distribu¬ 
tion in time-frequency space is shown as a 
horizontal oval (a). The rotated distribution, 
achieved by applying a quadratic temporal 
and spectral phase, is shown as a lighter oval 
oriented at an angle to the figure axes. The 
projections of the two distributions are shown 
beneath; in this case the rotated distribution 


has a much narrower spectrum. Multiple ro¬ 
tations of the Wigner distribution and their 
projections onto the frequency axis (b): a 
complete and unambiguous reconstruction 
of the pulse (except for the absolute phase) is 
possible via an inverse Radon transform. Two 
small shears of the Wigner distribution along 
the frequency axis, achieved with quadratic 
temporal phase only (c); the projections onto 
the frequency axis are shown beneath. 
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Figure 3.18 Linear filter combination required 
to perform complete tomography: a quadrat¬ 
ic phase nonstationary and stationary filter, 
followed by a stationary amplitude filter (or 
alternatively an nonstationary amplitude fil¬ 


ter). The purpose of the phase filters is to 
rotate the Wigner distribution, whereas the 
amplitude filter measures the marginal of the 
Wigner distribution, in this case along the 
spectral axis. 


ter followed by a time-integrating detector (i.e., a spectrometer), as outlined in 
Figure 3.18. In contrast to spectrographic methods, tomography methods uti¬ 
lize a direct inversion algorithm. The most thorough method projects rotations 
up to 2it and then performs an inverse Radon transform on all projections, see 
Figure 3.17b [80]. Due to bandwidth constraints, this technique has only been 
demonstrated for picosecond pulses. However, since the method can be accom¬ 
plished using purely linear optics, the high sensitivity may lead to applications, for 
example, in telecommunications. 

The quadratic spectral phase can be obtained by the use of a dispersive delay 
line. The temporal phase is applied via an electro-optic phase modulator, driven 
sinusoidally at radio frequencies (RF). If the pulse is short as compared to the RF 
period, and aligned with the peak (or trough) of the modulation, then the phase 
can be approximated as a quadratic modulation. However, it is clear that such an 
implementation is limited by the device performance. For subpicosecond pulses, 
the quadratic chirp would stretch the pulse to a duration outside the usable win¬ 
dow of the phase modulator. Longer pulses are limited by the spectral resolution 
of the spectrometer. However, such a method is able to reconstruct fairly com¬ 
plicated pulses (e.g., a double pulse pair) that are difficult to measure with other 
techniques. 
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3.4.4.1 Simplified Chronocyclic Tomography 

Chronocyclic tomography requires many rotations in order to reconstruct the 
Wigner function of the pulse in question. In addition, it is necessary to apply rel¬ 
atively large quadratic phases in both the temporal and spectral domains. If the 
pulses in the ensemble are coherent, then it is possible to simplify the process such 
that only two rotations and the original spectrum (corresponding to no rotation) 
are needed [81, 82]. In fact, it is possible to fully reconstruct a coherent field by per¬ 
forming two small shears of the Wigner distribution along the spectral dimension. 
The concept is shown schematically in Figure 3.17c. If the projection of a sheared 
distribution onto the spectral axis is given by 

Iy,(a))= / W(t,m -xpt)dt , (3.20) 


where xp is the size of the temporal phase modulation such that E(t) —>■ E(t) 
exp(iip fit 2 ), then it is possible to reconstruct the electric field by integration of 


3 Iy, 

dip 





—y> 


2 xp 


(3.21) 


Here, I+y and I—y, correspond to the projections of the Wigner distributions onto 
the spectral axis for a small shear, xp 1, in the positive or negative direction, re¬ 
spectively. The original spectrum of the pulse with no modulation present is given 
by I. Similar to full tomography, this method still suffers from the limited availabil¬ 
ity of phase modulators with sufficient bandwidth for subpicosecond pulses. 


3.4.4.2 Time Lens 

A simplified extension to chronocyclic tomography for a coherent pulse train is a 
measurement of the temporal intensity by a 90° rotation of the Wigner distribu¬ 
tion, followed by a measurement of the resulting spectral intensity. The concept 
obtains its name from the analogy of a lens in the spatial domain, whereby a lens 
acts as a Fourier transform operator. The quadratic temporal and spectral phas¬ 
es act to replace the lens and diffraction in conventional spatial imaging [83, 84], 
Note that any deviation from perfect quadratic phases (e.g., for broadband pulses) 
acts as an aberration. The pulse shape can be reconstructed using the same Ger- 
chberg-Saxton routine used in the spatial domain [59]. This method is limited by 
the availability of sufficient phase modulators that can apply pure quadratic phas¬ 
es with sufficient bandwidth for femtosecond pulses. It is also possible to utilize 
nonlinear interactions, such as self-phase modulation (SPM) and cross-phase mod¬ 
ulation (XPM), although the phase modulations depend on the input field and the 
measured spectrum does not correspond to the marginal of an exact rotation, there¬ 
fore requiring more advanced iterative reconstruction algorithms that can deal with 
nonquadratic phase transformations [85-88]. 
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3.4.5 

Interferometry 

Interferometry is the process in which phase information is directly encoded onto 
the intensity pattern via spatially overlapping two beams on the same detector, such 
that the difference in phase between the two beams at each pixel is encoded onto 
the measured interferogram [89, 90]. Typically, for broadband pulses, the interfer¬ 
ence pattern is spectrally resolved using a spectrometer and the spectral phase is 
reconstructed. Usually, but not necessarily, a rapidly varying phase difference, de¬ 
noted as a carrier phase, is applied to impart fringes onto the interferogram with a 
known spacing. The phase difference between the two pulses is then encoded as a 
modulation in the nominal fringe spacing, and can be extracted using the Takeda 
algorithm [91] (see Section 3.4.5.1). The carrier can be in the spatial domain (via 
applying a tilt to one of the beams), spectral domain (via a time delay), angular 
domain (via a lateral displacement), or temporal domain (via a spectral shift). Al¬ 
ternatively, an absolute phase shift can be added to one beam and then modulated 
as multiple acquisitions are made, resulting in phase-shifting interferometry. Inter¬ 
ferometric measurements can be decomposed into two types: test plus reference or 
self-referencing. In the former, the reference can be a filtered version of the pulse 
(e.g., spatially filtering the beam will produce a reference beam with a flat or spher¬ 
ical wavefront), or a pulse previously measured with a self-referenced technique. 
However, it is necessary to have a reference with a bandwidth and spatial extent 
that fully covers the test pulse. 

3.4.5. 1 Spectral Interferometry 

Figure 3.19a shows two time-delayed pulses that are combined collinearly on a 
beam-splitter. The measured interferogram in Figure 3.19b can be written as 


S(a)) = |£fp(®) + £Ref(cu)e ,<UT | 2 
= |£ T pMI 2 + |£ R efHI 2 

+ 2|£ T p(<w)||£ Ee f(<w)| cos[0tpH - 0Ref(<w) - <wr] 

= hftco) + hftco) + fI TF (cj)I Rei (cj)[e iA ^e ialz + c.c], (3.22) 


where r is the delay between the test pulse (TP) and reference pulse (Ref), I is the 
intensity, f the phase and E the analytic signal. To extract the phase difference, the 
measured interferogram is Fourier transformed into the pseudo time-domain: 


S(t) = I DC (t) + I AC (t- r) + I~ AC (t + t) , 


(3.23) 


resulting in three peaks corresponding to the “DC” term and two “AC” sidebands, 
in analogy to radio frequency modulation (see Figure 3.19c): 


~I DC (t) = r a ^iVTp(o>) + furf («)} 


(3.24) 



(3.25) 
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Figure 3.19 Concept of spectral interferom¬ 
etry: two time-delayed pulses interfere on a 
spectrometer (a). Measured interferograms 
when both pulses are identical (dotted line), 
resulting in fringes spaced by 2ji/t, or non¬ 
identical (solid line), resulting in nonuniform 
fringe spacing (b). The spectral phase differ¬ 


ence is encoded as a modulation in the fringe 
spacing from the nominal 2ji/t fringe spac¬ 
ing. Fourier transform of (b), resulting in a 
central “DC” term and two “AC” sidebands, 
of which one sideband is filtered and inverse 
Fourier transformed to extract the phase of 
the interferogram (c). 


One of the AC sidebands is selected and Fourier transformed back to the spectral 
domain to give the interferometric (last) term in Eq. (3.22). Taking the argument of 
this function and subtracting the carrier phase term (obtained from a calibration 
trace) reveals the phase difference between the two pulses. The magnitude of the 
AC term can be used to obtain the pulse spectrum. Alternatively, the spectrum from 
both pulses can be taken from a quadratic equation involving both the DC and AC 
intensities. This method can be used to measure the dispersion introduced by a 
sample [92], or to completely characterize a weak or complex pulse by referencing 
against a simple strong pulse that has been fully characterized by any complete 
characterization device [93]. Temporal analysis hy dispersing a pair of light electric fields 
(TADPOLE) is a technique that enables the characterization of an unknown pulse 
by spectral interferometry with a reference that has been characterized using a 
self-referencing technique. Note that the method used to characterize the reference 
pulse is arbitrary, but any inaccuracies in the reference will affect the reconstruction 
of the unknown pulse. 

3.4.5.2 Spectral Phase Interferometry for Direct Electric Field Reconstruction 

Spectral phase interferometry for direct electric field reconstruction (SPIDER) is a self- 
referencing interferometric technique for complete temporal characterization of 
optical pulses based on spectral shearing interferometry (SSI) [94-96]. The simple 
concept allows extraction of the one-dimensional spectral phase of a pulse from a 
one-dimensional dataset. 

In spectral shearing interferometry, the objective is to interfere two spectrally 
sheared copies of the test pulse (TP), thus the spectral phase at one frequency is 
referenced to the spectral phase at a different frequency, separated by the spectral 
shift (shear) Q. In conventional SPIDER, this is achieved by sum frequency gener¬ 
ation (SFG) of two time-delayed copies of the TP with a highly chirped pulse. The 
latter is derived from a highly stretched copy of the TP. The form of the interfer¬ 
ogram is similar to Eq. (3.22), except £ Re f(cu) = Efp(a> — Q); the interferometric 
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term is thus given by Eq. (3.26). The carrier phase is removed from a calibration 
trace, taken by measuring the spectrum of the two time-delayed, non frequency- 
shifted replicas of the TP. During the SFG process, each TP experiences a different 
quasi-monochromatic frequency shift from the chirped pulse, due to the time delay. 

The time delay also introduces a carrier phase term which allows extraction of the 
SPIDER phase, Eq. (3.27), via the Takeda algorithm [91]. The experimental concept 
is shown in Figure 3.20. Type II SFG is used, since it is necessary to up-convert the 
full TP bandwidth with only a narrow bandwidth, Q , from the ancillary (chirped) 
pulse. Therefore, a thicker crystal can be used for the same spectral bandwidth, as 
compared to the type I configuration typically used in SHG-FROG. 


D(a>) = E*(a> — o>cp )E(a> — a> c p — Q) 

(3.26) 

0((u) = arg [D(co + cu C p)[ 


= 0tp(w — Q) — 0Tp(n>) . 

(3.27) 


There are two commonly used algorithms to reconstruct the TP spectral phase 
from the SPIDER phase. The first is based on the fact that, for a small shear, the 
SPIDER phase is equivalent to a finite difference of the TP phase and therefore 
is approximately equal to the gradient of the spectral phase scaled by the spectral 
shear, that is, 0(at) « Q d(pj P (ct>)/da>. The TP spectral phase is thus calculated 
by cumulative integration of the SPIDER phase divided by the spectral shear. The 
accuracy of this method depends on the method of integration; typically the trape¬ 
zoidal rule is used: 


TP 



\ ^ Cl>n+1 — m n 

T) ^ ~~ 2— IQ 


[0(w„) + &(co n + 1 )]. 


(3.28) 


This method can accurately recover the GDD and third-order phase; accuracy for 
higher orders can be improved by decreasing the magnitude of the shear [97]. Alter¬ 
native, but more complex inverse finite difference schemes can accurately measure 
higher-order Taylor coefficients for the spectral phase [97]. 



Figure 3.20 Experimental configuration for 
conventional SPIDER. Type II sum frequency 
generation between a highly chirped ancillary 
with two time-delayed replicas results in two 
spectrally sheared signal pulses, centered near 


twice the frequency of the test pulse. The sig¬ 
nal pulses are spatially and spectrally filtered 
and imaged from the crystal to the entrance 
slit of a spectrometer. 
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The second commonly used algorithm to reconstruct the TP spectral phase is an 
exact method based on concatenation: cumulative integration of the SPIDER phase 
sampled at a rate equal to the spectral shear as in Eq. (3.29). 


j— ^2n —l ^( w o + nQ) if Q > 0 
|En=o 6 ( a >o + n\Q\) if Q < 0 


(3.29) 


This method results in a reconstructed phase that is sampled on an evenly spaced 
frequency grid with a sampling resolution equal to the spectral shear. The recon¬ 
structed phase is, in principle, exact, provided Q < 2n/T where T is the com¬ 
pact support. Inaccuracies can result from interpolation of the unevenly spaced 
SPIDER phase (the sampling defined by the spectrometer) onto the evenly spaced 
reconstruction grid. 

Increasing the magnitude of the spectral shear results in larger measured phase 
differences and therefore higher measured signal-to-noise ratio for the SPIDER 
phase. Thus it is optimal to use the largest magnitude shear that satisfies the sam¬ 
pling theorem. It is possible to check for under-sampling (i.e., too large shear) di¬ 
rectly from the measured data, thus it is not necessary to know the compact support 
a priori [98]. 

SPIDER has several positive features: (1) the reconstruction is direct, enabling 
real-time reconstructions with modest computing power [99] and the ability to per¬ 
form an analytic analysis of the accuracy, precision, and consistency of the recon¬ 
struction [97, 98]; (2) the phase is encoded in fringes, thus the reconstruction of 
the spectral phase is unaffected by the response function of the crystal and detector 
(given sufficient SNR) and the method is robust against noise: the Fourier filtering 
routine aids in reducing the effects of noise, and a low bit depth camera can be used 
to obtain high accuracy results [100, 101]; (3) the reconstruction is local, that is, the 
precision of the spectral phase at a given frequency is proportional to the SNR at 
that frequency [98]; (4) the one-dimensional electric field function is encoded in a 
one-dimensional measured trace, providing efficient data encoding and reducing 
the amount of data acquired, allowing spatially resolved measurements to be used 
to directly measure arbitrary space-time coupling [102,103]. 

SPIDER also contains redundancy in its data and allows estimates of the preci¬ 
sion and consistency of the reconstruction directly from the measured data. SPI¬ 
DER was used to characterize a large variety of pulses, ranging from several fem¬ 
toseconds [104,105] to tens of picoseconds [106,107], and from the ultraviolet [108, 
109] to the mid infrared [110]; it is only limited by the availability of a second-order 
nonlinearity at the pulse wavelength and by the requirement for sufficient resolu¬ 
tion and sensitivity of the detector. 

Conventional SPIDER does exhibit some negative features: (1) the spectrum 
needs to be oversampled to resolve the AC sidebands and thus requires a high- 
resolution spectrometer; (2) it is sensitive to the interpulse delay, thus requiring 
a very accurate and precise calibration [111]; (3) replicas of the test pulse are re¬ 
quired, which can become problematic for large bandwidth pulses; (4) the shear 
and carrier phase are coupled via the interpulse delay and ancillary chirp, limiting 
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the range of usable shears with any given setup; and (5) the traces are unintuitive, 
requiring a complete reconstruction. The latter issue is not a major problem, since 
the reconstruction is simple, direct, and very fast. Nevertheless, it is impossible to 
qualitatively check the reconstruction against the measured data. However, this can 
be achieved using the methods described in [98]. 


3.4.5.3 Spatially Encoded Arrangement for SPIDER 

In light of the issues highlighted with the conventional SPIDER in Section 3.4.5.2, 
a variation was developed based on interfering two tilted spectrally sheared repli¬ 
cas at zero delay, known as spatially encoded arrangement (SEA-) SPIDER. The 
SEA-SPIDER concept is shown in Figure 3.21 [105, 112]. Since there are no spec¬ 
tral fringes, the interferogram can be sampled spectrally at the Shannon limit; the 
spatial dimension needs to be oversampled to resolve the spatial fringes, but this 
is typically not an issue. Since only a single copy of the test pulse is required, no 
distortion is introduced to the test pulse (other than dispersion due to air), thus 
making the device zero additional phase (ZAP) [109]. Due to the carrier phase be¬ 
ing in the spatial dimension, it is now possible to vary the shear by changing the 
delay between the two ancillaries without adjusting the carrier phase, thus requir¬ 
ing a single calibration trace. In fact, by performing measurements at two different 
time delays, a homodyne measurement [113] is performed, thus eliminating the 
need for a calibration trace or a guaranteed zero delay between the two signal puls¬ 
es. All these advantages make SEA-SPIDER ideally suited to the measurement of 
few-cycle or complex pulses. 

In the absence of space-time coupling, SEA-SPIDER interferograms are very in¬ 
tuitive: the gradient of the spectral phase is mapped directly in the contours of the 
fringes, as shown in Figure 3.22. Thus it is possible to roughly optimize the com¬ 
pression of a pulse without the need for a complete reconstruction and qualitative 
consistency checks between the measured and reconstructed fields are possible. 



Figure 3.21 SEA-SPIDER concept: a single 
replica of the TP is up-converted with two 
time-delayed, highly chirped ancillaries in 
a jrP) nonlinear crystal with a type II non- 
collinear geometry. The two signal pulses are 
spatially and spectrally filtered and imaged 


onto the entrance slit of an imaging spectroirv 
eter. The delay between the two ancillaries 
generates the spectral shear. The tilt between 
the two pulses results in spatial fringes and 
allows extraction of the SPIDER phase. 
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Positive Cubic Phase 



(a) Signal Wavelength nm 





Figure 3.22 Intuitive SEA-SPIDER interfero- 
grams of a chirped pulse amplifier with dif¬ 
ferent amounts of known dispersion: positive 
cubic (a), negative cubic (b), positive quar- 
tic (c) and negative quartic phase (d). The 
contours of the fringes directly map out the 
gradient of the spectral phase (i.e., the fre¬ 


quency chirp). The dashed lines correspond 
to the contours of the fringes and are equal to 
the SPIDER phase extracted from the Takeda 
algorithm. The phase applied in (c) was limit¬ 
ed by the shaper and can be seen if a different 
aspect ratio is used. 


3.4.5.4 Multiple Spectral Shearing Interferometry 

The two constraints for a spectral shearing measurement are the following: 4 ’ 
(1) that the shear, and hence the spectral sampling, must satisfy the sampling 
theorem and (2) that the spectrometer must have sufficient resolution to sample 
the interferogram. The two conditions are, in principle, sufficient to allow recon¬ 
struction of any pulse whose compact support is less than lit/Q. In practice, the 
measured interferogram will be degraded by noise. When the magnitude of the 
interferometric signal at a given frequency is reduced the relative noise on the 
SPIDER phase increases at that frequency. Since the reconstructed phase is found 
by integrating or concatenating the SPIDER phase, errors in the reconstructed 
phase can occur due to the accumulation of noise across the spectrum. 

The accumulation of noise becomes problematic for complex pulses with a large 
bandwidth: a small shear is required to sufficiently sample the pulse, resulting in 
a large accumulated spectral error across the bandwidth due to the large number 
of sampling points. This problem is most pronounced when the spectral intensity 
approaches zero. If the bandwidth of the spectral null is wider than the required 


4) The following principles can be generalized to all forms of shearing interferometry; I shall restrict 
the arguments to spectral shearing interferometry for clarity. 
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Figure 3.23 Spectral and temporal recon¬ 
structions; the intensity of the line reflects the 
probability that the phase or intensity has the 
corresponding value. Spectral intensity and 
phase (a). The phases have been offset from 
each other for clarity (the magnitude of the 
shear increases with the offset, with the top¬ 
most spectral phase corresponding to recon¬ 
structions from the multishearing algorithm). 
The SP spectrum has been shifted in wave¬ 


length to overlap with the fundamental. Tem¬ 
poral intensity reconstructions and FWHM 
pulse durations after phase compensation, 
i.e., the CDD between the measurement and 
experiment was calculated and subtracted 
before reconstructing the temporal intensity 
(b); the color scheme is the same as in (a). 
The Fourier transform-limited temporal profile 
(dark red) is calculated from the fundamental 
spectrum. 


spectral shear, or if the accumulated phase noise across a spectral region is larger 
than n, then the relative phase between the disjoint spectral regions will be unde¬ 
fined, resulting in a significant error in the reconstructed temporal phase. This can 
be seen in Figure 3.23 by the loss of precision in the reconstructed spectral phase 
corresponding to measurements from a small spectral shear, resulting in a large 
variation in the reconstructed temporal intensity profile. As the magnitude of the 
shear is increased, the precision improves and the global phase is accurately re¬ 
constructed. However, the coarser sampling means that the fine phase structure is 
“washed out,” reducing the accuracy in determining the contrast ratio of the pulse 
and the peak intensity (further details can be found in [114]). 

Fortunately there is a simple solution to these problems: performing multiple 
measurements with different sized shears to improve both the accuracy and preci¬ 
sion: a small shear can be used to ensure that the spectral phase is sampled with 
sufficient resolution and a large shear can be used to bridge any spectral nulls, thus 
ensuring accurate reconstructions. Precision is improved since the large shear re¬ 
duces the number of integration points and, thus, the accumulation of errors across 
the bandwidth. Additionally, the combination of multiple shears over-determines 
the spectral phase at any given frequency and a weighted average of the phase at 
that frequency can be determined. 

Once the SPIDER phase has been measured for a number of different shears, the 
optimal TP spectral phase, with minimal error between the SPIDER phase extract¬ 
ed from the measured data and that determined from the optimal reconstructed 
phase, must be evaluated. This could be achieved via a nonlinear minimization or 
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maximum likelihood estimation algorithm. A more elegant solution, based on lin¬ 
ear algebra, was developed by Austin and co-workers [115], enabling a direct (non¬ 
iterative) inversion. The method is based on the fact that Eq. (3.27) can be written 
as a matrix equation 
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where <p n = <p(a>o + nQ) is the sampled reconstructed phase, 0 n = cp(a> o) — 
< p(a> + nQ) is the sampled SPIDER phase, (p(a> 0 ) = 0 is the boundary condition 
and d is the shearing matrix relating the TP spectral phase to the SPIDER phase. 
Equation (3.31) has a unique solution that is identical to the concatenation formula 
of Eq. (3.29). 

The principle is then to extend the concept as an over-determined matrix equa¬ 
tion 


W0 = WD</> , (3.32) 

where <j> = [rpo\ <p\ \...; (p^— i] is the reconstructed spectral phase, sampled with 
a resolution equal to the smallest magnitude shear, that is, cp„ = (p(a> 0 + n\Q 0 \), 
such that each shear is an integer multiple of the smallest shear, |12 s =i...s—ll = 
a s Q 0 (with a s an integer); 0 = [0(Q O )\ 0(Q \)\...; 6(Q S — i)] is a vector of mea¬ 
sured SPIDER phases generated by concatenating the SPIDER phase vectors for 
each individual shear measurement; D = [d(12 0 ): d(12i);...; d(i2 s _!)] is a rectan¬ 
gular matrix generated by the concatenation of the individual shearing matrices 
d(12 s ), similar to Eq. (3.30) but taking into account the fixed sampling grid and the 
value of the shear for each matrix; and W = [w(£?o): w(12i);...; w(£?s—i)] is a rect¬ 
angular weighting matrix generated from concatenation of the diagonal weighting 
matrices w(12 s ) = diag|0(12 s )|, since the problem is now over-determined and thus 
it is necessary to use a weight that is proportional to the SNR to ensure a robust 
reconstruction. 

The algorithm can be generalized to include interpolation of the measured da¬ 
ta and to extend it to multiple dimensions, see [114, 116] for further details. It is 
important to note that combining measurements from suitably sized shears im¬ 
proves the precision by an amount more than can be achieved by simply averaging 
the same number of interferograms with a fixed shear, see [115]. 

An additional advantage gained by using multiple shears is that it is possible to 
test the consistency of the different shear measurements to check for any inaccu¬ 
racies in the measured data, as demonstrated in Figure 3.24. The small regions of 
undefined phase (e.g., near a wavelength of 400 nm) result from a null in the mea¬ 
sured amplitude (not plotted for clarity). The agreement between the measured 
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Figure 3.24 Extracted SPIDER phases for 
different shear measurements. The intensity 
of each line represents the probability distri¬ 
bution calculated from 100 measurements 
for each individual shear. For each shear, the 
SPIDER phase has also been calculated us¬ 
ing the TP spectral phase, reconstructed via 


the multishear algorithm (superimposed as 
a black line). The root mean square phase er¬ 
ror between the measured and reconstructed 
SPIDER phase for each shear is written above 
each measurement. The SPIDER phases have 
been offset for clarity. 


SPIDER phases and the SPIDER phases calculated from the reconstructed spectral 
phase is excellent, indicating an accurate reconstruction. The fine modulations in 
the measured SPIDER phases are also reproduced exactly, indicating that they are 
physically present in the measured pulse and are not an artifact arising from noise 
or other effects. Further examples of the merits of multishearing interferometry 
are described in [114-117]. 


3.4.5.5 Long-Crystal SPIDER 

Another ridiculous acronym for interferometric geometrically simplified noniterative elec¬ 
tric field extraction (ARAIGNEE), or sometimes called long crystal (LX-) SPIDER, is 
a simplified version that utilizes the phase-matching properties of a thick crystal to 
remove the need for an ancilla [118]. For Ti:Sapphire pulses (centered near 800 nm), 
Type II sum frequency generation in KDP has the property that a large bandwidth 
from the o-ray will phase-match with a very narrow bandwidth of the e-ray, due 
to group-velocity matching between the fundamental o-ray and up-converted e-ray 
and group-velocity mismatch between the o-ray and the fundamental e-ray (Fig¬ 
ure 3.25b). The frequency from the fundamental e-ray can be selected simply by 
angle-tuning the propagation through the crystal. Therefore, propagating two tilted 
beams centered near 830 nm through a thick KDP crystal results in two frequency 
shifted replicas of the fundamental pulse. 

There are a few subtleties involved in utilizing the long crystal for performing 
spectral shearing interferometry. The first is that the o-ray and e-ray temporally 
walk-off from each other. Therefore, the e-ray is predelayed with respect to the o- 
ray by passing the pulse through a quartz plate (approximately 1 cm), rotated at 
45° to the test pulse polarization. It is necessary to ensure that the predelay tem- 
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Figure 3.25 Experimental configuration for ARAIGNEE (a). Phase-matching plot for two differ¬ 
ent propagation angles through the KDP (b). Photograph of the device (c), coupled to a com¬ 
mercial spectrometer (Ocean Optics USB2000). Courtesy of Ian Walmsley. 


porally separates the two polarizations, but that the crystal is thick enough to allow 
the two polarizations to fully walk-through each other so that they emerge com¬ 
pletely separated in time, but with the opposite delay. It is also necessary to cali¬ 
brate and remove the spectral phase added by the sum-frequency generation pro¬ 
cess. The spectral phase can be determined by the central wavelength of the pulse, 
bandwidth, crystal thickness, and angle through the crystal [119]. A split-mirror 
(Figure 3.25a) is used to generate two tilted beams with a temporal offset. If the 
test-pulse exhibits space-time coupling, then one can use a Michelson style inter¬ 
ferometer. Alternatively, the space-time coupling can be characterized by spatially 
resolving the interference pattern (in the direction of the tilt). The sheared signal 
pulses are spectrally filtered and interfered on a spectrometer. A calibration of the 
delay is performed by interfering the fundamental beams in one polarization axis. 

3.4.5.6 Other Spectral Shearing Interferometry Methods 

In addition to SPIDER and its variants, there exists a number of other methods 
that utilize spectral shearing interferometry to completely characterize the spectral 
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phase. Two-dimensional spectral shearing interferometry (2DSI) up-converts a single 
copy of the TP with two collinear time-delayed highly chirped ancillary pulses [120]. 
Small changes in the delay between the two ancillaries results in a change in the 
relative phase of the two spectrally sheared signal pulses, thus producing fringes via 
phase-shifting interferometry [121]. Spectral interferometry resolved in time (SPIRIT) 
is to SPIDER as sonography is to spectrography: the beat pattern resulting from the 
interference of two laterally displaced spatially chirped replicas of the test pulse is 
temporally gated to obtain an interference pattern that is identical to that observed 
in SPIDER [122], 

3.4.5.7 Measuring Space-Time Coupling with Interferometry 

Unlike spectrographic, sonographic, and tomographic methods that encode the 
information in two dimensions, interferometry encodes the spectral information 
in a single dimension, thus it is possible to use the other dimension of a two- 
dimensional detector to encode spatial information about the pulse [123, 124]. To 
completely measure space-time coupling in both SPIDER and SEA-SPIDER, it is 
necessary to ensure that the test pulse up-converts with a flat wavefront that does 
not change with frequency. It is therefore necessary to perform spatial filtering on 
the ancilla(s), as well as chirping [125]. One may combine a SPIDER measurement 
with a lateral shearing measurement (i.e., the spatial equivalent of spectral shearing 
interferometry) [102, 103]. Even if the ancilla is not spatially filtered, it is possible 
to measure the temporal profile at every spatial position without knowledge of the 
relative group delay [126, 127]. 


3.5 

Ultrafast Metrology in the Extreme Ultraviolet 

Metrology for extreme ultraviolet (XUV) femtosecond and attosecond pulses is 
much more difficult that in the UV, visible, or IR. Available optics and methods 
of detection are highly limited in the XUV spectral range. For example, there is no 
good nonlinear medium for this wavelength when we account for the typically low 
intensity of these pulses, thus preventing the direct transfer of techniques used in 
the visible to the XUV. Since a sufficient, and necessary, condition for ultrashort 
pulse characterization is a time-nonstationary filter with a response time compara¬ 
ble to the pulse duration under study, plus a time-stationary filter, extreme ultra¬ 
violet pulses can be characterized by photoionization in the presence of a strong, 
relatively low-frequency field. As will be shown, the low-frequency field acts as a 
temporal phase modulator, thus opening up the possibility to use similar char¬ 
acterization methods as shown in the previous section, even though the physical 
process is very different. 

An alternative method for the complete characterization of XUV femtosecond 
and attosecond pulses is to utilize the pulse generation process itself as the time- 
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nonstationary filter. Currently, there exist two approaches to achieve this, the first 
is to generate two sources of high harmonic generation (HHG), driven by two fre¬ 
quency shifted driving pulses; since the output field contains harmonics of the driv¬ 
ing field, the harmonics themselves will be frequency shifted and spectral shearing 
interferometry can thereby be extended into the XUV. Alternatively, one may drive 
the HHG process with two (or more) fields. The secondary field acts as a perturba¬ 
tion to the system and can provide temporal information on the emitted field. 

The method of two-color photoionization can be seen as more general, since it 
measures the XUV pulses after the generation process and is independent of the 
generation method. Photoionization methods cannot measure space-time coupling 
in the field and could possibly lead to erroneous interpretation of dynamical mea¬ 
surements. Sensitivity is also not as high as direct detection. As will be shown, the 
photoelectron and photoion spectrum depends on the angle of detection and space- 
charge effects limit the number of ions or electrons that can be detected. However, 
improvements in detection and laser technology have significantly improved de¬ 
tection efficiency and repetition rates, thus reducing the total acquisition time for 
an experiment. Improvements in the understanding of the emission spectrum has 
provided new inversion algorithms, extending the regime of applicability of such 
techniques. 

The method of modifying the XUV generation process with a second field is 
dependent on the generation process and the models used to describe it. However, 
since the emitted field is detected directly, the sensitivity is vastly increased, even 
enabling single-shot acquisition, and the measurement of space-time information. 
This could be used to directly measure space-time coupling in the field [24, 128], 
observe spatially dependent processes [30], or to map time to space to perform 
a pump-probe measurement in a single shot. Additionally, direct XUV detection 
is much less expensive and requires less expertise than photoionization, thus it 
could open the research field to non specialists. The major downside to direct XUV 
detection is that the complexity is moved from the XUV detection to the control of 
the driving field, which is a difficult task due to the need to work with extremely 
short pulse duration and high-intensity pulses, which is the current bottleneck in 
these approaches. 

It is important to note that photoionization is currently the only method that has 
been demonstrated experimentally to characterize both attosecond pulse trains and 
isolated attosecond pulses. These methods are much more mature than direct de¬ 
tection techniques. For the latter, there is still much more work to be done to truly 
harness its potential. Another important point is that developments in metrology 
lead to new techniques in extracting information in dynamical experiments. Since 
the two detection methods are based on entirely different physical processes, the 
exact information that they provide is quite different and they can potentially com¬ 
pliment each other to provide complete information about the system. 
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3.5.1 

Complete Characterization of Ultrashort XUV Pulses via Photoionization Spectroscopy 

3.5.1.1 XUV Autocorrelation 

Intensity autocorrelation is arguably the simplest temporal characterization method 
and is conceptually the same for XUV pulses and for optical pulses. However, due 
to the short wavelength of the light being characterized (sub-100 nm), neither 
beam-splitters (in the traditional sense) nor nonlinear crystals exist. To generate 
two replicas of the XUV light, it is necessary to: (1) produce two identical sources, 

(2) spatially split the beam in two or (3) use a grating in a double pass configu¬ 
ration to act as a beam-splitter [129]. The first method is hard to implement due 
to the high nonlinearity of the generation process and the high field intensities 
required for each source. The second method is sensitive to space-time coupling, 
which is known to exist in HHG. The latter method is inefficient and geometrically 
complicated. For the nonlinear medium, it is necessary to ensure the absence of 
resonances in the spectral region of interest. 

It is possible to perform an intensity autocorrelation (see Figure 3.26) on the 
low-order harmonics: up to harmonics 7-9 [130-132] and harmonics 8-14 from 
solid targets [133]. The weak intensity and high photon energy of the XUV field 
results in a low cross-section for the two-photon ionization process, resulting in an 
extremely low signal-to-background value. This technique is only likely to be viable 
for the lowest-order harmonics, but can provide insight into new dynamics in this 
wavelength regime due to the simplicity of the method, see [134] for an example. 

3.5.1.2 Theory of XUV Photoionization in a Laser Field 

If XUV photoionization is performed in the presence of an intense, relatively low- 
frequency dressing field, the dressing field can act as a temporal phase modulator, 
thus providing the time-nonstationary filter required for complete characterization 
of the XUV field. The form of the filter depends on the XUV pulse duration relative 
to the period of the IR field and the timing of the XUV arrival with respect to the 
phase of the IR field. This leads to a variety of characterization methods [135-137]. 



(a) (b) 

Figure 3.26 Experimental setup for XUV auto- sured. Energy level diagram of the process 
correlation (a): two time-delayed XUV replicas (b): it is necessary to ensure that there are no 
are generated via a split multilayer XUV mirror internal single-photon absorption resonances 
and the yield of two-photon ionization is mea- for the harmonics of interest. 
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Considering the ionization of an atom from the XUV field alone, under the single 
active electron approximation, the transition amplitude, a„, from the ground state 
to the final continuum state | v) can he calculated via first-order perturbation theory. 
For sufficiently large times compared to the XUV pulse duration, 

a v = -ij d v (t).| xuv (t)e i ( |v|2 / 2 + i p) t dt, (3.33) 

where £xuv( J ) is the XUV field, |v| 2 /2 is the energy of the final continuum state, 
d v is the dipole matrix element for the transition and IP is the ionization poten¬ 
tial, in atomic units. Equation (3.33) shows that the electron velocity distribution is 
the Fourier transform of the product of the temporal XUV field with the temporal 
response of the ionizing medium and therefore the electron spectrum is the con¬ 
volution of the XUV spectrum with the spectral response of the ionizing medium. 
Using known or calculated ionization cross-sections, it is possible to deconvolve 
the dependence of | d v | on v to obtain the XUV spectrum. 

It is also necessary to correct for the phase of the dipole element when perform¬ 
ing temporal characterization. Yakovlev and co-workers [138] have formally shown 
how to fully take into account the effect of the ionizing medium and how it is pos¬ 
sible to learn about the dynamics of the ionizing medium using photoionization 
(highlighting how metrology developments can lead to new understanding). 

Using the strong-field approximation (SFA), it is possible to calculate the electron 
velocity distribution in the presence of both the XUV and low-frequency field. As 
the XUV photon energy is much larger than the ionization potential (i.e., eo x uv 
I p ), the SFA is satisfied for even moderate IR intensities. The probability amplitude 
for a transition to the final state | v) is given by Quere and co-workers [136, 137], 


! J d v (t)- 


£xuv(* - *) exp 


Ivt _J [y(o + m 2 dt ' 

t 


| dt, 
(3.34) 


where r is the delay between the IR and XUV fields and p(t) = v + A(t) is the 
instantaneous canonical momentum of the free electron in the vector potential 
A(t). Note that in the absence of the IR field, Eq. (3.34) reduces to Eq. (3.33). 

Equation (3.34) offers an intuitive picture: the ionization occurs with a probability 
proportional to the XUV field strength, followed by classical electron motion in the 
presence of the IR field, resulting in a phase shift and, thus, a change in the energy 
of the electron. This can be made more clear by rearranging Eq. (3.34) to obtain 

Mfl.n = -(/[*(. (335) 

X(t, t) = d v (t)- £ xuv (t — t) (3.36) 


0(t) = - 



dt', 


(3.37) 
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Bare spectrum 



Figure 3.27 Time-dependent XUV (dashed 
gray) and optical dressing (solid black) fields 
for three different relative pulse durations 
and delays (a-c). Original XUV photoelec¬ 
tron spectrum (dashed gray) and modulated 
spectrum (solid black) as a result of photoion¬ 
ization in the presence of the dressing field (d, 
e) for the scenarios depicted in parts (a-c). 

In (a), the XUV pulse is much shorter than 
the optical period and coincides with the ze¬ 
ro crossing of the optical field, resulting in a 
spectrally sheared photoelectron spectrum, 
cf. (d); the spectral shear being proportion¬ 
al to the optical field strength and frequency. 


In (b), the XUV field is approximately half 
the optical period and coincides with a peak 
(minimum) of the optical field resulting in a 
spectral broadening (narrowing), cf. (e); the 
amount of broadening is proportional to the 
optical field strength, XUV pulse duration and 
the square of the optical frequency. In (c), 
the XUV field is much longer than an optical 
period, resulting in sidebands, cf. (f); the sep¬ 
aration of the sidebands is proportional to the 
optical frequency, the strength and number of 
sidebands is determined by the optical field 
strength. 


where Q = |v| 2 /2 + i p and 0 (t) is the phase accumulated by the electron (i.e., the 
classical action ). Thus the IR laser acts as a temporal phase modulator for the XUV 
field. Due to the scalar product in Eq. (3.37), the phase modulation is dependent 
on the angle of detection of the emitted electrons relative to the polarization of the 
IR field. It is also clear from Eq. (3.35) that it is not the envelope of the IR field, but 
the electric field itself that acts as the time-nonstationary filter, and thus provides 
the subfemtosecond temporal resolution required to resolve attosecond dynamics. 

The effect of phase modulation on the photoelectron spectrum is dependent on 
the duration of the XUV field, relative to the period of the IR field, giving rise 
to three regimes of operation: the XUV field can be (1) much shorter than, (2) 
comparable to or (3) much longer than the optical period of the low-frequency field. 
These three scenarios are depicted in Figure 3.27, along with the effect this has on 
the photoelectron spectrum. 


3.5.1.3 Attosecond Spectral Shearing Interferometry 

If the XUV pulse is much shorter than the optical period of the dressing laser 
field, as depicted in Figure 3.27a,d, then it is possible to perform attosecond spec¬ 
tral shearing interferometry - one method of implementing SPIDER via photo¬ 
electron spectroscopy (PES) [139]. The method is conceptually simple: two time- 
delayed replicas of the XUV pulse are temporally aligned with adjacent zeros of the 
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low-frequency electric field. The delay between the two XUV pulses will generate 
fringes in the PE spectrum and allows one to extract the phase between them via 
a Fourier filtering routine. The dressing laser field will cause the two PE velocity 
distributions to spectrally shift in opposite directions, thus generating the spectral 
shear required for SPIDER. 

This technique has many of the advantages associated with spectral shearing 
interferometry: excellent robustness to noise, simple and direct phase retrieval al¬ 
gorithm, and acquisition of a ID dataset. It is necessary to synchronize the timing 
of the IR and XUV fields with interferometric stability. However, it is possible to 
use the same IR field that generated the harmonics for the spectral shearing rou¬ 
tine, thus ensuring that they are phase locked. Finally, the range of pulse durations 
is limited by the requirement that the dressing laser electric field must vary linear¬ 
ly with time over the XUV pulse duration. However, it is possible to use a longer 
wavelength dressing field if necessary (or utilize the approach in Section 3.5.1.7). 
It can be very difficult to generate two identical copies of the XUV field that are 
separated by half an optical period. This technique also suffers from the disadvan¬ 
tage of requiring a high-resolution PE spectrometer, which is currently the limiting 
factor in the experimental demonstration of this method. It is possible to delay the 
two harmonic pulses by an odd integer multiple of half-cycles, but this increases 
the spectrometer resolution requirements even further. 

3.5.1.4 Attosecond Streak Camera 

If the duration of the XUV pulse is comparable to the dressing laser period, then 
the spectral shift acting on the photoelectron velocity distribution will become time 
dependent. If the XUV pulse is timed to coincide with the peak of the electric field, 
as depicted in Figure 3.27b,e, then the phase modulation will be approximately 
quadratic in time. This will result in a linear stretch (or streaking) of the photoelec¬ 
tron spectrum. Comparison of the spectral width with and without the streaking 
allows one to estimate the XUV pulse duration. This method, known as the attosec¬ 
ond streak camera, has the advantage of being experimentally simple to implement 
but it is necessary to ensure synchronization of the timing of the XUV and dress¬ 
ing laser fields [140]. Thus the fundamental field used to generate the harmonics 
is often used as the dressing field. 

3.5.1.5 XUV Simplified Chronocyclic Tomography 

XUV simplified chronocyclic tomography (XUV-SCT) can be considered as an ex¬ 
tension of the attosecond streak camera to unambiguously characterize the XUV 
field using a direct routine [137]. The method works as described in Section 3.4.4.1: 
two independent photoelectron spectra are obtained with the XUV field timed to 
coincide with the peak and the trough of the electric field. This corresponds to 
positive and negative quadratic temporal phases. Combined with the unmodulated 
photoelectron spectrum, the data allows one to recover the XUV spectral phase. 
It is necessary to ensure that the phase added in the modulated spectra is equal 
in magnitude, of opposite sign, and quadratic in nature. This requires the dress¬ 
ing field to contain many cycles to ensure that the envelope of the pulse does not 
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affect the modulation. The optical period of the dressing field sets a limit on the 
maximum pulse duration that can be measured. So far, no experimental demon¬ 
stration has been performed, most likely since this technique has been superseded 
by FROG-CRAB (Section 3.5.1.8). 

3.5.1.6 RABITT 

If the XUV pulse is much longer than the dressing field period, then sidebands 
will occur in the PE spectrum as depicted in Figure 3.27c,f. If the dressing field 
is the same that is used to generate the harmonics, then the sideband will consist 
of a contribution from each adjacent harmonic, resulting in interference, see Fig¬ 
ure 3.28. If the sideband intensity is measured as a function of the delay between 
the XUV and dressing laser fields, the sidebands will appear modulated with a pe¬ 
riod equal to twice the phase of the dressing laser field and with a relative offset 
equal to the phase difference between the adjacent harmonics, that is, 

Iq ~ Acos(20i R + 0,_! - <p q+1 ) , (3.38) 

where Iq is the intensity at the even harmonic (i.e., sideband) q, (pm is the phase of 
the IR dressing laser, <p q ± x are the phases of the adjacent harmonics. By measuring 
the phase offset for many sidebands, it is possible to obtain the phase difference 
between multiple harmonics and thus determine whether they are phase locked. 

This technique offered the first experimental verification of attosecond bursts and 
is called resolution of attosecond heating by interference of two-photon transitions (RA¬ 
BITT) [141, 142]. This technique is not suitable for isolated attosecond pulses, as 
it only gives the phase difference between adjacent harmonics. This is enough in¬ 
formation to obtain the duration of individual pulses in a pulse train, but not to 
determine the intensity envelope of the pulse train. RABITT is a commonly used 
technique for studying attosecond pulse trains and has, for example, been used to 
characterize XUV multilayer mirrors [143]. 

Odd harmonics 
(bare spectra) 

Sidebands 
("even harmonics") 

--- 14 ) 

- \ 9 ) 

(a) 

Figure 3.28 Energy level diagram for RABITT (a) and resulting photoelectron spectrum (b) at a 
given delay between the XUV and an optical field. Due to the interference of the two pathways, 
the sidebands will be modulated as a function of this delay. The phase of the fringes depends on 
the relative phase of the adjacent harmonics. 
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3.5.1.7 X-SPIDER 

Another form of XUV-SSI, similar to the RABITT technique described above, can 
be used for XUV pulses that are long compared to the period of the dressing laser 
field [137]. In this case, two time-delayed XUV pulse replicas are used to ionize a gas 
in the presence of a chirped dressing field. The dressing field will cause sidebands 
to form in the photoelectron spectra of each individual XUV pulse. The frequen¬ 
cy of the sideband is determined by the instantaneous frequency of the dressing 
field. This method can be considered as a direct implementation of conventional 
SPIDER for PES, except that the SPIDER signal is encoded in sidebands of a pho¬ 
toelectron spectrum. This method has the same advantages and disadvantages as 
the attosecond spectral shearing technique in Section 3.5.1.3, except that it works 
in a slightly different parameter range. As with Section 3.5.1.3, the requirement of 
a high-resolution photoelectron spectrometer is currently the bottleneck to a suc¬ 
cessful demonstration of this technique. 

3.5.1.8 FROC-CRAB 

The PES techniques described above rely on a specific relationship between the du¬ 
ration (timing) of the XUV field relative to the period (phase) of the dressing laser 
field. It is possible to completely characterize the XUV field without knowledge 
about the relative pulse durations and delays via frequency-resolved optical gating for 
complete reconstruction of attosecond hursts (FROG-CRAB) [144]. The method is com¬ 
pletely analogous to conventional FROG in the optical domain, except that the gate 
function is a phase filter instead of an amplitude filter. This offers the bonus of 
measuring the electric field of the optical pulse. Thus, Eq. (3.35) is equivalent to a 
spectrogram where 


P(t) = d,(t)-& uv (t-T) (3.39a) 

G(t) = e‘*W. (3.39b) 

Using this method, it is not only possible to obtain the XUV field, but also the 
dressing laser field via, for example, the PCGPA deconvolution algorithm (Sec¬ 
tion 3.4.2.2). Technically, the reconstructed probe is equal to the convolution of the 
XUV field with the spectral response of the medium. Initial experiments utilized 
attosecond pulses that were relatively long in duration as compared to the response 
time of the medium (i.e., the spectral response is largely flat over the bandwidth of 
the XUV pulse). However, as the pulse duration decreases and the pulse bandwidth 
increases, the effects of the ionizing medium become more important. Other lim¬ 
its of validity of FROG-CRAB are set by the size of the phase modulation that can 
be applied, the resolution of the photoelectron spectrometer and the range of travel 
for the stage used to scan the delay between the gate (i.e., dressing laser) and probe 
(i.e., XUV) fields. FROG-CRAB has been used to completely characterize isolated 
attosecond pulses [145], attosecond pulse trains [146, 147], and to measure NIR 
fields [148], and even terahertz fields [149]. Recent advances allowed the charac¬ 
terization of even shorter pulses. Gagnon and co-workers [138, 150] have shown 
how to account for the ionizing medium response and Chini and co-workers [151] 
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generalized the streaking method in a technique called phase retrieval by omega os¬ 
cillation filtering (PROOF). PROOF is related to both FROG-CRAB and RABITT. 
These advances enable FROG-CRAB to be extended to the measurement of pulses 
approaching the atomic unit of time (24 as). 

3.5.2 

XUV Interferometry 

3.5.2.1 XUV SPIDER for HHG 

One of the underlying features of HHG is that the spectrum consists of peaks cen¬ 
tered around the odd harmonics of the driving field, corresponding to the emission 
and recollision of electrons every half-cycle of the laser field in an antisymmetric 
fashion. Thus, it is reasonable to assume that if one were to shift the central fre¬ 
quency of the driving laser by an amount da/ <ZC A ai, where A a) is the bandwidth 
of the drive pulse, then the harmonics should shift in frequency by an amount 
Q = ndai, where n is the harmonic number. It therefore seems possible to shift 
the harmonic frequency by simply driving with a slightly frequency shifted repli¬ 
ca of the IR field. This process is a direct consequence of conservation of energy. 
Simulations using the time-dependent Schrodinger equation (TDSE) have indeed 
shown that this is quantitatively the case [152]. This then allows for the possibility 
of performing SSI on XUV attosecond pulses by driving HHG with two spectrally 
sheared driving fields. One difference between optical SPIDER and XUV SPIDER 
is that the spectral shear is not constant, but a linear function of frequency since 
< pi(nco n ) = 02 (wa>o 2 ), where »is the fractional harmonic number, thus 

da) 

Q = -(y , (3.40) 

ft) 0 i 

where da) — a) 0 2 —a) 0 i and the phase is reconstructed for pulse 1, that is, (pi(na> m ). 

Numerical simulations based on the resolution of the 3D TDSE for the single 
atom response in cylindrical coordinates in argon (l p = 0.581 a.u.) calculated the 
HHG from a 30 fs driving pulse. The simulation showed that harmonics in the cut¬ 
off region are sheared replicas for small shears in the driving pulse (<0.5%), see 
Figure 3.29a. As a result of the intensity-dependent dipole phase, the harmonics 
are individually negatively chirped, and the harmonic train itself is also negative¬ 
ly chirped. The scaling of the shear, as defined by Eq. (3.40), can be verified by 
rescaling the frequency axis by the central frequency of the driving laser, as shown 
in Figure 3.29b, where the harmonics are plotted against the fractional harmonic 
number. 

The measurement of attosecond pulse trains requires the measurement of the 
spectral phase across individual harmonics and, more importantly, the relative 
phase between adjacent harmonics. In general, the spectral intensity in individ¬ 
ual harmonics from multicycle driving pulses is too low to enable concatenation 
of the spectral phase between harmonics, thus preventing the measurement of the 
relative phase of adjacent harmonics. An alternative approach, yet to be explored, is 
the possibility to utilize multiple spectral shearing interferometry (Section 3.4.5.4) 
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Figure 3.29 Numerical simulation of HHG 
spectrum (dashed, log scale) and phase (sol¬ 
id) for slightly different driving frequencies. 
Numerical artifacts cause the relative phase 
offset between the highest harmonics for the 


longest wavelength. Results plotted against 
the frequency of the emitted harmonics (a). 
Results plotted against fractional harmonic 
number, that is, n, = w/woi (b). 


to enable attosecond pulse train characterization via XUV-SSI. When the driving 
pulse duration decreases to the point that the pulse duration is only a few optical 
cycles long (and the pulse bandwidth is a large fraction of its central frequency), it 
is not clear that the HHG spectrum is sheared as the central frequency of the driv¬ 
ing pulse is sheared. Thus, it is not immediately clear how to measure an isolated 
attosecond pulse, since this is typically generated from a few-cycle pulse. One ap¬ 
proach could be to interfere an attosecond pulse train with an isolated attosecond 
pulse (i.e., a harmonic comb with a continuum) and then to continuously shear 
the attosecond pulse train (i.e., shear the multicycle driving pulse) covering the full 
continuous spectrum of the isolated attosecond pulse. The possibilities afforded 
by multiple spectral shearing interferometry have yet to be fully explored, but this 
could be a viable route to enable XUV-SSI of attosecond pulse trains and isolated 
attosecond pulses. 
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Figure 3.30 Schematic of the experimental 
setup for performing XUV SPIDER. Spectrally 
encoded XUV-SPIDER (a) - a temporal delay 
between the driving pulses generates tem¬ 


porally delayed harmonics and thus spectral 
fringes. Spatially encoded XUV-SPIDER (b) - a 
spatial displacement between the driving puls¬ 
es leads to spatial fringes due to diffraction. 


There are two basic geometries for performing XUV-SPIDER: (1) spectrally en¬ 
coded and (2) spatially encoded, as depicted in Figure 3.30a,b, respectively. The 
former requires a temporal delay between the two driving fields, and thus gener¬ 
ates spectral fringes in the harmonic spectrum. The latter requires two spatially 
separated sources of harmonics, which are then interfered on a spatially resolved 
spectrometer in the far-field. There are inherent advantages and disadvantages for 
each technique. 


Spectrally encoded XUV-SPIDER The delay between two IR pulses needs to be suf¬ 
ficient to avoid temporal overlap of the two pulses and to ensure that the spectral 
fringes have sufficient periodicity to enable extraction of the sidebands in the Fouri¬ 
er domain (Figure 3.30a). However, the separation also needs to be small enough 
that it is possible to resolve the fringes with the spectrometer. The advantage of 
this technique is that the two pulses will experience the same gas density and thus 
the same dispersion after their generation, providing that gas ionization remains 
negligible. Producing the two sheared driving pulses can be technically simple for 
this geometry, for example using a pulse shaper. However, it is necessary to note 
that the first pulse may cause ionization, which will affect the succeeding pulse, 
thus limiting the peak intensity and therefore the maximum harmonic frequency, 
as shown by the simulation results in Figure 3.31. 

Another disadvantage of the spectrally encoded XUV-SPIDER is the requirement 
of high spectral resolution, which is very difficult to achieve. For example, a typical 
XUV spectrometer provides sufficient resolution to sample fringes due to a delay 
of 10-100 fs at a photon energy of ~100 eV, which is only barely suitable to ensure 
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Figure 3.31 Simulation of spectrally encoded 
XUV-SPIDER traces for different driving inten¬ 
sities. As the intensity increases, ionization 
results in a decreasing fringe contrast. For 
lo S 2.0 X 10 14 Wcm -2 in argon, the effect of 


the preceding pulse on the medium remains 
negligible. The harmonic depicted is from the 
cutoff region, hence the harmonic number 
shown increases with intensity. 



Figure 3.32 Schematic of a spectrally encoded XUV-SPIDER, using a pulse shaper integrated 
into a CPA system. 

the two time-delayed driving pulses do not interfere if they are clean from any pre- 
or postpulses and extended pedestals. 

Mairesse and co-workers [153] experimentally implemented an XUV-SPIDER, 
utilizing an all-optical setup (see Figure 3.32) to measure harmonic 11, generated 
from 50 fs pulses. The measured XUV pulse duration was 22 fs and was reduced to 
13 fs when using polarization gating. 

Spatially encoded arrangement for XUV-SPIDER Two spatially separated sources of 
harmonics are propagated to the far-field, where they overlap to generate spatial 
fringes due to diffraction (Figure 3.30b). Since the fringes are in the spatial domain, 
the spectrum can be sampled at the sampling limit, thus preventing the need for 
an extremely high-resolution spectrometer. Additionally, there is no limit on the 
maximum intensity of the driving pulses, since the two pulses propagate through 
different regions of the gas jet. 
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In practice, it is very difficult to ensure that the focusing conditions are identical 
for both driving pulses to guarantee the generation of two identical, but spectrally 
shifted, harmonics. Ideally, one pulse should pass through a “frequency shifter” - 
this can be either a linear temporal phase modulator or a time-stationary pulse 
shaper, combined with a complete pulse characterization device to measure and 
control the output of the pulse shaper. The harmonics from this shaped beam inter¬ 
fere with the harmonics from the unshaped pulse. The unshaped pulse is to act as a 
local oscillator and the SPIDER measurement is achieved by two interference mea¬ 
surements, each performed with a different frequency shift applied to the shaped 
pulse. The phase of the local oscillator is irrelevant and it is only necessary to en¬ 
sure its harmonic spectrum overlaps the harmonic spectrum from the frequency 
shifted pulse. Such a geometry should: (1) ensure equal focusing conditions for 
the two sheared driving pulses; (2) remove the need to calibrate the temporal de¬ 
lay between the pulses and (3) eliminate errors due to space-time coupling in the 
beam. This geometry has not yet been demonstrated due to the difficulty in build¬ 
ing a frequency shifter suitable for high-power few-cycle pulses, that is, one with 
sufficient bandwidth and output power. However, a suitable pulse shaper is now 
available [154, 155] and experimental demonstration of this method should be pos¬ 
sible. Alternatively, one could attempt to frequency shift the driving field through 
nonlinear optics, such as ionization blue-shifting [156]. 


3.6 

Summary 

A wide variety of methods exist for determining the complete pulse shape of op¬ 
tical pulses. As technologies have improved, the demands placed on metrological 
methods have increased, resulting in improvements in existing characterization 
methods and the development of new ones. However, the general principles in¬ 
volved can generally be broken down into a few categories, based on the order and 
types of linear filters that can be used to describe the method. The developments 
in metrology have led to a breakthrough in the understanding of nonlinear optics 
and generated new tools for science and technology, promising unprecedented ac¬ 
cess to the natural world at the shortest time scales observable. It is clear that as 
ultrafast science continues to evolve, so will the metrological tools. 
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4 

Carrier Envelope Phase Stabilization 

Vincent Crozatier 


4.1 

Introduction 

Since the early 1990s, femtosecond laser development has succeeded to reduce op¬ 
tical pulses to a point where the electric field oscillates only a few cycles under the 
envelope. In such pulses, the relative position of the field maximum with respect 
to the maximum of the envelope becomes important. This relative position is com¬ 
monly called the carrier envelope phase (CEP). 

Few-cycle pulses with a stable and controllable CEP are fundamental in several 
fields of physics, including frequency combs in metrology [1] and any experiment 
sensitive to the electric field, for example, experiments in attosecond physics [2], 
The two topics of frequency combs and attosecond physics have different defini¬ 
tions of the CEP and also have different requirements regarding CEP stabilization. 
An important difference lies in the source type. In frequency combs, the source is 
usually a broadband, high repetition rate, and stable oscillator, the comb being the 
oscillator discrete output spectrum. Attosecond physics experiments, on the oth¬ 
er hand, are based on the highly nonlinear interaction between a single amplified 
pulse and a gaseous or solid medium. 

In this chapter, we will give a review of the different techniques to monitor and 
stabilize the CEP. We will start with fundamental points regarding CEP, before in¬ 
troducing basic notions of stabilization loops. Sections 4.3 and 4.4 will focus on the 
CEP in oscillators and amplifiers, respectively. In both cases, we will detail the pe¬ 
culiarities of the systems, the different methods to measure the CEP, and describe 
how to stabilize it. Understanding noise spectra will be emphasized throughout 
this chapter. 
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4.2 

CEP Fundamentals 

An optical pulse emitted by a femtosecond laser can be expressed in the time do¬ 
main as 

E(t) = Re{A(t) exp(— ico c t)} , (4.1) 

where A(t) is the complex pulse envelope, a) c the optical carrier angular frequency, 
and Re represents the real part. The envelope contains both amplitude and phase 
variations: 

A(t) = \A(t)\exp(itp(t)) . (4.2) 

When propagating, the carrier frequency experiences the refractive index n, while 
the pulse envelope experiences the group index n G , defined as: 

dn dn 

n G — n + co — — n ~ ■ (4-3) 

Although both indices are linked through Eq. (4.3), they may evolve indepen¬ 
dently for reasons that we will discuss later. The direct consequence is a variation 
of the carrier envelope phase. 

4.2.1 

Time Domain Representation 

The CEP can be easily pictured in the time domain, as shown in Figure 4.1. 



Time (optical cycle) 


Figure 4.1 Few-cycle pulse. The dashed line represents the Gaussian-shaped envelope, whereas 
the continuous line represents the oscillating field within the envelope. 
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When referencing the envelope extremum relative to t — 0, the CEP can be 
simply expressed as 

0CEP = 0) C -T , (4.4) 

where r is the delay of the oscillation maximum with respect to the envelope ex¬ 
tremum. To contain the CEP in a ] — it; it] window, r should be contained in a time 
window of] — jt/ft> c ; Jt/® c ]. 

However, this definition of the CEP may be very confusing. When the pulse is 
very short, that is, a few optical cycles long, then its spectral support becomes a 
significant fraction of the optical frequency. Distortions rapidly arise in very broad 
spectra and the pulse envelope may not be as smooth as pictured in Figure 4.1. 
The very notion of carrier frequency is also ambiguous. To address these issues, 
the frequency domain gives another point of view. 

4.2.2 

Frequency Domain Representation 


4.2.2.1 Single Pulse 

Going back to the single-pulse expression in Eq. (4.1), what does the envelope term 
really correspond to? The complex representation includes both a modulus and 
a phase, as written in Eq. (4.2). Fourier transforming the envelope leads to the 
spectral amplitude | A(fti)| and phase <p(w). The latter can be developed in a Taylor 
series around the carrier frequency eo c : 


<p(w) = (f>(CJ c ) + 


dtp 

dco 


(ft) 

a/ c 


ft> c ) + 


1 d 2 (p 

2 Iko 2 


(ft) 

<i) c 


ft ) c ) 2 + ... 


(4.5) 


The carrier frequency should be defined with care, following the center of gravity 
of the intensity spectrum /(ft)): 


f <Dl(a>)dat 
f I(co)da> 


(4.6) 


The CEP being the phase difference between the carrier and the envelope, it can 
be defined in the spectral domain as: 


4> cep = <P{w c) 



(4.7) 


Using the phase Taylor development isolates the CEP expression from the other 
polynomial coefficients. However, more complex phase distortions are not taken 
into account here. Finally, the spectral domain leads to clearer insight into the per¬ 
tinent parameters of CEP. 


4.2.2.2 Pulse Train 

If we now consider oscillators, they produce short pulses of duration <5t, with a 
repetition rate / rep (see Figure 4.2). From one pulse to the next, the CEP evolves 
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randomly, due to the variations of the carrier phase and the envelope phase in the 
laser cavity, as we will discuss later on. 

Mathematically, the pulse train emission is the convolution between a single 
pulse, as in Eq. (4.1), and a comb of Dirac functions evenly spaced by 1 // rep . In 
order to take into account the CE phase variations (5 0 cep from pulse to pulse, an 
extra phase term is added [3]: 

Strain (t) = E(t) ® £ 6 (t - ) • e"**® . (4.8) 

„ V /rep/ 

Moving to the frequency domain, the pulse train spectrum (see Figure 4.3) is now 
the product between the spectral amplitude | A(co)| centered at a> c and a frequency 
comb of Dirac functions evenly spaced by / rep : 

I Strain [ot) I = I A(iU U> c ) | * ^ ' d (W 2 JT Yl ffep d 0CEP /rep) • (4.9) 

n 

This is the common description of the frequency comb, widely used in metrology 
and spectroscopy. The comb acts as a frequency ruler, whose teeth are the modes of 
the oscillator. A closer look at the sum term shows that the oscillator modes v n are 
not precisely located at n/ rep , but are offset by a frequency/)), which can be defined 
as: 


r 3<P CEP c , A , A , 

/o = ^r /rep - {4A0) 

The frequency/)) is usually called the offset frequency. In this case, the carrier 
envelope phase is referred to as the carrier envelope offset (CEO). One should note 
that the phase term d<p c ep in Eq. (4.10) is not the absolute CEP, but its pulse-to- 
pulse variation. The value oiff actually tells us about the slip rate of the CEP from 
one pulse to the next. 


E(v), 


1/St 
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Figure 4.3 Oscillator pulse train spectrum. 
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We will revisit these issues later and remain with the insight that the frequency 
domain offers another picture of the problem. The offset frequency is easily ob¬ 
servable, but does not yield the absolute value of the CEP. 


4.3 

Stabilization Loop Fundamentals 

As already mentioned, high-energy few-cycle pulses are commonly used in attosec- 
ond physics and corresponding experimental results are very sensitive to the elec¬ 
tric field. Stabilizing the CEP is therefore fundamental in obtaining reproducible 
results. This stabilization issue is particularly crucial when the detected signal level 
is low, and thus requires integration over several shots. We shall now focus on key 
issues for CEP stabilization. 

The functional block diagram of a stabilization loop is pictured in Figure 4.4. It 
can be divided into four primary elements: 

• a noisy source 

• a noise detection device 

• a loop filter 

• an actuator to close the stabilization loop. 


4.3.1 

The Noisy Source 

In our case, the source is the laser chain, delivering high-energy, few-cycle opti¬ 
cal pulses. This source can be divided into two parts: an oscillator delivering low- 
energy pulses at a high repetition rate (typically several nj at 80 MHz); and a com¬ 
plex amplification system working at a lower repetition rate (typically mj pulse 
energy at 1-10kHz). 

The repetition rate is a first major issue. The Shannon-Nyquist theorem states 
that no frequency larger than half of the system repetition rate can be measured. 
We will later see the consequences of this theorem. However, we can already infer 
that the stabilization loop bandwidth and performance will be highly dependent on 
the repetition rate. 



signal signal 


Figure 4.4 Functional block diagram of a stabilization loop. 
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Next we consider the noise sources and try to understand their influence. Noise 
sources may be external (temperature variations, air flows ...) or internal (mode¬ 
locking in oscillators, stretching/compression in amplifiers ...). When the noise 
origin is well targeted, it may be possible to reduce the perturbation by so-called 
passive stabilization. For instance, air flows can be prevented using enclosures. 

The basic question is of course: how can we know where the noise comes from, 
and what is its impact? To answer the question, a noise detection system is re¬ 
quired. 

4.3.2 

Noise Detection 


Noise detection is the first step towards noise analysis and suppression. The noise 
describes all the variations from a stable reference. This reference can be external 
or self-created. The comparison output is denoted as the error signal e(t). 

The demands on a good phase detector are manifold. It should be easy to imple¬ 
ment, yield a high signal-to-noise ratio (SNR) and offer a fast response. Last but 
not least, the detector should be independent from additional fluctuations. In the 
case of the phase measurement of an optical pulse, amplitude variations should not 
induce phase variations. In other words, there should be no phase-amplitude cou¬ 
pling, or AM/PM coupling (amplitude modulation/phase modulation). This un¬ 
coupling is by far the most difficult criterion to fulfill. 

The error signal e(t) naturally gives insight into the noise sources. A first analysis 
without stabilization (open loop) can be very fruitful. A common way to read a noise 
figure consists of computing the phase noise power spectral density (PSD) (/): 


W) = 



(4.11) 


where T int is the integration time. In the case of phase noise, units are rad 2 /Hz, 
and can be converted to dB/Hz. Taking the square root of Eq. (4.11) leads to units 
of rad/Hz 1 / 2 . Computing the PSD is not as easy as it seems. A proper way to do it is 
the following: one starts from a sampled error signal e(t), with a sampling period 
dt, and a number of samples N. The full time window is T int , which is the product 
Ndt. Next, the fast Fourier transform (FFT) of e(t) is computed. The FFT e(f) 
should contain N points as well, spreading over — f s /2 to f s /2, where f s = 1 /dt is 
the sampling frequency. The power spectrum of the signal is S e (f) = (e(f)/N) 2 . 
Further dividing S € (f) by the time window T int leads to the power spectral density. 
The PSD spreading from —f s /2 to f s /2 is called double-sided PSD. As the error 
signal e(t) is real, the FFT should fulfill e(— f) = €*(/) and only the positive 
frequency part of the FFT is relevant. The single-sided PSD, corresponding to the 
real power spectrum, is 2S f (/), and spreads from DC to f s /2. 

The noise PSD plots the noise spectral distribution. A PSD value at a frequency 
/tells the amount of noise within a bandwidth of 1 Hz. It is usually plotted in log 
vs. log scale, because a large bandwidth (from mHz up to MHz) and a large PSD 
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amplitude is analyzed. This log vs. log plot may be quite confusing, as we will see 
in an example later on. Common kinds of noise are the following: 

• White noise: constant level of noise, independent of the frequency. White noise 
is noncorrelated noise. 

• 1//" noise: usual technical noise. In the log vs. log standard plot, it corresponds 
to a decreasing noise value for increasing measurement frequency, with a — n 
slope. Unlike white noise, 1//” noise is correlated. 

• Spikes: sharp lines in the noise figure. Most of the time, the spikes stem from 
electrical parasitic modulations (line, switching supplies, etc.). 

The PSD is not only a very instructive way to analyze noise, but it can also tell 
the amount of jitter. The root mean square phase jitter is simply the result of the 
integrated phase PSD: 


h 


'max 



(4.12) 


^ 1 / tint 


One usually integrates from the maximum frequency, either f s /2 or f s (depend¬ 
ing on the single- or double-sided computation, respectively), down to the desired 
integration time T int . The amount of jitter computed with Eq. (4.12) should equal 
the standard deviation of the time-domain error signal, according to Parsevals the¬ 
orem: the energy must be the same in the time domain and the frequency domain. 
It is also worth noting that, when considering a large number of samples (typ. > 
10 000) with a Gaussian noise distribution, the peak-to-peak jitter (5-95% of the 
distribution) is roughly 6 times the root mean square jitter. 

4.3.3 

Open-Loop Noise Analysis 

As an example of noise analysis, we use the results published in [4], in which the 
authors stabilize the CEP of a 3 kHz Ti:Sa amplifier. Figure 4.5 shows a time record 
of the open-loop error signal. The gray and black lines are obtained simultaneously 
using two detection schemes (gray is single shot, black is integrated over 15 shots 
with further computation time). The phase randomly evolves, but shows continu¬ 
ous behavior within ] — it; it]. The absence of phase jumps justifies an analysis in 
the Fourier domain. 

Figure 4.6 plots the open-loop PSD of a 10 minute error signal record, with 
single-shot detection. The overall integration time leads to a spectral resolution 
of 1.67 mHz, while the single-shot operation at 3 kHz leads to a 1.5 kHz analysis 
bandwidth (Shannon-Nyquist theorem). The bandwidth-to-resolution ratio is 10 6 
and it makes sense to plot the PSD in log scale, at least in the frequency scale. The 
PSD is expressed in rad/Hz 1 / 2 and shows several orders of magnitude variations, 
therefore a log scale was used for the y axis, too. 
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Figure 4.5 Open-loop error signal from [4]. 
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Figure 4.6 Open-loop PSD from [4], See text for illustration details. 

This open-loop PSD is an excellent illustration of the noise described in Sec¬ 
tion 4.3.2. The gray line highlights the typical low-frequency 1// noise, up to 10 Hz. 
Note the dashed lines: the noise decreases by one order of magnitude while the fre¬ 
quency increases by one order of magnitude. Then the PSD slowly tends to white 
noise. The authors attribute the large bump around 0.1 Hz to the amplifier cooling 
system. The spikes in the box are either electrical or mechanical perturbations. A 
way to distinguish their origin is the Q-factor of the peaks. The very sharp lines 
are electrical (locate the line leakage at 50 Hz and its harmonics), while mechanical 
and acoustic disturbances exhibit a wider resonance (see for instance the bumps 
around 20 and 120 Hz). 

4.3.4 

Feedback 

Once the error signal is captured, one has to find a way to use it to perform feed¬ 
back. This is the role of the actuator, which can employ any physical means to 
control the parameter to stabilize. Multiple actuation concepts exist and the selec¬ 
tion criteria involves speed, linearity, reproducibility (no hysteresis), and of course 
the ease of implementation. 

But in order to feed the actuator the proper input, an important step is the con¬ 
ditioning of the error signal e(t) into a correction signal c(t). This is the role of the 
loop filter. First, a gain or attenuation is required in order to match the sensitivities 
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of the noise detection and the actuation. Second, one needs to shape the spectral 
response of the correction signal, for example, by adding gain at low frequency to 
prevent slow drifts, or attenuating the high-frequency response to get a stable feed¬ 
back. This filter tailoring is the core of the stabilization loop and finely depends on 
all the other element characteristics, and the required performance [5]. 

Finally, it is often desirable to get two feedback loops for a single system: one 
with a fast response to get a high-frequency feedback; a second with a slower re¬ 
sponse to compensate for drifts and to ensure robust stabilization over the long 
term. This is typically the case for CEP in ultrafast amplified laser chains. The os¬ 
cillator is first stabilized (sometimes itself with two loops) to take advantage of the 
large repetition rate and thus get a large bandwidth feedback. Then the drifts in¬ 
duced by the amplifier are corrected with a slower loop. This dual loop operation, 
however, requires some precautions. Particularly, the two loops must be completely 
independent. This is usually the case for the detection and the filter, because of the 
different pulse parameters (energy, repetition rate), but it should also be the same 
for the actuation, otherwise crosstalk between the fast and slow correction signals 
may cause instabilities and eventually unlocking. 

4.3.5 

Closed-Loop Noise Analysis 

Let us go back to the PSD example of Section 4.3.3, on the 3 kHz ultrafast amplifier 
of [4]. The authors have two different feedback loops, using two detection schemes. 

As already mentioned, one is single shot, while the other needs a 5 ms integration 
to get proper optical signal detection. In the single-shot case, the error filtering 
is immediate, offering the largest achievable feedback bandwidth. In the slow de¬ 
tection case, the phase error processing takes 20 ms, which limits the loop time 
to 25 ms. In other words, the maximum loop bandwidth is 40 Hz. The analysis of 
the error signal in both cases is pictured in Figure 4.7. 

The blue curve is the open-loop PSD of Figure 4.6. The gray curve is obtained 
with the slow feedback scheme. The feedback suppresses the typical 1// noise, 



Frequency (Hz) 

Figure 4.7 Closed-loop PSDs from [4], See text for details. 
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and the residual noise is white, around 30 mrad/Hz 1 / 2 over a 20 Hz bandwidth. The 
fast roll-off between 20 and 40 Hz is symptomatic of the finite feedback bandwidth. 
The red curve is the residual PSD plot using the single-shot detection scheme. The 
feedback is much faster (see the roll-off around 1.5 kHz), limited by the repetition 
rate of the amplifier. Increasing the bandwidth reduces the residual white noise 
level down to 8 mrad/Hz 1 / 2 . Note as well that the spikes in the 10-100 Hz window 
are efficiently suppressed by the loop. Only spikes above 300 Hz are still present. 
One can therefore wonder if these spikes are caused by feedback electronics noise. 

The dotted red curve represents the integrated phase jitter of the fast feedback 
system. When integrated over the full analysis window, the jitter is 210 mrad. Read¬ 
ing this curve from right to left, one can see that most of the jitter is due to high- 
frequency noise. Remember, the PSD plot is depicted on a log scale: as the noise 
is white, the contribution of the 1-2 kHz band is the same as the contribution of 
the rest of the plot. Note the jump in the phase jitter due to the 300 Hz spike: even 
a sharp line rapidly contributes (here typically 25 mrad) to the total phase jitter if 
located at a high frequency. This motivates the quest for fast feedback. 

As a comparison, the integrated phase jitter of the slow feedback loop error sig¬ 
nal is only 115 mrad. This seems surprising as the noise level of the slow system is 
much larger than the noise level of the fast system. This result is actually an artifact 
of the slow detection bandwidth. Taking a closer look at the gray plot, there is no 
noise after the loop bandwidth, that is, above 40 Hz. From the detection point of 
view, this is normal: as the detection cannot go faster than 40 Hz, noise occurring 
at higher frequencies is ignored. However, from the user point of view, this is com¬ 
pletely wrong! The open-loop PSD clearly shows noise between 40 Hz and 3 kHz. 
Besides, the noise in this region is significant: the noise level is still high, and 
the numerous spikes above 50 Hz contain an important amount of noise. The real 
slow loop noise should then follow the gray line up to the loop feedback (40 Hz), 
and then follow the blue line up to 3 kHz. In this case, the integrated phase jitter 
should be much larger than 115 mrad and even larger than the fast loop jitter of 
210 mrad. 


4.4 

CEP in Oscillators 

CEP stabilized oscillators are key instruments in two experimental fields. First, 
frequency combs are powerful tools in metrology [1], frequency synthesis [6], and 
spectroscopy [7]. The frequency domain representation is well established and gen¬ 
erally both the offset frequency Jo and the repetition rate / rep are stabilized [8]. On 
the other hand, CEP-stable oscillators are a prerequisite to get amplified CEP-stable 
pulses. It is worth noticing that the CEP stabilization in oscillators has been jointly 
developed in the metrology (JILA in Boulder) and the high-energy communities 
(ETH in Zurich, MPQ in Garching). In this section, we will focus on the CEP in 
oscillators: where the noise comes from, how to measure the CEP, and ways to 
stabilize it. 


4.4 CEP in Oscillators 


4.4.1 

Oscillators Peculiarities 

Femtosecond oscillators are peculiar lasers. Of course, they are lasers: there is a 
gain medium in a resonant cavity, with an appropriate pumping system. But fem¬ 
tosecond pulse generation relies on the mode-locking process, which occurs under 
precise circumstances. When considering the CEP, all these peculiarities have ef¬ 
fects, which we will study in this section. 

4.4.1.1 Gain Medium 

Various gain media are employed in ultrashort lasers (see Chapter 2). Erbium- [9] 
and ytterbium-doped [10] materials are candidates but produce long pulses (typi¬ 
cally 100 fs). Shortening these pulses down to a few cycles requires spectral broad¬ 
ening. Moreover, millijoule amplification in this few-cycle regime is not trivial. For 
these reasons, Ti:Sa crystals are preferred when the CEP matters. The physical 
properties and dynamics of this crystal are well known [11]. The gain is large over 
a broad emission bandwidth, the latter typically covering at least 700-900 nm. Very 
short mode-locked pulses are obtained through the Kerr effect. Sub-10 fs oscilla¬ 
tors are commercially available and even octave-spanning spectra can be routinely 
generated. 

Pumping the gain medium remains an important issue when the CEP matters. 
The Kerr lens mode-locking is highly dependent on the intensity in the gain medi¬ 
um. As the Kerr effect implies changes of the refractive index, it affects the CEP. 
If the pump power fluctuates, small intensity fluctuations appear, which trans¬ 
late into CEP noise. The phase-amplitude coupling mechanisms have been dis¬ 
cussed [8, 12, 13], especially the pump intensity noise transfer into CEP noise [5, 
14]. The mechanisms are rather complex and depend critically on the laser param¬ 
eters (mode-locking, repetition rate) [13]. 

4.4.1.2 Cavity 

The pulse repetition rate _f rep of an oscillator is solely defined by the cavity length L: 

/rep = Yl ' (4-13) 

L may vary from 10 m down to tens of centimeters. Short cavities exhibit a high 
repetition rate and modal gain, but offer only a low pulse energy, because of the 
small storage time. They are of interest in metrology, because several stable mi¬ 
crowave references exist in the GHz range which can be used to stabilize / rep . 
Moreover, they are intrinsically more stable with respect to mechanical noise. How¬ 
ever, longer cavities are more practical in amplified systems. The smaller repetition 
rate facilitates pulse picking and amplifier seeding, the latter because the energy 
per pulse is larger. In this case, typical repetition rates are around 80 MHz. 

Good Kerr lens mode-locking conditions occur when pulses are short in the gain 
medium. This requires intracavity dispersion compensation. Dispersion compen¬ 
sation historically started with prism pairs, enabling straightforward actuation [15]. 
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Nevertheless, prism pairs suffer from several drawbacks, including beam pointing 
stability and, to a lesser extent, self-steepening effects [16]. Development of chirped 
mirror technology progressively offered a more stable solution for intracavity dis¬ 
persion compensation, particularly in sub-10 fs oscillators [17]. Chirped mirrors 
are now widespread in ultrafast oscillators. 

4.4.1.3 CEP Noise in Oscillators 

As already pointed out in Section 4.2, the CEP is the result of the relative variations 
between the phase index and the group index. In oscillators, it can be reduced to 
the relative variation from one pulse to the other, or in other words, the relative 
variation per round trip [18]. This situation makes the CEP variations small and 
thus allows stabilization. 

The discussion in the last paragraphs showed how the different elements in an 
oscillator create CEP noise. In short, one can distinguish elementary external noise 
sources, such as temperature and air pressure changes, and mechanical vibrations. 
These sources are sorted by increasing noise bandwidth; mechanical vibrations 
typically occur with frequencies up to hundreds of Hz. Proper engineering can 
improve the intrinsic stability, for example, using a shielded box and a monolith¬ 
ic cavity design, which is typically the case in commercial systems. Faster noise 
stems from intensity noise of the pump laser. Although single longitudinal mode, 
low-intensity noise pump sources exist, even small perturbations from the power 
supply are converted into CEP noise. 

Figure 4.8 shows the typical CEP noise PSD of a free running oscillator. Details 
in the manuscript emphasize the careful oscillator design, which nevertheless does 
not prevent the presence of noise. One can clearly see the typical technical noises 
across the analysis bandwidth (244pHz to 102.4 kHz). The noise can then be con¬ 
sidered as well detected. The 1/f noise lies above 1kHz (see dotted line), while at 
lower frequency one rather sees 1/f 2 noise (see dashed line). One can also notice 
the structured part in the 100-1000 Hz band. As we will see in this chapter, this 
noise shape is always present in PSDs. This is the typical signature of pump laser 
intensity noise, transferred to the CEP. 



Figure 4.8 Typical oscillator open-loop PSD. Figure courtesy of T. M. Fortier and S. T. Cundiff. 



4.4 CEP in Oscillators 


4.4.2 

CEP Detection 

Equation (4.10) shows that detection of the offset frequency Jo gives insight into the 
pulse-to-pulse fluctuations of the CEP. However, it must be pointed out that Jo does 
not yield the absolute CEP value. The question remains: how can Jo be measured? 
The most common detection scheme is the / — 2/ interferometer [19]. It has been 
extensively studied and we will devote a larger section to it. We will also mention 
other methods that have been proposed and demonstrated experimentally. 

4.4.2. 1 / — 2/Interferometer 

As described in Section 4.2.2, the spectrum of a femtosecond pulse train emitted by 
an oscillator is composed by isolated modes v n under the broad emission spectrum 
of the laser. The nth mode can be expressed using the following equation: 

v n =fo+nf tev . (4.14) 

The basic idea of the / — 2/ interferometer is to create interferences between 
two modes of the oscillator spectrum in order to extract Jj), as pictured in Figure 4.9. 
For that purpose, one can start from an octave spanning spectrum, containing both 
the nth mode and the 2 nth mode. If the laser spectrum is not broad enough to 
spread over an octave, spectral broadening in a microstructured fiber can solve the 
problem [20]. The octave spanning spectrum contains both a “red part” at v n and a 
“blue part” at v 2n . The red part can be frequency doubled using a nonlinear crystal, 
leading to an additional 2v n frequency: 

2v n = 2Jo + 2n/ rep . (4.15) 

Part of this doubled frequency spectrum lies in the same spectral region as the 
fundamental v 2n frequency. With a spatial and temporal overlap of these two fre¬ 
quencies, one can detect a beat note at frequency Jb, using any integrating photode¬ 
tector (photodiode, photomultiplier tube): 

Jb = 2v n - v 2n = 2/ 0 + 2n/ rep - (Jo + 2n/ rep ) = f 0 . (4.16) 

This method is elegant, and seems easy to implement at first sight: a typical setup 
is sketched in Figure 4.10. Yet, several issues must be considered. 



Figure 4.9 f — 2 f spectra. The fundamental spectrum is broadened sufficiently to overlap 
with the frequency doubled spectrum. Interferences can be observed at frequencies where both 
spectra overlap. 
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Figure 4.10 Typical / — 2/ setup. MSF: micro-structured fiber for octave spanning spectrum; 
NLS: nonlinear stage for 2v n generation; TDA: time delay adjust for temporal overlapping of the 
1 ' 2 n and 2v„ spectral components; BPF: bandpass filter for the beat note detection. 


4.4.2.2 Key Parameters 

The first requirement to get proper / — 2/ interferometry is the octave spanning 
spectrum. Starting from a standard oscillator, the spectrum must be broadened 
to spread over an octave. This is commonly achieved with micro-structure optical 
fibers (MSF) [20], with zero group velocity dispersion. The short pulse remains 
short while propagating along the fiber and allows for nonlinear processes along a 
long interaction length. In order to get the desired effect, the fiber length must be 
adjusted to the pulse peak power: the smaller the peak power, the longer the fiber. 
However, one can wonder if the continuum generation actually preserves the CEP 
or if it adds noise. 

Regarding the continuum generation, the fiber output pulse exhibits a differ¬ 
ent CEP value as compared to the input pulse, because of residual dispersion and 
nonlinear wave mixing. Nevertheless, CEP drifts are conserved during the propa¬ 
gation [21]. Although the MSF does not blur the CEP, extra noise appears through 
different types of fluctuations. Continuum generation in MSF is sensitive to po¬ 
larization [22], peak power [23], and optical bandwidth [24]. Fluctuations affecting 
these parameters at the output of an oscillator are negligible. But peak power vari¬ 
ations inside the fiber may be induced by coupling efficiency variations. Indeed, 
MSF core diameters are typically a few microns at 800 nm, which makes the cou¬ 
pling a difficult task, and very sensitive to beam pointing. The best way to prevent 
coupling efficiency noise is actually to get rid of the MSF, that is, working with an 
octave spanning oscillator. 

The second source of instabilities concerns the spatio-temporal overlap of the / 
and 2/ components. Residual dispersion of the optical components in the setup 
(including the MSF and the frequency doubling crystal) must be compensated, so 
that the spectral heterodyning can be detected on a photodiode. The group delay 
between the fundamental blue part and the doubled red part can be removed using 
an interferometer with a delay stage in one arm. The first demonstrations of /—2/ 
used Mach-Zehnder interferometers (for instance, see [25], and Figure 4.10), which 
are not easily miniaturized. Such interferometers are thus sensitive to acoustic 
noise, air flows and temperature changes, all of which directly impinge the CEP 
error signal. Michelson interferometers [26] can be used as an alternative, although 
they are not much smaller (see Figure 4.11a). The added interferometer noise can 
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Figure 4.11 Typical f — 2/ setup using a Michelson interferometer (a), ora common-path 
interferometer (b). MSF: micro-structure fiber; NLS: nonlinear stage; TDA: time delay adjust; 
BPF: bandpass filter. 


be eliminated at first order by implementing common-path interferometers using 
standard prisms [27, 28] (see Figure 4.11b) or Wollaston prisms [29]. Both interfer¬ 
ometer types demonstrated improved noise immunity. It is also possible to stabilize 
the interferometer with an external reference CW laser [30]. 

Of course, the most robust / — 2/ setup uses neither a MSF nor an interferom¬ 
eter. This can be possible working with periodically poled nonlinear crystals (PPLN 
crystals) and short pulses [31]. In this special case, PPLN provides both, the ex¬ 
tra spectral broadening required and the nonlinear stage, combining two steps in 
one. Moreover, a simple dichroic mirror achieves the pick up for the detection. The 
major drawbacks concern the low photorefractive damage threshold of the PPLN 
crystal and the short pulse required (typically sub-7 fs). This scheme has been also 
demonstrated in ZnO layers [32], but with a poorer efficiency. 

Other aspects are fundamental, such as the beat note signal quality. Common 
SNR values at the detection level are 30-40 dB, measured with a spectrum analyzer 
with a 100 kHz resolution bandwidth. It is important to note that the measurement 
of Jo leads to the CEP slip rate from pulse to pulse, not to the CEP value itself. In 
the case of frequency combs, f 0 can further be compared to any frequency reference 
(e.g., an atomic clock). As a matter of fact, the aim of metrology is to control the 
absolute position of the comb teeth v n . When injection in an amplifier matters, 
one is rather focused on the CEP slip rate: it must be kept constant in order to 
ensure that every amplified pulse will exhibit a predictable CEP. In this case, Jo is 
compared to a fraction of the repetition rate, so as to fulfill the condition 


/o = 


d J> cep 
2jt 


/. 


rep 



N 


(4.17) 


Therefore, one pulse every N has the same CEP. Most often N is small (typical¬ 
ly 4), so thatjjj lies around 20 MHz. 


4.4.2.3 Other Methods 

Quantum interferences in semiconductors It has been proposed to excite a semi¬ 
conductor sample (e.g., LT-GaAs) with a broadband oscillator pulse train [33]. 
Single- and two-photon absorption pathways interfere in the sample. The interfer- 
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ences are sensitive to the relative phase between components at v n and v 2n and 
provide a photocurrent. The magnitude and direction of the latter gives access to 
the offset frequency fo and therefore to the CEP slip rate. This scheme does not 
require the nonlinear stage or the interferometer, easing the setup implementation 
and improving the intrinsic stability. However, the sensitivity is poor, even with 
rather large optical power on the sample. 

Spectrally and spatially resolved interferometry Standard interferometry can also be 
a way to access the CEP. The most straightforward method consists of building an 
interferometer with an arm unbalance equal to the oscillator cavity length [12]. But 
usually the reference interferometer is not more stable than the oscillator cavity. 

A more subtle method combines a Mach-Zehnder interferometer, a ring res¬ 
onator and a spectrograph [34]. We first consider the interference pattern of a 
broadband spectrum generated by a Mach-Zehnder interferometer, with a slight 
angular mismatch. The output signal exhibits both a spectral and spatial depen¬ 
dence. If a ring resonator is inserted in one arm of the interferometer, the output 
signal now represents the interferences between the pulse propagating in the nor¬ 
mal arm, and the interference of the subsequent pulses trapped in the resonator 
ring. The resonator ring provides an average of the subsequent pulse phase. There¬ 
fore the complete interference pattern visibility depends on the pulse CEP. The 
overall system is rather complex, and the CEP retrieval is nontrivial: it requires 
computer-based processing to acquire a spectrograph picture and extract the phase. 
This solution is inherently slow and less accurate as compared to standard f — 2/ 
schemes. However, most of the limitations of the f — 2/ scheme (octave spanning 
spectrum, high peak power) are overcome. 

4.4.3 

Actuation 

In the previous section, the detection of the offset frequency fo has been discussed. 
This frequency tells us about the CEP slip rate from one pulse to the other, but 
does not reflect the absolute CEP value of the pulse. Stabilizing this frequency still 
ensures a constant CEP slip rate, and so allows for further CEP stabilization. The 
question is now how to stabilize^. 

There are two ways to do it. The first method, by far the most common, relies on a 
phase-locked loop (PLL) design. The elements discussed in Section 4.3 are needed, 
especially the actuation, to close a feedback loop with the laser. Another method 
uses the so-called feed-forward scheme, which has been recently introduced and 
gave very promising results. 

4.4.3.1 Feedback 

In order to stabilize the offset frequency^, one needs to isolate its noise. This can 
be typically done by mixing this frequency with an external frequency reference. 
The beat note signal B(t) measured at the / — 2/ setup output can be written as: 

B(t) = B 0 sin(2jr/ 0 t + cp) , 


(4.18) 
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Figure 4.12 PLL-based CEP stabilization of an oscillator, with a self-reference. 


where B 0 is the signal amplitude, and 4> the phase noise affecting the beat note. As 
already discussed in Section 4.4.2.2, the reference can be the oscillator repetition 
rate / rep , or a fraction of it, / rep /lV. The associated signal R(t) can be expressed as: 


R(t) = R 0 cos 



(4.19) 


Mixing these signals leads to a signal containing two oscillating terms, at f 0 ± 
/ rep /N. Filtering out the sum term, the remaining signal is: 


sin ^2it (Vo - ) t + <j) j . 


(4.20) 


When Jo and / rep /N are equal, and (j> is small, e(t) is directly proportional to 
the phase noise (f> and thus can be used as an error signal. Further filtering of this 
signal leads to a correction signal c(t) that can be applied to an actuator. This is the 
typical scheme of a PLL, as pictured in Figure 4.12. 

The possible feedback points in oscillators are limited, because of the nature of 
the CEP: the actuation must affect the relative shift between the group and phase 
delays inside the oscillator cavity. So far, only three methods have been demonstrat¬ 
ed. 

The first solution consists of moving the end mirror in a prism-based cavity. It 
implies working with a prism pair dispersion line in the cavity. Although this sit¬ 
uation was common in the early years of CEP stabilization, the reign of chirped 
mirrors has made this implementation more scarce now. Figure 4.13 shows how 
the actuation works. As the spectral components are spatially dispersed on the mir¬ 
ror, turning the mirror around the vertical axis (out of the picture plane) causes a 
group delay. As long as the rotation angle is small, one can assume that the group 
delay variation is linear and the cavity length variation is negligible. Otherwise, a 



Figure 4.13 End mirror swiveling in a prism pair dispersion line. 
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parasitic coupling on / rep would exist, disturbing the phase delay and the reference 
for demodulation. This scheme allows for a quiescent pump. On the other hand, 
the prism pair may degrade the mechanical stability of the cavity and piezo actu¬ 
ators are well known to suffer from hysteresis, nonlinearities and low bandwidth 
(up to 20kHz with special care) [15]. 

The second solution uses a pair of wedges, which allows for a slight modifica¬ 
tion of material dispersion in the beam path [35]. This setup can be implemented 
inside or outside the cavity. A combination of different materials can make this 
solution isochronic (constant group delay) or isodispersive (constant group delay 
dispersion) [36]. However, this wedge pair introduces spatial chirp that can only 
be removed at the expense of a second wedge pair. The method also relies on a 
mechanical actuation. 

The third solution, not the least, is pump power modulation. In Section 4.4.1.1, 
we discussed the coupling between the pump intensity and the CEP drift. The 
same physical mechanism leading to this parasitic coupling can be used as an ac¬ 
tuation to control the CEP. This idea was discussed as soon as the coupling was 
observed [12] and demonstrated a few years later [25]. One just inserts an electro- 
or acoustooptic modulator into the pump beam in a noise-eater configuration. The 
main benefit of this setup is the fast bandwidth that is achievable, limited by the 
relaxation dynamics of the gain medium (ps time scale in Ti:Sa lasers [11]). The po¬ 
tential bandwidth is up to hundreds of kHz [5]. Moreover, the cavity remains very 
stable, as no mechanical action or movement is required. However, the actuation 
mechanism intrinsically creates parasitic intensity modulations and the locking 
range is limited. Long-term stabilization usually needs a slow loop, which can be 
implemented with a wedge pair, or temperature control [37]. 

4.4.3.2 Examples of Feedback Results 

Figure 4.14 shows the performance of a stabilization loop using a standard Mach- 
Zehnder interferometer-based f — 2/ setup, with a prism line feedback [15]. The 
frequency analysis is performed on a 244 pHz to 102.4 kHz bandwidth. Two f—2f 
setups are used: one for feedback and a second for noise analysis. Comparing the 
error signal from both interferometers gives slightly different results, especially at 
low frequency (below 10 Hz). When analyzing the error signal used in the feedback 
loop, this signals includes both the real CEP noise plus the noise introduced by the 
/ — 2/ interferometer itself. This is called in-loop analysis. This analysis is self- 
biased, as the CEP noise and CEP detection noise are entangled. If the loop works 
well, the error signal will remain stable with a mean value of zero, even if it includes 
some extra noise independent on the CEP. 

On the other hand, out-of-loop error analysis includes the remaining CEP noise 
from the oscillator, plus additive noise from the feedback and the analysis / — 
2/ interferometers. If the feedback error signal includes interferometer noise, the 
ambiguity is resolved. The noise level is higher, leading to degraded, but more 
objective performance, as the parasitic noise introduced by the phase detector is 
doubled. The noise increase is mainly located at low frequency, as the added noise 
is mechanical. 
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Figure 4.14 Oscillator PSD in open and closed loop, figure courtesy of T. M. Fortier and S. T. 
Cundiff. Shown are the in-loop (black line) and out-of-loop (gray line) measurements. 


Figure 4.14 clearly emphasizes this effect. In the 10 Hz to 102.4 kHz bandwidth, 
noise figures are almost the same, that is, showing white noise. Spikes in the 100- 
1000 Hz window are not compensated for. Extra noise above 10 kHz is introduced 
because of the feedback loop, peaks and roll off indicate the bandwidth of the sys¬ 
tem. At frequencies below 100 mHz, the PSD curves diverge, because the out-of¬ 
loop analysis shows additional mechanical noise. The integrated phase noise shows 
this effect: both analysis exhibit typical 100 mrad phase jitter from 102.4 kHz down 
to 100 Hz. This level remains the same with the in-loop integration, but the out-of¬ 
loop integration slowly increases from 100 Hz and eventually reaches 700 mrad at 
1 mHz! 

Figure 4.15 now shows the CEP noise PSD out of a stabilization loop, using a 
monolithic PPLN / — 2/ setup, with pump laser feedback [38]. The analysis is 
out-of-loop, on a 200pHz-35 MHz bandwidth. The upper value is limited by the 
oscillator repetition rate (analysis up to / rep /2). One can observe white noise in 
the 1 Hz-30 kHz bandwidth, with the usual spikes at hundreds of Hz. Again, the 
peak and roll off tell us about the loop bandwidth. It is interesting to note the large 
noise level introduced by the loop: three orders of magnitude as compared to the 
detection noise floor. Below 1 Hz, l//-like noise arises. It can be attributed to the 
detection, as indicated by the dashed line. 

Considering now the integrated jitter, one can see several jumps. First, the inte¬ 
grated phase jitter down to 100 kHz is 65 mrad (timing jitter of 27 as for an optical 
cycle period of 2.7 fs at 800 nm). As the noise level is limited by the detection, it 
clearly gives an ultimate performance of the system. Then the loop noise floor rais¬ 
es the jitter up to 80mrad (down to 1kHz). Finally, the technical spikes increase 
the phase noise up to 100 mrad, but the noise then remains stable down to the full 
integration bandwidth. This analysis is very fruitful, as it highlights the different 
contributions of the loop: detection noise floor, loop noise floor, and residual noise 
that is not compensated for. 

To compare these results to the ones of [15] and Figure 4.14, the analysis band¬ 
width should be matched. Reducing the integration bandwidth to 100 kHz (i.e., 
ignoring the high-frequency noise contribution), the phase jitter is 72 mrad, one 
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Figure 4.15 Oscillator PSD in closed loop from [38]. Detection noise level (dashed line) and 
integrated jitter (solid line) shown. 


order of magnitude better than in Figure 4.14! The reasons are twofold: a better 
mechanical stability of the monolithic f — If setup as compared to the “classical” 
one (no Mach-Zehnder interferometer, no MSF), and a lower noise level in the 
loop bandwidth. It is worth noting that 3 years occurred between the two works 
of [15] and [38], showing the major interest and efforts devoted to CEP stabilization 
in oscillators. 


4.4.3.3 Feed-Forward 

An alternative to feedback is the so-called “feed-forward” method [39]. Instead of 
closing a loop with an intracavity actuator, feed-forward schemes work with an ex¬ 
ternal acoustooptic frequency shifter. When a laser beam at frequency v is diffract¬ 
ed by a frequency shifter, fed with an acoustic frequency / ac , its frequency is shifted 
by the Doppler effect to v ± / ac . The shift sign depends on the order of diffraction 
(±1). In the case of a frequency comb emitted by an oscillator, the comb modes 
at v n will all be shifted at v n ± / ac . Using Eq. (4.14), one can write the diffracted 
modes in the —1 order as: 

Vn fac = tt f rep “F fo fac • (4.21) 

As a consequence, if one can make fo = / ac , the output frequency comb can 
be stabilized. This situation is easily achieved, measuring Jo with a f — 2/ setup, 
amplifying it and feeding the shifter with this frequency. 

This feed-forward method has several advantages as compared to standard feed¬ 
back schemes. First, it leaves the oscillator quiescent. It can be made highly stable, 
and the pump is no more modulated. The latter could be even intensity stabilized 
in order to get rid of the parasitic phase-amplitude coupling. The second advantage 
concerns the achievable bandwidth. It is no more limited by the gain medium as in 
pump modulation feedback, but only by the propagation time of the acoustic wave 
in the frequency shifter. This can be made as short as 1 ps, or even less, taking care 
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Figure 4.16 Oscillator PSD using the feed-forward scheme (black line), from [39], Full system 
detection noise level also shown (gray line). 


on the interaction zone. Last but not least, the scheme works without demodulation 
and baseband filtering of the error signal: feeding the measured offset frequency to 
the frequency shifter is enough, which eases the implementation. The first demon¬ 
stration also almost showed a shot noise-limited signal-to-noise ratio, which is not 
the case in other setups (see for instance Figure 4.15). Although the noise floor 
is a bit higher than in the case of [38], the integrated noise on a 0.1 Hz-2.5 MHz 
frequency window is as low as 45 mrad (see Figure 4.16). 

There are, however, drawbacks. The CEP-stabilized beam is the diffracted one. 
The diffraction efficiency is limited, although it can be made rather high at 800 nm 
(typically >70%). The main problem lies in the acoustooptic crystal cut, which in¬ 
troduces a prism effect for the diffracted beam. Because of the broadband nature 
of the oscillator spectrum, the diffracted beam has an angular chirp. It can be con¬ 
verted into a spatial chirp, or even removed, using proper beam shaping optics. 
Finally, the frequency shifter has a finite bandwidth. If the offset frequency drifts 
away from this bandwidth, then the diffraction efficiency decreases, limiting thus 
the compensation capability of the method. A slow feedback system should prevent 
this long-term drift. 


4.5 

CEP in Amplifiers 

In high-field physics experiments, for instance for attosecond pulse generation, 
a millijoule few-cycle pulse interacts with a gaseous or solid medium to generate 
XUV pulses. The spectrum of this generation not only depends on the duration and 
the energy of the incoming pulse, but also on the CEP. All along the amplification 
chain, the CEP of the pulses fluctuates. In this section, we will detail the noise 
sources, how to measure the CEP noise and how to remove it. 
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4.5.1 

Amplifier Peculiarities 

In order to get the required pulse characteristics in terms of energy, duration 
and central wavelength, several steps are required. Figure 4.17 shows the typical 
chirped pulse amplification (CPA) scheme. We will now discuss each of these 
steps. 



Figure 4.17 Typical amplification steps for millijoule few-cycle pulses. 


4.5.1.1 Pulse Picking 

Starting from a low-energy (nj), high repetition rate (70-100 MHz) oscillator, the 
very first step consists of reducing the repetition rate, so as to get high-energy puls¬ 
es at a limited average power. This slowing down has fundamental effects on the 
CEP. As we rapidly mentioned in Section 4.3.1, the repetition rate has an impact 
on the noise detection. The repetition rate of the laser defines an upper sampling 
rate for any observation. In other words, nothing faster than half the pulse period 
can be measured. A straightforward consequence concerns the measurement and 
feedback bandwidth, which will be limited by the repetition rate of the amplifier. 
Precisely, it cannot be larger than the repetition rate divided by 2, because of alias¬ 
ing. Half of the sampling frequency is usually called the Nyquist frequency and the 
bandwidth from 0 up to this Nyquist frequency is referred to as the Nyquist zone 
or band. 

The second effect, illustrated in Figure 4.18 from [40], is more vicious. Here, 
the authors measure the CEP from an oscillator both with a fast (35 MHz) and a 
slow (5 kHz) sampling rate. The respective PSDs (dashed line and gray line) are 
plotted on the same frequency range of 0.2 Hz-2.5 kHz. From 0.2 to 2 Hz, both 
PSDs follow a l//-like noise. While the slowly sampled signal exhibits a white 
noise level at 7.10“ 6 rad 2 /Hz, the fast sampled PSD still follows the 1// trend up 
to 40 Hz, reaching a white noise level below 10 _8 rad 2 /Hz. The question arises: 
why does the noise level increase when the sampling rate decrease? 

Let us consider the problem from Nyquist’s point of view: the oscillator delivers 
pulses at 70 MHz; its Nyquist frequency is therefore 35 MHz. If the oscillator CEP 
is now sampled at 5 kHz, then the Nyquist zone shrinks to 2.5 kHz, that is, by 
roughly four orders of magnitude. Moreover, the noise at frequencies higher than 
2.5 kHz cannot be seen by the measurement device. However, this high-frequency 
noise still exists. The question thus becomes, what happens to the noise spectral 
region above 2.5 kHz? 

The right way to answer the question is the following: the amount of CEP jit¬ 
ter between two pulses sampled at 5 kHz can be determined simply by considering 
that the integration time in Eq. (4.12) is the pulse sampling period. A single point of 
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Figure 4.18 Oscillator CEP noise PSD derived with a 35 MHz (dashed line) and a 5 kHz (gray 
line) sampling rate, from [40], Black line shows the computed PSD with aliasing effect. 

the PSD obtained at 5 kHz sampling rate includes the oscillator noise from 2.5 kHz 
to 35 MHz, explaining the higher noise level at low sample frequency. Given the 
square root in Eq. (4.12), the noise level increase scales with the square root of 
the sampling rates ratio, here ~ 100: this corresponds to the two orders of magni¬ 
tude between the white noise levels of the fast and slowly sampled PSD. The exact 
derivation of this aliasing effect is described in [40]: when it is taken into account, 
the fast sampled error PSD can be corrected to match the slowly sampled PSD 
(black line) in Figure 4.18. 

As a consequence, reducing the pulse repetition rate in amplifiers intrinsically 
raises the noise level, so that all the high-frequency noise of the oscillator CEP 
is taken into account in the amplifier CEP. The practical impacts of this aliasing 
effect are twofold. First and foremost, the performance of the amplifier stabilization 
is bounded by the performance of the oscillator. This explains why there are still 
efforts on oscillator CEP stabilization. Second, increasing the repetition rate of the 
amplifier not only permits to increase the potential bandwidth of the servo-loop, 
but also reduces the integration bandwidth of the CEP noise transfer from the 
oscillator, or, in other words, the white noise level. 

Finally, it should be noted that the amplifier repetition rate is obtained by divid¬ 
ing the oscillator repetition rate. The divider integer P must be a multiple of the 
integer N that satisfies the condition Eq. (4.17), so that the picked pulses exhibit 
the same average CEP. Otherwise there is no use in trying to stabilize the CEP of 
the pulse after amplification. 

4.5.1.2 Pulse Stretching and Compression 

In the case of CPA, two steps must be taken to allow a large amplification factor: 
the stretching and compression of the pulse. These two steps consist of managing 
the pulse dispersion with opposite signs and values matched as close as possible. 
Speaking of pulse dispersion means handling group velocities. Although the CEP 
definition in a stretched pulse is not very clear, it seems evident that the stretch¬ 
ing/compression steps induce CEP drifts, whatever their implementation is. 

Among the CEP issues in dispersion management systems, one can think of 
mechanical stability and associated beam pointing effects, just like in oscillators. 
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Therefore, the same idea applies: the bulkier, the better. If the pulse energy is small 
(< mj), stretching durations of 10 ps may be enough. In this case, a block of glass as 
a stretcher and a prism pair or chirped mirrors for compression are good choices. 
This implementation led to the first demonstration of CEP stabilization in an am¬ 
plifier [21]. When larger energies are aimed at, one must use grating-based systems 
which are more sensitive to external perturbations [41-43]. Although the impact is 
sufficiently small to be corrected, the quest for highly dispersive devices with so- 
called CEP compatibility is currently a hot topic. 

4.5.1.3 Amplification 

There are three ways to amplify ultrashort pulses: 

• regenerative amplification 

• multipassage amplification 

• parametric amplification. 

The two first ways are performed through laser amplification, using the same 
kind of crystal as the oscillator (titanium-, or ytterbium-doped crystals). The net 
gain per pass is rather small, and thus one needs many passes (typically >10) to 
reach mj energies from nj oscillator pulses. This leads to large footprint systems, 
which are sensitive to mechanical noise. Moreover, the pump laser influence may 
be dramatic in terms of timing jitter and energy stability, especially when the B 
integral in the amplifier is large [44]. These points are intrinsically improved us¬ 
ing diode-pumped solid-state lasers with high repetition rate. Finally, when dealing 
with large energies and high repetition rate, one must take into account the ther¬ 
mal load inside the amplification crystal. Heat is brought by the pumping laser 
energy and is partially removed by the amplified pulse. Cryo-cooling is usually a 
way to ensure good thermal equilibrium [45] and prevent thermal lens distortion. 
However, the cryo-cooler needs a compressor that induces large vibrations, even if 
it is away from the optical table [46]. 

Optical parametric amplification (OPA) is based on nonlinear interaction. This 
presents several interesting points. First, the net gain can be very large over a broad 
bandwidth: hundreds of pj are reached within a couple of passes. Further energies 
may require optical chirped pulse parametric amplification (OPCPA). Second, the 
spectral region of the amplified pulse can be tuned, especially towards the infrared, 
which is known to be more attractive for attosecond pulse generation (see Chap¬ 
ter 10). Last but not least, the nonlinear interaction can make the amplification 
intrinsically CEP-stable. We shall discuss this method further in this chapter (Sec¬ 
tion 4.5.5). 

4.5.1.4 Spectral Broadening 

In the typical case of CPA lasers, the gain narrowing in the amplifier limits the 
output optical bandwidth. Although ways to fight against gain narrowing exist, 
delivering sub-15 fs pulses at the mj level remains a tour de force. In any case, 
few-cycle pulses are not directly available at the amplifier output. A final step is 
therefore needed to perform spectral broadening. This is commonly achieved in 
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a hollow-core fiber, filled with noble gas [47], or through filamentation [48]. These 
implementations have been refined to reach impressive efficiency and energy seal- 
ability. Moreover, these effects preserve the CEP [2, 49], as long as the input energy 
is stable. 

4.5.1.5 CEP Noise in Amplifiers 

The long route of femtosecond pulse amplification creates many CEP noise inputs. 
These are mainly low-frequency noises, induced by mechanical displacements, 
temperature changes, and air turbulences in the pulse path [44]. In order to im¬ 
prove the passive stabilization, several rules must be followed [50]: 

• Start with a low-CEP noise oscillator, as its noise figure will be the bottom line 
performance of the amplifier. 

• Increase the repetition rate of the amplifier, so as to increase accordingly the 
potential detection bandwidth and limit the aliasing impact. 

• Design the stretcher and the compressor to be as small and monolithic as pos¬ 
sible. 

• Get an energy-stable pump laser. 

• Isolate any cryo- or liquid-cooled apparatus from the optical table. 


4.5.2 

CEP Detection 

As for oscillators, / — 2/ interferometers are frequently used to measure the CEP 
of amplified pulses. The scheme is adapted to high-energy isolated pulses, as we 
will see. Due to the varied use of few-cycle pulses, several other methods have been 
proposed to measure the CEP, some of which can be seen as small-size physical 
experiments. 

4.5.2.1 / —2/Interferometer 

The basic principle of f — 2/ interferometers consists of comparing the phase of 
the wings of short pulse broadband spectra. In oscillators, the pulse train creates a 
discrete spectrum composed of modes. The detection of the CEP is achieved by the 
detection of the offset frequency, which can be done using a single-point detector 
(e.g., a photodiode). In amplifiers, the pulses are no more emitted in high repetition 
rate manner: the mode representation is no longer valid. The spectrum is contin¬ 
uous and so the offset frequency cannot be easily detected. However, CEP can be 
retrieved using the same basic elements of / — 2/ interferometers, as pictured in 
Figure 4.19: spectral broadening, frequency doubling, and group delay between the 
fundamental and frequency-doubled pulses [21, 51]. 

Let us consider an amplified pulse with a CEP (j> CE p. First, one needs an octave 
spanning spectrum. Given the large energy available in the amplified pulse, the 
continuum can be obtained directly in a sapphire plate, removing the need for an 
optical fiber. The continuum generation yields the electric field: 


F'wLG(ft') = VIwL g ((») eXp(t0WLG(w) + </> CE p) , 


(4.22) 
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Figure 4.19 Typical / — 2/ setup for amplified pulses. WLG: white light generation; NLS: 
nonlinear stage. 

where Iwlg(o) is the pulse intensity and <Pwlg((i>) is the spectral phase added 
through white-light generation. The pulse is further focused in a nonlinear crystal 
so as to create a frequency doubled pulse. The pulse after this nonlinear stage can 
be described as follows: 

■E'sHG(ft') = V Jshg(co) exp(t0 SH G(ft') + 20 cep) > (4-23) 

with an intensity Ishg(&>) and an additional phase J> S hg, including both the phase 
of the nonlinear crystal itself and the frequency doubling of the white light phase 
0WLG(ft>). The second harmonic consequently exhibits a global phase (Pshg(w) + 
20CEP- 

Suppose now the fundamental and frequency-doubled pulses are separated by a 
time delay r. When the pulses interfere on the detector, the resulting signal is 

Itot(<w) = 1wlg(®) + fsHG(ft)) 

+ s/ IwLg(w) fsHG(ft') COS(0SHG(ft>) ~ 0WLG(ft ) ) + 0)X + J>CEp) • 

(4.24) 

Detecting this signal with a spectrometer around the spectral region of overlap 
between the fundamental and frequency-doubled pulses, one can observe spectral 
fringes, with a frequency 1/r. The phase of the fringes includes the CEP (j> C ep 
of the input pulse. Performing Fourier analysis of this interferogram around r 
leads to the CEP of the pulse. One can understand that this method is still very 
straightforward. Some of the drawbacks of f — 2/ for oscillators disappear: 

• The continuum is generated in a sapphire plate instead of a photonic crystal 
fiber. This removes the beam pointing issue and the associated parasitic noise 
detection. 

• The intrinsic group delay induced by the white-light generation and the frequen¬ 
cy doubling stage becomes the key for the CEP retrieval. In the case of oscilla¬ 
tors, it must be canceled to get temporal overlap between the pulses to get the 
oscillating part at Jo. There is no more need for an interferometer here, which 
makes this setup more stable. 

In other words, the two major contributions of parasitic noise in the CEP retrieval 
for oscillators do not exist for amplifiers. A good point for this scheme is also the 
low energy required (typically around the pj level). 
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However, some drawbacks remain. First and foremost, the / — 2/ interferome¬ 
ters do not lead to the absolute value of the CEP. The phase retrieved by the Fourier 
analysis is the sum of the CEP and the phase associated with the white light and 
second harmonic generation. The latter are assumed to remain constant in the set¬ 
up, and only the CEP is supposed to vary. Second, the continuum generation still 
suffers from phase-amplitude coupling. This is not due to fiber coupling efficiency, 
but simply to the energy fluctuations of the amplified pulses. These variations are 
known to shrink when the repetition rate increases (due to both the pump energy 
stability and the thermal effects in the amplifier). Coupling values of lOmrad/nJ 
for the input pulse of / — 2/ interferometer have been measured [21]. The cor¬ 
responding reference also discussed the side effects of the continuum and second 
harmonic generation. 

One can also question the single-shot capability of the scheme. As we discussed, 
the interference pattern is detected with a spectrometer and the Fourier analysis 
is performed by a computer. A practical consideration of the time scales is useful: 
it takes a few milliseconds just to read a standard 2048-points spectrum, which 
directly prevents single-shot CEP retrieval for kHz amplifiers. Adding the Fourier 
analysis time (several ms), real implementations require at least 10 ms, therefore 
limiting the loop bandwidth to 100 Hz. There are, however, ways to circumvent 
the problem working either with single-point detection [4], or embedded phase 
processing on the spectrometer. 

4.5.2.2 Above-Threshold Ionization 

Above threshold ionization (ATI), is a physical phenomenon in which an atom ab¬ 
sorbs more photons than necessary for its ionization. This easily happens with 
intense femtosecond pulses (see Chapters 6 and 11). In the case of few-cycle puls¬ 
es, the photoelectron emission is very sensitive to the CEP, as electrons follow the 
electric field oscillations. If the pulse is linearly polarized, then the electrons are 
emitted in the polarization plane, in directions perpendicular to the propagation 
axis of the pulse. Detecting the number of electrons emitted to the left and right 
side allows a direct analysis of the absolute phase of the pulse. This method is 
known as stereo-ATI [52] and has been improved in order to get high precision, 
single-shot detection of the CEP [53]. The laser pulse interacts with Xenon gas in a 
vacuum chamber (see Figure 4.20). The lateral detection of photoelectrons is per¬ 
formed with two time-of-flight spectrometers. The detected spectra are separated 
in two bands, which are separately processed for CEP extraction. 

This scheme has strong advantages with respect to the / — 2/ interferometer. 

First, it is based on a physical phenomenon that is intrinsically sensitive to the abso¬ 
lute CEP value. Its extraction is quite straightforward and relies on electronics-only 
processing. The CEP detection is very sensitive (up to jt/ 300) and can be single 
shot, even for multi-kHz amplifiers. In addition, the phase distribution can be di¬ 
rectly observed on an oscilloscope with a radial figure. Finally, the setup is non 
intrusive, as the interaction with gas is almost free from dispersion and absorp¬ 
tion. 
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Figure 4.20 Stereo-ATI setup. Atomic ionization in a strong few-cycle pulse leads to right-left 
asymmetries of photoelectron emission, which are directly related to the CEP. The gray zone is 
the interaction chamber. 

Nevertheless, the setup needs a vacuum chamber and two time-of-flight detec¬ 
tion systems. The cost and footprint of such a system are much more impor¬ 
tant than in a simple / — 2/ interferometer. In addition, the pulse requirements 
are quite stringent: typically tens of pj are required in a pulse duration of less 
than 7 fs. 

4.5.2.3 Other Methods 

Other CEP measurement schemes have been published. Just like stereo-ATI, all 
of them are derived from larger experimental systems, so as to only measure the 
CEP. Surface photoelectron emission [54], terahertz-emission spectroscopy [55], 
and half-cycle cutoffs in high harmonic spectra [56] are examples of such propo¬ 
sitions. Detailing the way these schemes work would take too much room; we shall 
therefore give only a brief description of them. 

Multiphoton-induced surface photoemission Experiments have been conducted to 
focus a very short pulse (sub-8 fs) on a gold photocathode. With sufficient light 
peak intensity (10 12 —10 13 W/cm 2 ), electrons are emitted from the metal surface of 
the cathode. The electrons are amplified in a multiplier tube and the time-averaged 
current shows a dependence on the pulse CEP. This system can be used with very 
low energy (the experiments in [54] are performed with unamplified pulses) and the 
setup is rather small. On the other hand, the effect shows a significant dependence 
on the pulse duration, and offers only a poor precision. 

Terahertz-emission spectroscopy Focusing a high-energy pulse in ambient air cre¬ 
ates a plasma. During this photoionization, THz generation occurs through four- 
wave mixing and the intensity of the THz emission depends on the pulse CEP. 
In this scheme, the setup is very simple. No vacuum is required, and off-the- 
shelf THz measurement devices are used. Single-shot detection seems easy to 
achieve. But the ionization, requires high energy (tens ofpj), and very short pulses 
(sub-8 fs). 
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Half-cycle cutoff in high harmonic spectra The role of CEP in high harmonic gen¬ 
eration is fundamental. Analyzing the high harmonic spectra should thus offer a 
good opportunity to observe the CEP. Within half an optical cycle, electrons are 
freed and can produce harmonics by recollision with the atom. Spatially resolved 
spectra analysis can provide the pulse CEP, with a rather good precision. Howev¬ 
er, the experimental setup is large, and single-shot capability seems hard to man¬ 
age because large pulse energies are required and the CEP retrieval algorithm is 
complex. 

These three examples show that, although several CEP sensitive physical effects 
exist, it remains a challenge to exploit them in order to get fast, precise and robust 
access to the CEP. 

4.5.3 

Actuation 

Actuation points in amplifiers are manifold. Historically, it started by combin¬ 
ing the error signals from the amplifier and the oscillator on the oscillator pump 
laser [2, 21]. This scheme is still employed in many systems, although this situation 
is far from ideal for two reasons. First, closing two feedback loops with different 
phase noise origins and bandwidth at a single point is not recommended. The 
crosstalk between both stabilization loops tends to degrade the performance of the 
overall system. Second, the oscillator pump actuation is known to exhibit a rather 
small correction window and the slow, but large drift induced by the amplifier can 
rapidly move the CEP out of this window. 

As the CEP is the difference between the group index and the phase index, one 
can think of tuning either both parameters, or one of them while leaving the sec¬ 
ond constant. Dispersion management systems with a mechanical actuator are of¬ 
ten encountered. Displacement of gratings in the stretcher [57] or the compres¬ 
sor [58, 59] have been demonstrated and, in the case of bulk stretching, mechanical 
solutions also exist [36, 50]. However, piezo-electric transducers are slow and suffer 
from nonlinearities and hysteresis. As the speed depends on weight of the optical 
mount, the limitation is stronger in grating-based devices, especially in compres¬ 
sors. Finally, side effects on the high-order dispersion are supposed to occur. 

External components such as pulse shapers can be used to close the feedback 
loop. 4/-lines [60] do not seem to be interesting candidates because of their large 
footprint and the slow response of spatial light modulators [61]. Speed and linearity 
issues can be solved using acousto- or electrooptical components. The acoustoop¬ 
tic programmable dispersive filter [62, 63] is a pulse-shaper based on a longitudinal 
acoustooptical interaction. The spectral amplitude and phase of the acoustic wave¬ 
form directly impinges on the spectral amplitude and phase of the broadband opti¬ 
cal pulse. Leaving the programmed dispersion while shifting the acoustic absolute 
phase allows for shifting the optical pulse CEP [46, 64]. The acoustic phase can be 
changed for every trigger event, up to the maximum refreshing rate of the device 
(tens of kHz), together with an excellent precision. Electrooptical modulation has 
recently been proposed to control the CEP [65]. The electrooptic effect is known to 
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be fast and precise and this scheme could prove to be a good candidate, providing 
the high voltage biasing of the electrooptic crystal is not noisy. 

Finally, with the CEP being highly sensitive to pulse energy stability, both in the 
amplifier and the detection, it has been demonstrated that a stabilization loop on 
the seed energy tends to improve the CEP stability of the amplifier [66]. 

4.5.4 

Feedback Results 

The system comparison or even performance analysis of an amplifier is not as 
easy as for oscillators. A first reason concerns the measurement. Although f — If 
schemes with a Fourier analysis are the most encountered measurement methods, 
the spectrometer setting (integration and/or average) and the computer capability 
hugely change the results. Among the cited references in this chapter, integration 
varies from one shot [64] to 50 [61]. Furthermore, the loop bandwidth or processing 
time are almost never mentioned. It seems that reducing the Fourier processing 
time below 60 ms is a hard task, even when the spectrometer can handle single-shot 
detection [64]. In-loop CEP time charts offer the only comparison figures but the 
time frame can vary from minutes up to hours. As a rule of thumb, typical ampli¬ 
fiers deliver several mj, sub 30 fs pulses, with < 200 mrad root mean square stability 
over a few Hz bandwidth [50, 59, 61]. In these conditions, it is worth noting that 
the actuation bandwidth is not a relevant criterion, as the CEP detection/processing 
speed is very low (<SC kHz) in conventional / — 2/ interferometers. 

However, single shot CEP extraction schemes are under study [4, 53]. No single¬ 
shot feedback has been performed so far, as the first demonstration of single-shot 
detection and the availability of fast feedback actuators occurred almost simulta¬ 
neously. Interestingly, the two single-shot detection systems of [4] and [53] have 
monitored the same laser, delivering 25 fs, mj pulses at 3 kHz. Figure 4.21 shows 
results of these devices. 

In [4], the phase detection is based on a standard f — 2/ interferometer. In¬ 
stead of processing the spectrum with a classical spectrometer and a computer, 




Figure 4.21 Comparison of single-shot detection schemes using a / — 2/ interferometer with 
direct electronic phase processing (a) [4] and using the stereo-ATI device (b) [53], 
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the optoelectronic detector consists only of two single-point photodetectors (pho¬ 
tomultiplier tubes), which see two points within the interferogram. A basic analog 
processing further extracts the interferogram phase. As the phase can be comput¬ 
ed at every laser pulse, a conventional noise PSD analysis can be performed. The 
results are plotted in Figure 4.21a. This PSD plot is, to the author’s knowledge, 
the only PSD plot ever published for a CEP-stabilized amplified system. The inter¬ 
pretation of these results has already been discussed in Section 4.3.5. We should 
just remind the reader that the gray line is the in-loop PSD of the stabilized sys¬ 
tem using a standard slow detection / — 2/ and the red line is the in-loop PSD 
of the same system, stabilized with a single-shot detection / — 2 f. The respective 
computed jitters over the feedback bandwidth are 115 mrad and 210mrad. 

On the other hand, Figure 4.21b plots the phase extracted by the single-shot 
stereo-ATI of [53]. In this case, the plot is almost angular, so that the phase vari¬ 
ation is very easy to read. The black points represent the phase evolving around 2 ji 
radians, and the red points correspond to the phase distribution of 4500 consecu¬ 
tive shots of the stabilized laser using a conventional slow f — If interferometer. 

The standard deviation of the distribution is 278 mrad. 

In order to compare the results of Figure 4.21a,b, we must first set the same anal¬ 
ysis window. As in both cases the detection is single shot, the upper frequency of 
Figure 4.21a remains 1.5 kHz (the Nyquist frequency of the 3 kHz laser repetition 
rate). Regarding the integration time, the ATI plot is limited to 4500 shots, that is, 
a 1.5 s long time window. The lower frequency of the PSD of Figure 4.21a should 
be 0.6 Hz: the shaded region of the PSD plot must then be ignored. As most jit¬ 
ter comes from high-frequency noise, this should allow the comparison of system 
jitter. 

There is however a problem. In the case of Figure 4.21b, stereo-ATI is used to 
monitor the results of the conventional slow spectrometer (out-of-loop analysis). In 
the case of Figure 4.21a, we can interpret the in-loop results either with a conven¬ 
tional slow spectrometer, or with the single-shot detector. We unfortunately miss 
the monitoring of the conventional system with a single-shot detector. Luckily, the 
authors of [53] performed averaging up to 25 shots. The analysis upper frequency is 
reduced to 60 Hz, which is almost comparable to the feedback bandwidth obtained 
for the gray line of Figure 4.21a. Under these conditions, the standard deviation 
measured by the stereo-ATI is only 110 mrad, which is comparable to the 115 mrad 
of the in-loop jitter of Figure 4.21a. 

We now have a comparison point between the two systems: the jitter on a 0.6- 
60 Hz integration bandwidth is 110 mrad. In Section 4.3.5, we discussed this val¬ 
ue, saying that this rather flattering performance should be weighted by the small 
integration bandwidth with respect to the amplifier repetition rate. The result of 
the stereo-ATI device corroborates this inference. The real jitter of the slow stabi¬ 
lization over the full integration bandwidth (i.e., up to the real repetition rate of 
the laser) increases to 278 mrad. This illustrates an important discussion point of 
phase stabilization loops: what is the jitter and what is the integration bandwidth? 

Last, the jitter can be slightly reduced with an increase of the feedback bandwidth 
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Figure 4.22 Effect of averaging, from [53], 

and proper error signal filtering: the stabilization of the amplifier with the single¬ 
shot system yields a jitter of 210 mrad. 

At this stage of discussion, the reader should be warned that the loop perfor¬ 
mance improvement relies on different parameters. As mentioned, it seems im¬ 
portant that both the detection and the actuator can work in the single-shot mode: 
in this case, the loop bandwidth is solely limited by the error signal filtering stage, 
which can be engineered with as much freedom as possible. The second funda¬ 
mental point concerns the overall detection noise level. Of course, when the white 
noise floor is reached at low frequencies, it is of no use to increase the loop band¬ 
width, as the error signal contains a large amount of noise, especially at high fre¬ 
quencies. Regarding the CEP detection schemes state-of-the-art, this noise issue 
seems to be the major point, where future efforts could improve stabilization. 
However, single-shot detection still remains the only way to make proper noise 
frequency analysis, just as presented in [4]. And finally, if one had both, low-noise 
single-shot detection and high bandwidth actuation, the last step of the loop filter 
design would need high care to get the best performance. 

Going back to the system comparison, the authors of [53] show a very clear ef¬ 
fect of averaging, or in other words high-frequency noise blindness. Figure 4.22a 
shows a number of consecutive points measured with stereo-ATI on the stabilized 
system. The trace clearly shows oscillations with a period of 10 to 15 shots, that is, 
noise frequencies between 200 and 300 Hz. This roughly corresponds to the spikes 
one can see in the open-loop PSD of Figure 4.21a (blue line). If one averages over 5 
shots (see black line of Figure 4.22a), then the oscillation amplitude is reduced. In 
this case, the standard deviation of 4500 shots is only 195 mrad: 30% of the noise 
has been removed! This averaging corresponds to ignoring the spectral noise of 
Figure 4.21a above 600 Hz. Looking at the integrated phase error, one can see that 
this very part of the noise spectrum contributes mostly to the system jitter. Increas¬ 
ing the averaging to 10, and eventually 25 shots, further reduces the noise standard 
deviation down to 140 and 110 mrad, respectively, as the oscillation frequency is 
faster than the averaging rate. 

4.5.5 

Parametric Amplification 


Optical parametric amplification remains a special case, as we briefly discussed in 
Section 4.5.1.3. The all-optical setup, with large gain over a tunable broad band¬ 
width makes it very attractive. This scheme can be made CEP self-stabilized. This 
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self-stabilization idea stems from conservation laws between the three waves in¬ 
teracting in the parametric amplification: the pump, the signal, and the idler. The 
simplified energy and phase conservation laws can be written as [67] 

ft)p = co$ + a)] (p p = cp$ + cp\ + j , (4-25) 

where ft); and (pi, respectively, stand for the angular frequency and phase, and the 
index P, S, I stand for the pump, the signal and the idler, respectively. 

Of course, the phase conservation law is of primary interest in the case of gen¬ 
erating CEP-stable pulses. Several ways can be implemented, taking advantage of 
different elements of the parametric amplification. 

4.5.5.1 White Light Seeding 

One can note that the idler is actually generated through difference frequency gen¬ 
eration (DFG). Focusing on the phase conservation law of Eq. (4.25), the idler phase 
is the difference between the pump and the signal phase. As a consequence, if the 
pump and the signal are derived from the same initial pulse, that is, with the same 
original phase <p o, then the pump and signal phases cancel out, leaving the idler 
phase free from fluctuations. The first method to get self-stable CEP pulses con¬ 
sists of seeding the OPA with a white-light continuum, as sketched in Figure 4.23. 

A pulse emitted by a standard CPA laser chain is divided into two arms. One, with 
high energy, acts as the pump; the second is focused in a sapphire or CaF 2 plate to 
generate a continuum, and further acts as a broadband seed. 

As both pulses are emitted from the same source, and assuming that the white 
light generation preserves the optical phase (as discussed in Section 4.5.2.1), one 
can write <p p = cp 0 and <ps = (po + <Pwlg- The idler pulse generated in the 
parametric amplification has a constant phase: (pi = (p^—cp^—n/l = —0wlg—J t/2. 

It is worth noticing that frequency doubling the output pulse of the CPA can create 
a self-stabilized idler with the same frequency as the CPA. This is a (lossy) way to 
get CEP-stable pulses at 800 nm. 

An important drawback of the scheme is the angular chirp of the generated idler. 
Amplification of few-cycle pulses requires broad gain bandwidth. The latter can be 
reached in parametric amplification either in a noncollinear geometry (NOPA), 
or in type I interaction at degeneracy [68]. In both cases, the arrangement is not 
collinear: in an intrinsic way in the NOPA, and in order to avoid signal-idler in¬ 
terferences in the type I interaction. The consequence is an angular dispersion of 
the idler beam, which is difficult to compensate. Another way to circumvent the 
chirp problem is by generating a narrow-band CEP-stable idler pulse and manage, 
in different stages, the amplification and spectral broadening. The broadening can 
be performed prior to the amplification [69] or after [70]. 



Figure 4.23 White-light seeded OPA. SHG: second harmonic generation; WLG: white light 
generation. 
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4.5.5.2 Intrapulse Self-Stabilization 

A very elegant way to provide CEP-stable pulses is by using difference frequen¬ 
cy generation (DFG). The concept is called the 0 — / method, as opposed to the 
f — 2/ scheme. This method can be used in oscillators [71], or in OPAs [72] and 
OPCPAs [73]. The idea is to perform DFG between spectral components within the 
pulse (Figure 4.24). Considering the case of a broadband comb spectrum with v n 
and v m components, as defined with Eq. (4.14), and with v n > v m , the DFG writes 
v n — v m = (n — m)/ rep , which is independent of f. With this self-stabilization 
scheme, the resulting spectrum is free from CEP fluctuations, without any active 
feedback. 

This scheme is very easy to implement. It is especially popular for stabilizing 
OPA seeding pulses. The DFG naturally increases the central wavelength of the 
spectrum, which can be suited for OPAs working in the infrared. However, the 
DFG tends to reduce the pulse bandwidth. The efficiency is rather low and there¬ 
fore needs a preamplification stage to compensate for the losses. 

4.5.5.3 Results 

The comparison of results is a very delicate matter, for the same reasons as ex¬ 
plained in Section 4.5.4. Although most of CEP characterizations are performed 
with f — If interferometers, the details concerning the spectrometer integration 
and the analysis speed are not always reported. Actually, no long-term analysis has 
been performed: references usually only show the CEP stability over seconds or 
minutes. The intrinsic self-stabilization of DFG ensures a robust lock. Stability 
around 200 mrad root mean square in single-shot interferograms are typical re¬ 
sults. 

Considering the self-stabilization concepts, one could imagine reaching very 
high stability. Several sources of noise remain in the OPA [69]. First, the paramet¬ 
ric amplification is based on a nonlinear instantaneous effect. Any fluctuations in 
the pump or the seed source energies or beam pointing induce CEP jitter. When 
the white light seeding scheme is envisaged, the seed and the pump pulses must 
be synchronized. This is usually performed with a delay line between the pump 
path and the seed path. But any path length difference will cause CEP variation. 
From this point of view, the intrapulse DFG is a more robust setup. Of course, the 
detection apparatus remains an extra-CEP noise source. 













4.6 Conclusion 


4.6 

Conclusion 

Since the first observation of CEP in oscillators in 1996 [12] and the pioneering 
work towards stabilization [6, 35], less than 20 years have passed. Within the past 10 
years, large efforts have led to the understanding of noise sources and underlying 
physical mechanisms, the improvement of the measurement, and the implemen¬ 
tation of efficient correction schemes. A 100 mrad stability over a broad bandwidth 
can now be achieved [38] and new ideas are still emerging [39]. Broad bandwidth, 
detection noise-limited feedback loops may be designed in the near future, proba¬ 
bly enabling sub-Jt/100 CEP stability. 

Soon after the oscillators become stabilized, efforts will then focus on ampli¬ 
fiers [2]. The room for technological improvement is still large, as attested to by the 
recent work on the CEP measurement schemes and the feedback actuation points. 
Low-noise detection and multi-kHz amplifier systems (so as to reduce the impact 
of aliasing) are the next technological keys for efficient stabilization loops. It can be 
foreseen that sub-100 mrad CEP stability on a shot-to-shot basis may be reached. 

Apart from technical considerations, another interesting point of the CEP-based 
technologies is the rapid knowledge transfer from labs to companies. Over the past 
15 years, many concepts were transferred from fundamental science laboratories 
to industry and enabled commercial turn-key systems, able to deliver CEP-stable 
sub-10 fs pulse oscillators, coupled to multi-mj, multi-kHz amplifiers [50]. 


References 

1 Udem, T., Holzwarth, R., and Hansch, 
T. (2002) Optical frequency metrology. 
Nature, 416 (6877), 233-237. 

2 Baltuska, A., Udem, T., Uiberacker, M., 
Hentschel, M., Goulielmakis, E., Gohle, 
C., Holzwarth, R., Yakoviev, V., Scrinzi, 
A., Hansch, T., and Krausz, F. (2003) 
Attosecond control of electronic pro¬ 
cesses by intense light fields. Nature, 
421 (6923), 611-615. 

3 Cundiff, S. (2002) Phase stabilization 
of ultrashort optical pulses. J. Phys. D, 
35 (8), R43-R59. 

4 Koke, S., Grebing, C., Manschwetus, B., 
and Steinmeyer, G. (2008) Fast/-to-2/ 
interferometer for a direct measurement 
of the carrier-envelope phase drift of 
ultrashort amplified laser pulses. Opt. 
Lett., 33 (21), 2545-2547. 

5 Matos, L., Mucke, O., Chen, J., and Kart- 
ner, F. (2006) Carrier-envelope phase dy¬ 
namics and noise analysis in OCTAVE- 


spanning Ti:Sapphire lasers. Opt. Ex¬ 
press, 14 (6), 2497-2511. 

6 Jones, D., Diddams, S., Ranka, J., Stentz, 
A., Windeler, R., Hall, J., and Cundiff, S. 
(2000) Carrier-envelope phase control of 
femtosecond mode-locked lasers and di¬ 
rect optical frequency synthesis. Science, 
288 (5466), 635-639. 

7 Schiller, S. (2002) Spectrometry with fre¬ 
quency combs. Opt. Lett., 27 (9), 766- 
768. 

8 Cundiff, S., Ye, J., and Hall, J. (2001) 
Optical frequency synthesis based on 
mode-locked lasers. Rev. Sci. Instrum., 
72 (10), 3749-3771. 

9 Washburn, B., Diddams, S., Newbury, 
N., Nicholson, J., Yan, M., and Jor¬ 
gensen, C. (2004) Phase-locked, erbium- 
fiber-laser-based frequency comb in the 
near infrared. Opt. Lett., 29 (3), 250-252. 

10 Meyer, S.A., Squier, J.A., and Diddams, 
S.A. (2008) Diode-pumped Yb:KYW 


129 


130 


4 Carrier Envelope Phase Stabilization 


femtosecond laser frequency comb with 
stabilized carrier-envelope offset fre¬ 
quency. Eur. Phys.J. D, 48 (1), 19-26. 

11 Moulton, P. (1986) Spectroscopic and 
laser characteristics of Ti:Al 2 C> 3 . J. Opt. 
Soc. Am. B, 3 (1), 125-133. 

12 Xu, L., Spielmann, C., Poppe, A., Brabec, 

T. , Krausz, F., and Hansch, T. (1996) 
Route to phase control of ultrashort light 
pulses. Opt. Lett., 21 (24), 2008-2010. 

13 Holman, K., Jones, R., Marian, A., Cun- 
diff, S., and Ye, J. (2003) Intensity-related 
dynamics of femtosecond frequency 
combs. Opt. Lett., 28 (10), 851-853. 

14 Witte, S., Zinkstok, R., Hogervorst, W., 
and Eikema, K. (2004) Control and pre¬ 
cise measurement of carrier-envelope 
phase dynamics. Appl. Phys. B, 78 (1), 
5-12. 

15 Fortier, T., Jones, D., Ye, J., and Cundiff, 
S. (2003) Highly phase stable mode- 
locked lasers. IEEE J. Sel. Top. Quantum 
Electron., 9 (4), 1002-1010. 

16 Helbing, F., Steinmayer, G., Stenger, J., 
Telle, H., and Keller, U. (2002) Carrier- 
envelope-offset dynamics and stabiliza¬ 
tion of femtosecond pulses. Appl. Phys. 
B, 74 (Suppl. S), S35-S42. 

17 Stingl, A., Lenzner, M., Spielmann, C., 
Krausz, F., and Szipocs, R. (1995) Sub- 
10-fs mirror-dispersion-controlled Ti- 
sapphire laser. Opt. Lett., 20 (6), 602- 
604. 

18 Helbing, F., Steinmeyer, G., and Keller, 

U. (2003) Carrier-envelope offset phase¬ 
locking with attosecond timing jitter. 
IEEE J. Sel. Top. Quantum Electron., 

9 (4), 1030-1040. 

19 Telle, H., Steinmeyer, G., Dunlop, A., 
Stenger, J., Sutter, D., and Keller, U. 
(1999) Carrier-envelope offset phase con¬ 
trol: A novel concept for absolute optical 
frequency measurement and ultrashort 
pulse generation. Appl. Phys. B, 69 (4), 
327-332. 

20 Ranka, J., Windeler, R., and Stentz, A. 
(2000) Visible continuum generation in 
air-silica microstructure optical fibers 
with anomalous dispersion at 800 nm. 
Opt. Lett., 25 (1), 25-27. 

21 Baltuska, A., Uiberacker, M., Gouliel- 
makis, E., Kienberger, R., Yakovlev, V., 
Udem, T., Hansch, T„ and Krausz, F. 


(2003) Phase-controlled amplification of 
few-cycle laser pulses. IEEE J. Sel. Top. 
Quantum Electron., 9 (4), 972-989. 

22 Zhu, Z. and Brown, T. (2004) Experi¬ 
mental studies of polarization properties 
of supercontinua generated in a birefrin- 
gent photonic crystal fiber. Opt. Express, 
12 (5), 791-796. 

23 Fortier, T., Ye, J., Cundiff, S., and Windel¬ 
er, R. (2002) Nonlinear phase noise gen¬ 
erated in air-silica microstructure fiber 
and its effect on carrier-envelope phase. 
Opt. Lett., 27 (6), 445-447. 

24 Washburn, B. and Newbury, N. (2004) 
Phase, timing, and amplitude noise on 
supercontinua generated in microstruc¬ 
ture fiber. Opt. Express, 12 (10), 2166- 
2175. 

25 Poppe, A., Holzwarth, R., Apolonski, A., 
Tempea, G., Spielmann, C., Hansch, T., 
and Krausz, F. (2001) Few-cycle opti¬ 
cal waveform synthesis. Appl. Phys. B, 
72 (3), 373-376. 

26 Fortier, T., Bartels, A., and Diddams, 

S. (2006) Octave-spanning Ti:Sapphire 
laser with a repetition rate > 1 ghz for 
optical frequency measurements and 
comparisons. Opt. Lett., 31 (7), 1011- 
1013. 

27 Jones, D., Fortier, T., and Cundiff, S. 
(2004) Highly sensitive detection of the 
carrier-envelope phase evolution and 
offset of femtosecond mode-locked os¬ 
cillators./. Opt. Soc. Am. B, 21 (5), 1098- 
1103. 

28 Grebing, C., Koke, S., Manschwetus, B., 
and Steinmeyer, G. (2009) Performance 
comparison of interferometer topologies 
for carrier-envelope phase detection. Ap¬ 
pl. Phys. B, 95 (1), 81-84. 

29 Tsatourian, V., Margolis, H.S., Marra, G., 
Reid, D.T., and Gill, P. (2010) Common- 
path self-referencing interferometer for 
carrier-envelope offset frequency stabi¬ 
lization with enhanced noise immunity. 
Opt. Lett., 35 (8), 1209-1211. 

30 Moon, E., Li, C., Duan, Z., Tackett, 

J., Corwin, K.L., Washburn, B.R., and 
Chang, Z. (2006) Reduction of fast 
carrier-envelope phase jitter in fem¬ 
tosecond laser amplifiers. Opt. Express, 
14 (21), 9758-9763. 


References 


131 


31 Fuji, T., Rauschenberger, J., Apolons- 
ki, A., Yakovlev, V., Tempea, G., Udem, 
T., Gohle, C., Hansch, T., Lehnert, W., 
Scherer, M., and Krausz, F. (2005) 
Monolithic carrier-envelope phase- 
stabilization scheme. Opt. Lett., 30 (3), 
332-334. 

32 Mucke, O., Tritschler, T., Wegener, M., 
Morgner, U., and Kartner, F. (2002) De¬ 
termining the carrier-envelope offset fre¬ 
quency of 5-fs pulses with extreme non¬ 
linear optics in ZnO. Opt. Lett., 27 (23), 
2127-2129. 

33 Roos, P., Li, X., Smith, R., Pipis, J., Forti¬ 
er, T., and Cundiff, S. (2005) Solid-state 
carrier-envelope phase stabilization via 
quantum interference control of inject¬ 
ed photocurrents. Opt. Lett., 30 (7), 735— 
737. 

34 Osvay, K., Goerbe, M., Grebing, C., 
and Steinmeyer, G. (2007) Bandwidth- 
independent linear method for detection 
of the carrier-envelope offset phase. Opt. 
Lett., 32 (21), 3095-3097. 

35 Apolonski, A., Poppe, A., Tempea, G., 
Spielmann, C., Udem, T., Holzwarth, 
R., Hansch, T., and Krausz, F. (2000) 
Controlling the phase evolution of few- 
cycle light pulses. Phys. Rev. Lett., 85 (4), 
740-743. 

36 Grebing, C., Goerbe, M., Osvay, K., and 
Steinmeyer, G. (2009) Isochronic and 
isodispersive carrier-envelope phase- 
shift compensators. Appl. Phys. B, 97 (3), 
575-581. 

37 Yun, C., Chen, S., Wang, H., Chini, 

M., and Chang, Z. (2009) Tempera¬ 
ture feedback control for long-term 
carrier-envelope phase locking. Appl. 
Opt., 48 (27), 5127-5130. 

38 Rauschenberger, J., Fuji, T., Hentschel, 
M., Verhoef, A., Udem, T., Gohle, 

C., Hansch, T., and Krausz, F. (2006) 
Carrier-envelope phase-stabilized ampli¬ 
fier system. Laser Phys. Lett., 3 (1), 37- 
42. 

39 Koke, S., Grebing, C., Frei, H., Ander¬ 
son, A., Assion, A., and Steinmeyer, G. 
(2010) Direct frequency comb synthe¬ 
sis with arbitrary offset and shot-noise- 
limited phase noise. Nat. Photonics, 4 (7), 
462-465. 


Gohle, C., Rauschenberger, J., Fuji, T., 
Udem, T.. Apolonski, A., Krausz, F., 
and Hansch, T. (2005) Carrier envelope 
phase noise in stabilized amplifier sys¬ 
tems. Opt. Lett., 30 (18), 2487-2489. 
Kakehata, M., Fujihira, Y„ Takada, H., 
Kobayashi, Y., Torizuka, K., Homma, 

T„ and Takahashi, H. (2002) Measure¬ 
ments of carrier-envelope phase changes 
of 100-hz amplified laser pulses. Appl. 
Phys. B, 74 (Suppl. S), S43-S50. 
Thomann, I., Gagnon, E., Jones, R., 
Sandhu, A., Lytle, A., Anderson, R., 

Ye, J., Murnane, M., and Kapteyn, 

H. (2004) Investigation of a grating- 
based stretcher/compressor for carrier- 
envelope phase stabilized fs pulses. Opt. 
Express, 12 (15), 3493-3499. 

Chang, Z. (2006) Carrier-envelope phase 
shift caused by grating-based stretchers 
and compressors. Appl. Opt., 45 (32), 
8350-8353. 

Chen, X., Canova, L., Malvache, A., Jul- 
lien, A., Lopez-Martens, R., Durfee, C., 
Papadopoulos, D., and Druon, F. (2010) 
1-rnJ, sub-5-fs carrier-envelope phase- 
locked pulses. Appl. Phys. B, 99 (1-2), 
149-157. 

Zavelani-Rossi, M., Lindner, F., Le Blanc, 
C., Cheriaux, G., and Chambaret, J. 
(2000) Control of thermal effects for 
high-intensity Ti:Sapphire laser chains. 
Appl. Phys. B, 70 (Suppl. S), S193-S196. 
Fordell, T., Miranda, M., Persson, A., and 
L’Huillier, A. (2009) Carrier-envelope 
phase stabilization of a multi-millijoule, 
regenerative-amplifier-based chirped- 
pulse amplifier system. Opt. Express, 

17 (23), 21091-21097. 

Nisoli, M., DeSilvestri, S., Svelto, O., 
Szipocs, R., Ferencz, K., Spielmann, C., 
Sartania, S., and Krausz, F. (1997) Com¬ 
pression of high-energy laser pulses 
below 5 fs. Opt. Lett., 22 (8), 522-524. 
Hauri, C., Kornelis, W., Helbing, F., 
Heinrich, A., Couairon, A., Mysyrow- 
icz, A., Biegert, J., and Keller, U. (2004) 
Generation of intense, carrier-envelope 
phase-locked few-cycle laser pulses 
through filamentation. Appl. Phys. B, 

79 (6), 673-677. 

Guandalini, A., Eckle, P., Anscombe, 
M., Schlup, P., Biegert, J., and Keller, 


40 

41 

42 

43 

44 

45 

46 

47 

48 

49 


132 


4 Carrier Envelope Phase Stabilization 


U. (2006) 5.1 fs pulses generated by fil- 
amentation and carrier envelope phase 
stability analysis. J. Phys. B, 39 (13), 
S257-S264. 

50 Anderson, A., Luecking, F., Prikos- 
zovits, T., Hofer, M., Cheng, Z., Neacsu, 
C.C., Scharrer, M., Rammler, S., Rus¬ 
sell, P.S.J., Tempea, G., and Assion, A. 
(2011) Multi-mJ carrier envelope phase 
stabilized few-cycle pulses generated by 
a tabletop laser system. Appl. Phys. B, 
103 (3), 531-536. 

51 Kakehata, M., Takada, H., Kobayashi, 

Y., Torizuka, K., Fujihira, Y., Homma, 
T., and Takahashi, H. (2001) Single-shot 
measurement of carrier-envelope phase 
changes by spectral interferometry. Opt. 
Lett., 26 (18), 1436-1438. 

52 Paulus, G., Grasbon, F., Walther, H., Vil- 
loresi, P., Nisoli, M., Stagira, S., Priori, 
E., and De Silvestri, S. (2001) Absolute- 
phase phenomena in photoionization 
with few-cycle laser pulses. Nature, 

414 (6860), 182-184. 

53 Wittmann, T., Horvath, B., Helml, W., 
Schaetzel, M.G., Gu, X., Cavalieri, A.L., 
Paulus, G.G., and Kienberger, R. (2009) 
Single-shot carrier-envelope phase mea¬ 
surement of few-cycle laser pulses. Nat. 
Phys., 5 (5), 357-362. 

54 Apolonski, A., Dombi, P., Paulus, G., 
Kakehata, M., Holzwarth, R., Udem, T., 
Lemell, C., Torizuka, K., Burgdorfer, J., 
Hansch, T., and Krausz, F. (2004) Obser¬ 
vation of light-phase-sensitive photoe¬ 
mission from a metal. Phys. Rev. Lett., 
92 (7). 

55 Kress, M., Loffler, T., Thomson, M., 
Dorner, R., Gimpel, H., Zrost, K., Er- 
gler, T„ Moshammer, R., Morgner, U., 
Ullrich, J., and Roskos, H. (2006) Deter¬ 
mination of the carrier-envelope phase 
of few-cycle laser pulses with terahertz- 
emission spectroscopy. Nat. Phys., 2 (5), 
327-331. 

56 Haworth, C.A., Chipperfield, L.E., 
Robinson, J.S., Knight, P.L., Marangos, 
J.P., and Tisch, J.W.G. (2007) Half-cycle 
cutoffs in harmonic spectra and robust 
carrier-envelope phase retrieval. Nat. 
Phys., 3 (1), 52-57. 

57 Li, C., Moon, E., and Chang, Z. (2006) 
Carrier-envelope phase shift caused by 


variation of grating separation. Opt. Lett., 
31 (21), 3113-3115. 

58 Li, C., Mashiko, H., Wang, H., Moon, 
E., Gilbertson, S., and Changa, Z. (2008) 
Carrier-envelope phase stabilization by 
controlling compressor grating separa¬ 
tion. Appl. Phys. Lett., 92 (19). 

59 Lee, J.H., Lee, Y.S., Park, J., Park, J.J., 
Kim, D. S.and Yu, T.J., and Nam, C.H. 
(2009) Implementation of the direct 
locking method for long-term carrier- 
envelope-phase stabilization of a grating- 
based kHz femtosecond laser. Appl. 
Phys. B, 96 (2-3), 287-291. 

60 Weiner, A., Heritage, J., and Kirschner, 
E. (1988) High-resolution femtosecond 
pulse shaping./. Opt. Soc. Am. B, 5 (8), 
1563-1572. 

61 Wang, H., Chini, M., Wu, Y., Moon, 

E., Mashiko, H., and Chang, Z. (2010) 
Carrier-envelope phase stabilization of 
5-fs, 0.5-mJ pulses from adaptive phase 
modulator. Appl. Phys. B, 98 (2-3), 291- 
294. 

62 Tournois, P. (1997) Acousto-optic pro¬ 
grammable dispersive filter for adaptive 
compensation of group delay time dis¬ 
persion in laser systems. Opt. Commun., 
140 (4-6), 245-249. 

63 Verluise, F., Laude, V., Cheng, Z., Spiel- 
mann, C., and Tournois, P. (2000) Am¬ 
plitude and phase control of ultrashort 
pulses by use of an acousto-optic pro¬ 
grammable dispersive filter: pulse com¬ 
pression and shaping. Opt. Lett., 25 (8), 
575-577. 

64 Forget, N., Canova, L., Chen, X., Jullien, 
A., and Lopez-Martens, R. (2009) Closed- 
loop carrier-envelope phase stabilization 
with an acousto-optic programmable 
dispersive filter. Opt. Lett., 34 (23), 3647- 
3649. 

65 Gobert, O., Paul, P.M., Hergott, J.F., 
Tcherbakoff, O., Lepetit, F., Oliveira, 
P.D., Viala, F„ and Comte, M. (2011) 
Carrier-envelope phase control using 
linear electro-optic effect. Opt. Express, 
19 (6), 5410-5418. 

66 Wang, H., Li, C., Tackett, J., Mashiko, 
H., Nakamura, C.M., Moon, E., and 
Chang, Z. (2007) Power locking of high- 
repetition-rate chirped pulse amplifiers. 
Appl. Phys. B, 89 (2-3), 275-279. 


References 


133 


67 Baltuska, A., Fuji, T., and ICobayashi, T. 
(2002) Controlling the carrier-envelope 
phase of ultrashort light pulses with op¬ 
tical parametric amplifiers. Phys. Rev. 
Lett., 88 (13). 

68 Cerullo, G. and De Silvestri, S. (2003) 
Ultrafast optical parametric amplifiers. 
Rev. Sci. Inst., 74 (1, Part 1), 1-18. 

69 Cirmi, G., Manzoni, C., Brida, D., De Sil¬ 
vestri, S., and Cerullo, G. (2008) Carrier- 
envelope phase stable, few-optical-cycle 
pulses tunable from visible to near IR. J. 
Opt. Soc. Am. B, 25 (7), B62-B69. 

70 Schmidt, B.E., Shiner, A.D., Lassonde, 
P., Kieffer, J.C., Corkum, P.B., Vil- 
leneuve, D.M., and Legare, F. (2011) 
CEP stable 1.6 cycle laser pulses at 
1.8pm. Opt. Express, 19 (7), 6858-6864. 


71 Fuji, T., Apolonski, A., and Krausz, 

F. (2004) Self-stabilization of carrier- 
envelope offset phase by use of 
difference-frequency generation. Opt. 
Lett., 29 (6), 632-634. 

72 Vozzi, C., Calegari, F., Benedetti, E., 
Gasilov, S., Sansone, G., Cerullo, G., 
Nisoli, M., De Silvestri, S., and Stagira, S. 
(2007) Millijoule-level phase-stabilized 
few-optical-cycle infrared parametric 
source. Opt. Lett., 32 (20), 2957-2959. 

73 Gu, X., Marcus, G., Deng, Y., Metzger, 
T., Teisset, C., Ishii, N., Fuji, T., Baltus¬ 
ka, A., Butkus, R., Pervak, V., Ishizuki, 
H., Taira, T., Kobayashi, T., Kienberger, 
R., and Krausz, F. (2009) Generation 
of carrier-envelope-phase-stable 2-cycle 
740-pJ pulses at 2.1-pm carrier wave¬ 
length. Opt. Express, 17 (1), 62-69. 


135 


5 

Towards Tabletop X-Ray Lasers 
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David Ros, and Pedro Velarde 


5.1 

Context and Objectives 

Short pulses in the X-ray regime offer unique opportunities for the study of ultra¬ 
fast processes in biology, chemistry and physics. The absorption of X-rays can occur 
with high spectral selectivity for direct chemical or physical analysis, the very low 
diffraction limit of X-rays is useful for imaging and physical analysis, and the short 
wavelength supports extremely short pulses in the attosecond (1 as = 10“ 18 s) 
and even zeptosecond (1 zs = 10“ 21 s) range [1, 2]. Over the past few years, X-ray 
sources have reached higher and higher intensities by either reducing the pulse 
duration and the size of the focal spot, or by increasing the energy available in the 
generating process. 

The availability of X-ray pulses with ultrahigh intensity has opened new avenues 
for nonlinear physics and ultrafast imaging (see Chapter 17). A major concern in 
the field of ultrafast imaging is the danger of sample decomposition due to ion¬ 
ization by X-rays before the diffraction image (2D or 3D) is acquired. A theoretical 
study by Neutze et al. proposed that the ideal light source for this type of imag¬ 
ing should have about 10 12 photons in a fully coherent pulse with 5 fs duration or 
less, and with 12keV photon energy [3]. For soft X-ray imaging (typically 30 eV to 
IkeV photon energy), the parameters differ significantly. This energy range cor¬ 
responds to wavelengths from 30 nm down to 1 nm, allowing experiments with 
diffraction-limited resolution of a few nanometers. Unlike the case discussed by 
Neutze, diffraction will not occur on molecular electrons but on nanoscale struc¬ 
tures or sample structural variation. The bulk matter structure does not evolve as 
fast as molecular electrons, which often acquire relativistic speed. The relevant time 
scales are therefore defined by the speed of sound, typically 10 4 ms -1 for the den¬ 
sity and temperature under consideration. To reach a target spatial resolution of 
1 nm, the soft X-ray pulse duration should be on the order of 100 fs to prevent 
blurring during image exposure at the irradiation levels considered. 

Soft X-rays are often absorbed by the sample, reducing the signal flux at the 
detector. Hence the experiments require a high energy per pulse. To find an es- 
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Figure 5.1 False color image of a magnetic system. The varia¬ 
tion of color indicates a change on spin orientation. The image 
has been achieved with magnetic force microscope. 


timate of the required threshold energy, we consider two experiments. Mancuso 
et al. [4] imaged algae by coherent diffraction. With a single-shot (15 pj pulse ener¬ 
gy), the signal was only strong enough for low diffraction angles, that is, to resolve 
large structural features between 650 and 1200 nm. To achieve a 230 nm resolution, 
Mancuso averaged 1500 shots, equivalent to a total energy of about 15 to 20 mj on 
the sample. At the Laboratoire d’Optique Appliquee, 1 ’ we achieved coherent diffrac¬ 
tion on magnetic samples. The magnetic samples show aligned 65 nm domains, as 
evident from the magnetic force microscope displayed in Figure 5.1. 

The soft X-ray source used in our experiments produced 20 nm radiation through 
high harmonic generation with intense 35 fs, 8mJ, 800 nm laser pulses at 1 kHz 
repetition rate (Figure 5.2). To achieve an image contrast sufficient for recover¬ 
ing the parameters of the sample, an integrated X-ray energy of about 1 mj was 
used (about 10 6 shots). The resulting diffraction image displayed structure due to 
the alignment of the magnetic domains and confirms the aforementioned con¬ 
siderations: An ideal source for soft X-ray imaging should emit a pulse of about 



Figure 5.2 Schematic representation of the 
diffraction experiment on magnetic samples. 
The 800 nm laser pulses (red beam) generated 
high harmonics (purple beam). A diffraction 
image is acquired on a CCD behind the sam¬ 


ple. The image displayed on the CCD shows 
a real experimental result, with two spots of 
diffraction due to the alignment of the mag¬ 
netic domains. 


1) In collaboration with LCPMR-Paris, France, and CEA- Gif/Yvette, France. 
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100 fs duration containing about 1-10 mj of spatially coherent photons. Note that 
for holography, temporal coherence is also required. 

Currently, three classes of soft X-ray sources (2 = 4—50 nm) have the potential to 
produce the high energy per pulse required for single femtosecond shot imaging: 
free-electron lasers (FEL), plasma-based soft X-ray lasers (PBSXRL), and high har¬ 
monic generation (HHG). Among these sources, PBSXRL routinely demonstrate 
extreme pulse energies of up to 10 mj [5]. FEL and HHG sources reach several 
10 pj and a number of micro joule, respectively [6, 7], several orders of magnitude 
below the value required for single-shot nanometer resolution imaging. 

PBSXRL reach the required energy level, but only when running in the so-called 
amplification of spontaneous emission mode (ASE). This regime consists of am¬ 
plifying the stochastic self-emission of the plasma. In the absence of a system en¬ 
suring spatial mode selection (spatial filter or optical cavity), the output beam is 
highly divergent (> 10 mrad), weakly coherent and does not exhibit any commen¬ 
surable polarization. Furthermore, reduction of the pulse duration is not an easy 
process, since the pulse duration is governed by complex hydrodynamics. Today, 
the shortest ASE plasma-based soft X-ray laser emits pulses of 2ps [8]. The PB¬ 
SXRL sources are therefore not overly attractive for coherent imaging or for many 
other applications in nonlinear physics that are concurrently developed with FEL 
or HHG technology. 

Seeding plasma sources with coherent X-ray pulses may hold great promise, but 
only a number of experiments and theoretical studies have been performed on 
seeding plasma sources. The seeding and amplification of high harmonics in a 
plasma was demonstrated by Zeitoun et al. [9]. The resulting pulses from both, sol¬ 
id and gas amplifiers, were fully coherent in space and in time, showed low diver¬ 
gence, and were fully polarized. However, the output energy of the amplified pulses 
was limited to below about 1 pj with a pulse duration of about 1 ps [10-12]. Other 
studies have been performed with plasmas emitting about 1-10 pj of ASE [13]. Cur¬ 
rent short pulse PBSXRL, when forced into space and time coherence by seeding, 
therefore do not seem to compete well with other soft X-ray sources. A solution 
for keeping the optical and temporal properties of HHG during amplification in 
plasma is required to create pulses with mj or more energy. 


5.2 

Choice of Plasma-Based Soft X-Ray Amplifier 

Plasma-based soft X-ray lasers represent a diverse family. Plasma may be created 
either by electrical discharge, infrared (visible) lasers, or X-ray free-electron lasers. 

Electrical discharge soft X-ray lasers offer the potential for tabletop, high repeti¬ 
tion rate (10 Hz or more) sources, but to date, only systems for a single wavelength 
(46.9 nm) exist [14]. This is a severe limiting factor and thus we will not further 
consider electrical discharge lasers in this chapter. X-ray free-electron lasers recent¬ 
ly demonstrated their ability to pump soft X-ray lasers at several wavelengths [15]. 
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However, the output is limited at a few microjoule, far below the requirement of 
single-pulse coherent imaging discussed here. 

Soft X-ray lasers pumped by optical lasers were demonstrated with gas, liquid 
and solid targets, and with wavelengths ranging from 3 to 60 nm [16-18] and repe¬ 
tition rate up to 100 Hz [11, 19]. To determine the possibilities of this approach, we 
need to consider the plasma for each case and address whether they offer the pos¬ 
sibility to reach millijoule energy levels in pulses of 100 fs duration. Towards this 
end, this chapter will describe in-depth studies using a number of different mod¬ 
els. Some general trends can be considered thanks to rules validated in other types 
of lasers, operating in the infrared to visible and UV spectral range. Prior to con¬ 
sidering these rules, we would like to recall some basic aspects of high harmonic 
amplification processes. 

5.2.1 

Basic Aspects of High Harmonic Amplification 

The conceptual geometry for seeded plasma amplification is displayed in Fig¬ 
ure 5.3. For a homogeneous plasma amplifier of length L, the output intensity is 
given by the incoherent sum of the amplified seed and the amplified self-emission 


(ASE): 



(5.1) 


where G(v,t) is the spectrotemporal gain coefficient (“gain”) and j(v,t) is the 
emissivity (a parameter characterizing the level of self-emission). 

For laser-driven soft X-ray lasers, the self-emission is incoherent in space and of¬ 
ten results in long pulses (ps to 100s of ps). This corresponds to spurious emission. 
Multiple efforts are required to reduce self-emission to a negligible level. 

For a first-order approximation for seeded plasma amplification, we may con¬ 
sider only the first term in Eq. (5.1), meaning that the seed intensity is an order 
of magnitude higher than the plasma self-emission intensity. Currently, seeding 
experiments are all set using optics to focus the seed on the plasma entrance. In 
that case, this assumption if fulfilled. We note that increasing the plasma length 
will exponentially increase the output intensity. At some high intensity (the level 
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Figure 5.3 Schematic representation of the seeding geometry. The output beam consists of 
amplified seed and the stochastic self-emission of the plasma. 




5.2 Choice of Plasma-Based Soft X-Ray Ampliftei 


139 


depends on the lasing medium), the system will saturate. The density of energy 
stored in the medium is comparable to that of the amplified wave. The rising part 
of the pulse will be amplified, while the tail will encounter a medium with reduced 
population inversion (i.e., reduced gain). The exponential regime is called ampli¬ 
fication in the small signal regime. Taking saturation into account, the gain G is 
given by the formula: 


G(v, t ) 


G 0 (v, t) 


1 + 


KM 

fsat 


(5.2) 


where f sat is the saturation intensity corresponding to G = Go/2. 

For intensities far above the saturation intensity, the amplification is growing 
linearly with the plasma length. This is the deep saturation regime. 

By integrating both sides of Eq. (5.1) overtime, we obtain the same type of evolu¬ 
tion for the fluence (i.e., surface density of energy). Equation (5.2) might be rewrit¬ 
ten by substituting I(v, t) with F(v, t). The saturation fluence E sat is given by: 


?M V ) = k—- • 

o(v) 


(5.3) 


Here, v is the soft X-ray laser central frequency and a is the stimulated emission 
cross-section given by: 


X 1 ft 
o(v) = ^ A 2 iy— 
8 it Av 


(5.4) 


where A 2 1 is Einstein’s coefficient for the laser transition, Av is the full width 
half maximum value of the spectral width, and ft is a parameter depending on the 
spectral profile with ft = (2Vln2)/ N /it for a Gaussian profile and ft = 2/jt for a 
Lorentzian profile. 

Two avenues allow us to reach very high pulse energies. The first is by an increase 
of the plasma length. From Eq. (5.2), we observe that this solution is efficient be¬ 
fore and near saturation. When the system is deeply saturated, the output energy 
increases nearly linearly with length. A high pumping energy is therefore required. 
The second consists of increasing the plasma cross-sectional surface, so as to keep 
the system always near saturation. Amplification remains strong and thus one may 
extract more energy from the same pump energy. The second avenue is explored 
here and corresponding results are presented below. 

It is worth noting that we may also increase the saturation fluence by reducing 
the stimulated emission cross-section. The easiest solution consists of optimizing 
the plasma conditions so as to lead to significant enhancement of the lasing spec¬ 
tral width (Eq. (5.4)). This strategy is particularly interesting, since the production 
of short pulses, by using seeding techniques, requires a soft X-ray laser with a 
spectral width as large as possible. Indeed, the seed being high harmonics from 
infrared lasers have most often a duration of tens of femtoseconds, two to three 
orders of magnitude shorter than ASE soft X-ray lasers. In this particular seeding 
regime, the output pulse is always at the Fourier limit. Note that pulse broadening 
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due to the high harmonic spectral phase is assumed to be negligible. This point 
will be discussed in more details at the end of this chapter. 

The link between fluence, spectral width and pulse duration has often been ver¬ 
ified with visible or infrared lasers. Gas lasers, due to their very narrow spectral 
width, are known to have much lower saturation fluence than solid-state lasers and 
they support amplification of pulses with much longer duration than solid-state 
lasers. Therefore, our search will be mainly oriented towards the use and optimiza¬ 
tion of X-ray amplifiers created from interaction of an intense pump laser with a 
solid target. 

5.2.2 

Basic Aspects of Plasma Amplifiers 

In the following, we recount some basic knowledge on plasma amplifiers, which 
will be useful for the rest of this chapter. To date, only the so-called collisional 
scheme has demonstrated saturation. Pumping of the plasma medium occurs by 
energy transfer during collisions between the plasma free electrons and the las¬ 
ing ions. To increase the pumping rate, and thus the gain, the plasma has to be 
dense and hot. To extract a high amount of energy, the lasing ions have to be the 
predominant species inside the plasma (at least at the time of seeding the high har¬ 
monic). This implies using very stable ions, which cannot be over-ionized easily. 
Such ions must have the highest possible ionization potentials and follow closed 
shell isoelectronic sequences. Therefore the electronic structure of those ions re¬ 
sembles helium (2 bound electrons), neon (10 electrons), or particles with closed 
subshells such as nickel (28 electrons), or palladium (56 electrons). Helium-like 
ions require extreme pumping intensities and lasing has never been demonstrated 
for such ions. 

Considering the so-called collisional scheme, specialists often discriminate two 
regimes, respectively called quasi-steady-state (QSS) and transient collisional elec¬ 
tron pumping (TCE). To understand the difference between the two regimes, we 
have to consider once again the pumping process. While pumping the plasma with 
nanosecond to sub-ns lasers, the hydrodynamic time scale is around 100 ps (vari¬ 
ation in density or temperature), while the collisions between lasing ions occur 
in the 1-10 ps time range. Therefore, the ion population is always close to local 
thermodynamic equilibrium. 2 ’ In this case, population inversion cannot be strong. 
Highest gains achieved in the QSS regime are on the order of a few units per cen¬ 
timeter, requiring long plasmas of several centimeters to achieve saturation 3 ’ [20- 
23]. Also, the laser energy transferred as kinetic energy onto the free electrons is 
only partially available for pumping the ions: most energy is absorbed by ioniza¬ 
tion, plasma expansion, thermal loss by heat conduction, and radiative losses. All 
these processes are relatively slow, but due to the long pump laser duration, they 

2) Population inversion intrinsically requires that the atoms or ions are removed from their 
thermodynamic equilibrium. 

3) It is generally admitted that saturation arises for a G x 1 product of about 18 for collisional 
scheme. 
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compete strongly with ion pumping. Consequently, QSS soft X-ray lasers consume 
high amounts of pump energy. 

TCE is an interesting regime, where a long pulse of moderate energy ionizes 
the plasma at, or slightly below the lasing stage. Population inversion is not, or 
only weakly created. A second, short pulse (1-10 ps) then interacts with the pre¬ 
formed plasma. The second pulse energy is instantaneously transferred to the free 
electrons and induces very strong pumping. During a short time of about a few 
picoseconds, the ions are not over-ionized, placing the plasma very far from ther¬ 
mal equilibrium [24]. Gains in this regime can be extremely high, ranging from 
50 to 100 per centimeter of plasma medium [25-28]. Saturation is achievable for 
millimeter long plasmas [29, 30]. Due to the speed of the pumping, thermal con¬ 
duction and radiation or kinetic losses are minimized. The transient regime re¬ 
quires much lower pumping energy than QSS for reaching saturation, typically 1 J 
for TCE [25] as compared to several 100 J for QSS [20, 31, 32]. 

The most natural choice of amplifier would be the transient scheme, which can 
be constructed in a tabletop setup. However, at this stage, we did not clarify the 
capacity of either scheme to produce multi-mj pulse energies in a femtosecond 
pulse. 

In conclusion from this introductory part, we separated the pumping schemes 
in two classes, depending on the pump laser duration [33, 34]. Typically, for lasers 
longer than a few tens of picoseconds, the plasma evolved slowly and the atomic 
populations are placed in the so-called quasi-steady-state (near local thermodynam¬ 
ic equilibrium). The amplification coefficient is rather low, ranging at a few units 
per cm. For pump pulses shorter than tens of ps, the plasma is far from LTE, lead¬ 
ing to very high gain of several tens to 100s per cm of plasma. We also observed 
that for reaching our goal of 10 mj in a 100s fs soft X-ray laser, both the amplifica¬ 
tion region cross-section and the soft X-ray laser line width have to be maximized 
through hydrodynamic tailoring. 


5.3 

2D Fluid Modeling and 3D Ray Trace 

The interaction of intense lasers with a solid target is rather complex and often 
driven by hydrodynamic behavior. From now to the end of this chapter, we will 
concentrate on pump lasers with pulse durations of 1 ps or more. In that regime, 
the laser radiation is mainly absorbed by inverse Bremsstrahlung, by accelerating 
the free electrons in the field of the laser photons in the vicinity of plasma ions. At 
intensities typically used for pumping a soft X-ray laser, below 10 15 W cm -2 for 
shorter pulses and below 10 14 W cm -2 for longer pulses, we may neglect para¬ 
metric instabilities (energy transfer from the laser to plasma waves) or resonant 
absorption. 
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5.3.1 

ARWEN Code 


Our major tool for this study is the ARWEN code [35]. This code has been used in 
several fields, such as those involving inertial confinement fusion [36], laboratory 
astrophysics [36], and plasma-based seeded soft-X-ray lasers [37, 38], and thus has 
been thoroughly benchmarked. The postprocessing of ARWEN data aiming to ex¬ 
tract small-signal gain and saturation fluence is done with a simple atomic level 
model developed at the LOA/LIXAM laboratories [38, 39]. The ARWEN code is a 


2D hydrodynamic code, incorporating radiation transport, that was developed at 
the Instituto de Fusion Nuclear of the Universidad Politecnica de Madrid, Spain. 
The equations solved are those of radiation hydrodynamics with thermal conduc¬ 
tion. 
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Here, p is the density, u is the velocity vector, P m and P r are, respectively, the mat¬ 
ter and radiation pressure tensors, E m is the energy of the matter, S E is the laser 
energy source, q c and q r are, respectively, the heat flux due to conduction and ra¬ 
diation, c is the speed of light, I is the radiation intensity, Q is the solid angle, 
k and £ are, respectively, the opacity and the emissivity of the medium, k e is the 
thermal conductivity, v is the frequency of the radiation, and E r is the energy of 
the radiation field. The Navier-Stokes equations, Eqs. (5.5)—(5.7) are solved with 
an Eulerian scheme, using a high-order Godunov type method with an approxi¬ 
mate Riemann solver [40]. Flux-limited thermal electron conduction, Eq. (5.9), and 
radiation transport, Eqs. (5.8) and (5.10), are treated with multigrid [41] and Sn 
multigroup methods [42, 43], respectively. Matrix-free solvers for thermal conduc¬ 
tion are available in the new version of the code. Laser energy deposition is treated 
with a simple model, as explained later. The laser energy is treated as a source term 
for Eq. (5.9). Planar and cylindrical geometries are available. 

Equations of state necessary for calculating the plasma evolution are obtained 
from the QEOS code [44]. The equation of state and the multipliers are adjusted 
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to fit experimental data such as the Hugoniot curves. Opacities are computed with 
the JIMENA code [45], also developed at the Instituto de Fusion Nuclear. 

The ARWEN code and all its packages are based on the adaptive mesh refine¬ 
ment (AMR) technique [46, 47]. In plasma hydrodynamic simulations, it is com¬ 
mon to have small zones where high resolution is needed to describe shock waves 
or high-energy zones, whereas the majority of the computational domain is well re¬ 
solved with coarser grids. The AMR technique creates patches of finer grids where 
they are needed, producing a uniform numerical error and saving computation¬ 
al time. The structure of levels and grids is created and controlled by the C++ li¬ 
brary BoxLib [CCSE]. The output of the code is in read-write memory (rwm) and 
also a standard Hierarchical Data Format (HDF) format to facilitate postprocessing 
with other codes. We postprocess using an atomic model as described below; oth¬ 
er codes, such as SHADOX [48], exist to model the injection and amplification of 
radiation in the plasma. 

5.3.2 

Model to Obtain 2D Maps of Atomic Data 

The hydrodynamic parameters obtained from ARWEN were postprocessed [38, 49] 
to obtain 2D maps of atomic data in the small-signal gain regime, and to determine 
the saturation fluence. This postprocessing was done with a simple three-level 
atomic model that computed the gain and saturation fluence on the 2p 5 i/ 2 3si / /2, 

J = 1 —+ 2p^ 2 3pi/2, J = 0 neon-like Fe 16 “*“ transition, occurring at X = 25.5 nm 
(see Figure 5.4). This calculation slightly overestimated the gain [50]. 

In our model, we postulate that the lower level ls 2 2s 2 2p 6 is much more popu¬ 
lated than the other two levels. There is a forbidden transition between the low¬ 
er level and an upper lasing level ls 2 2s 2 2p 5 3pi/ 2 (J = 0). The lower lasing level 
ls 2 2s 2 2p 5 3si/ 2 (J = 1) depopulates quickly toward the fundamental level, creat¬ 
ing a population inversion between the two lasing levels by collisional excitation, 
as shown by Witten et al. [52]. This phenomenon was confirmed later by Gold¬ 
stein et al. [53], demonstrating that collisional excitation is the dominant process 


E (a 788eV 
2pf /2 3pi/ 2 (J = o) 



Figure 5.4 Simplified Grotrian scheme and transitions obtained from [51] for Ne-like Fe. 
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for populating the laser levels at the high temperatures that typically exist in these 
plasmas [25]. The objective of the model is to compute the small-signal gain coeffi¬ 
cient go (v = v 0 ) and the saturation fluence F sat (v = v 0 ) at the lasing line central 
frequency v 0 . For simplicity of notation, we will later use g 0 (0) and F sat (0), with 


g0 (v = v 0 ) = 
F si t(v = v 0 ) = 


N 2 - — N \) a st im(v = v 0 ) 
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In these formulas, N; and y; are the population and degeneracy of the ith level 
of the transition and r7 stim is the stimulated emission cross-section, respectively. 
These last four values are computed at the line center. The populations of the levels 
are computed by solving the stationary rate equations of our three-level model, 
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where C;j are the collisional excitation rates between levels i and j, Aij are the 
spontaneous emission and absorption coefficients, IV; are the populations of the 
corresponding levels i, and n e is the electron density. The plus or minus sign is 
included in the coefficients, describing the effect of the transition (populating or 
depopulating level i). The upper (numbered 2) and lower (numbered 1) lasing lev¬ 
els are 2p^ 2 3pi/2 J = 0 and 2p^ 2 3si/2/ = 1, respectively. The fundamental level 
(numbered 0) is 2p 6 J = 0. The mechanisms taken into account in our model are 
collisional excitation between the fundamental and the two lasing levels (0 —>■ 2, 
0 —> 1), collisional deexcitation, and radiative transitions (2 —> 1,1 —>■ 0). Elec¬ 
tron collisional rates are Van Regemorter’s rates [54], which depend on the electron 
temperature, computed as explained above, and electron density, also given by our 
code. The rates are calculated assuming that the electrons have a Maxwellian dis¬ 
tribution of velocities, 


Cn ^ 1.6 x 10 -5 — _ e-Afrj/fcr. (5.1.7) 

AEij.y/k% 

Cji = — Cije- AEi il kT ' , (5.18) 

Yj 

where fij is the oscillator strength, (g) is the Gaunt factor (assumed to be (g) = 
0.2), A Eij is the difference of energy between levels i and j, k is Boltzmann’s con¬ 
stant, and T e is the electron temperature. The stimulated emission cross-section is 
computed as follows: 

A 2 

cr sam (t ') = <P(v) — A 21 , (5.19) 


where A 21 is Einstein’s coefficient of the 2 —»• 1 transition and <t> (v) is the spectral 
line profile. We assume only a Doppler profile. Neglecting collisional broadening 
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reduces the profile width, artificially augmenting the gain and underestimating the 
saturation fluence [55], as shown by Koch and co-workers [56]. The Doppler effect 
is the principal mechanism of line broadening. In addition to this, we computed 
the value of the gain at the center of the line profile. Then, the peak Doppler value 
is 



(5.20) 


where m is the atomic mass of the lasing ions, fc is Boltzmann’s constant, and T, 
is the ion temperature. These simulations of transient collisional excitation pump¬ 
ing, using a combination of a long nanosecond pulse and a short picosecond pulse, 
were performed with a single-temperature hydrodynamic version of the ARWEN 
code. During the interaction of the long pulse with the plasma, both electron and 
ion fluids have enough time to thermalize through collisions. This assumption has 
been validated in several experiments and in the modeling of plasmas heated with 
nanosecond pulses [53, 57, 58]. However, the peak gain appears only after inter¬ 
action with the picosecond pulse, when the electron temperature has been dra¬ 
matically increased, while the ion temperature still remained nearly unchanged. 
Consequently, we calculated the gain at the instant of the peak value using the ion 
temperature before the interaction with the short pulse and the electron tempera¬ 
ture as the value given by ARWEN at the moment of the pulse interaction. 

Although ARWEN has been thoroughly benchmarked previously, we decided to 
check it again for soft X-ray laser conditions, accounting for our target geometry, 
the relevant pump lasers and so on. For this purpose, we used the only carefully 
detailed seeding experiment with a solid amplifier performed so far. We use the 
data from the seeded experiment, as opposed to the results from the multiple oth¬ 
er experiments performed over more than 30 years, because we need to obtain 
a good experimental estimate of the gain, the saturation fluence and the output 
energy. Using ASE soft X-ray lasers, the duration of the soft X-ray pulse is given 
mainly by the plasma hydrodynamics. As long as the pumping conditions are right 
(high electron density and temperature, and the appropriate level of ionization) the 
plasma will amplify the spontaneous emission. ARWEN and our gain calculation 
postprocessor do not yet take into account the possibility to amplify several inde¬ 
pendent waves. Direct comparison with ASE soft X-ray lasers may therefore induce 
mistakes by orders of magnitude. However, using an ultrafast seed, the soft X-ray 
laser is, based on the zero-order approximation, emitting only one wave. We will 
see later (Section 5.4) that this assumption has to be slightly reconsidered for very 
intense seed pulses. 

Figure 5.5 shows the plasma electron density and gain modeled by ARWEN, us¬ 
ing the parameters of the experiment reported by Wang et al. [13]. The gain reached 
a maximum value of 61 per cm, to be compared with 60 per cm measured by Wang 
et al. The surface of the gain zone is rather small (cf. [38, 49]), due to a very strong 
plasma expansion along the target surface. This flow induces a fast drop of density 
and temperature, and thereby a reduction of the collisional pumping. We notice 
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Figure 5.5 Electron density and gain maps in false colors for a plasma as described by Wang 
eta/. [13]. 


that the plasma extension along the target surface is more than twice the focal line 
width. 

We also calculate the saturation fluence that allows us to estimate the output en¬ 
ergy. The value of the saturation fluence of 1.3 mj/cm 2 is in good agreement with 
the experiment (1.8 mj/cm 2 ). The only assumption we have to introduce at this 
step of benchmarking is the level of saturation achieved during the experiment. 
We assumed that Wang et al. reached about 10 times the saturation energy, leading 
to an assumed energy of about 60 nj, as compared to 75 nj measured during the 
experiment. In conclusion, our model agrees well with the different key data mea¬ 
sured by Wang et al. The very strong lateral plasma flow in our model seems to be 
highly detrimental for generating a large gain zone and thus a high output energy. 

We thus conducted a study aiming to reduce the plasma flow by increasing the 
lateral width of the IR laser focal line. We changed the focal line width from 20 pm, 
narrower than in the experiment of Wang et al., to values up to 2 mm. Figure 5.6 
shows the modeled plasma electron density and gain. Due to plasma flow, the plas¬ 
ma width for a narrow focal line (up to 50 pm) is twice as large as the width of the 
focal line. For large focal lines, the plasma width is only a few percent larger than 
the focal line. This reduction of the lateral plasma flow induces an enhancement 
(by a factor of 6) of the gain zone along the horizontal direction. Also, the gain 
rises from 13 per cm for a 20 pm focal spot to 130 per cm for a line focus wider 
than 100 pm. Such favorable properties stem from an enhancement of both, the 
electron density and temperature. Finally, we observed only weak changes in the 
saturation fluence in the range from 2.2 to 2.6 mj/cm 2 . 
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Figure 5.6 Electron density and gain maps, in false colors, for plasmas created with focal widths 
varying from 20 pm to 2 mm. 

These results raise an important issue. Assuming that it is possible to seed every 
plasma at the same fluence, the length to achieve gain saturation is much short¬ 
er for large plasmas thanks to the enhanced gain. Consequently, the enlargement 
of the line width does not require an increase of pump energy. Furthermore, the 
enhancement of the gain surface by orders of magnitude allows to extract much 
more energy for large than narrow plasmas. Considering the issue of pump ener¬ 
gy, we estimated the pumping efficiency, that is, the output energy/pump energy, 
for the different plasmas (Table 5.1). The table clearly shows the change in plas¬ 
ma hydrodynamics. For plasmas narrower than 30 pm, the pumping efficiency is 
rather low (up to 80 nJ/J), but increases quickly with the plasma width up to 1.1 pJ/J 
for 100 pm width, and saturates at values around 1.7 pJ/J for larger plasmas. 

Considering that deeply saturated soft X-ray lasers are running typically at 10 
times the saturation energy [13], we estimated the output energy at about 22 pj for 
1 mm wide focal width. Although this result represents a breakthrough as com¬ 
pared to existing soft X-ray lasers (output <1 pj), it is still far from our goal to 
reach several mj. We thus model larger plasmas up to 2 mm width. The result is 
displayed in Figure 5.7. Again, the plasma is very homogeneous, with nearly no 
lateral expansion and a very large gain zone. At first glance, it seems an interesting 
solution to increase the focal width as much as possible for reaching mj soft X-ray 
laser pulses (i.e., the pump laser energy should be high enough to keep the pump 
intensity at its nominal level). However, the plasma vertical extension will generate 
a spurious effect already observed on Ti:Sa lasers: transverse lasing. 
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Figure 5.7 Plasmas wide enough (2 mm in this case) will saturate and develop transverse las¬ 
ing. 

With a gain of about 130 per cm and a transverse amplification length of Ay = 
2 mm, the gain-length product can be as high as 26. However, it is commonly ob¬ 
served that soft X-ray lasers saturate at a gain-length product of about 18. Thus, 
self-emission emitted from one side of the plasma will be amplified along the Y 
direction and can extract most of the energy stored near the other side. Consider¬ 
ing 18 as the saturation gain-length, the transverse lasing will be problematic for 
plasmas larger than 1.4 mm. 

One possible solution consists of reducing the pumping intensity, so as to de¬ 
crease the gain. A reduction by 50% of the pump energy in the short pulse halves 
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Table 5.1 Width of the plasma, energy of the plasma-inducing nanosecond laser (E ns ), length 
of the gain zone (E y ), gain, saturation fluence (F sat ), saturation energy (E sat ), available energy in 
the population inversion (E avai |), output energy (E out ), pumping efficiency (Eff). 


Width 

(Hm) 

£ ns 

in 

(1) 

F. ps 

in 

(1) 

h 

(mm) 

Cain 

(cm- 1 ) 

F sat 

(mj/cm 2 ) 

^sat 

(Mi) 

^avail 

(mJ) 

^out 

(Hi) 

Eff 

(Hi/)) 

20 

0.75 

1.75 

13 

13 

2.2 

1 x 10- 3 

0.017 

0.01 

4 X 10 -3 

30 

0.24 

0.56 

6 

60 

2.3 

6 x 10~ 3 

0.25 

0.06 

8 X 10“ 2 

50 

0.3 

0.7 

11 

80 

2.4 

6 x 10“ 2 

6 

0.6 

0.6 

75 

0.33 

0.77 

13 

110 

2.5 

0.11 

16 

1.1 

1.0 

100 

039 

0.91 

12 

124 

2.5 

0.15 

22 

1.5 

1.1 

150 

0.57 

1.33 

16 

126 

2.6 

0.31 

65 

3.1 

1.6 

200 

0.78 

1.82 

17 

126 

2.6 

0.46 

97 

4.6 

1.8 

1000 

4.0 

9.2 

16 

126 

2.6 

2.2 

447 

22 

1.7 


the gain. In that case, the 2 mm large plasma does not generate too strong trans¬ 
verse lasing. With this condition, we estimate the total output energy to be around 
44 pj. 

In conclusion, we numerically studied the hydrodynamic behavior of plasmas 
created by the so-called transient collisional electron pumping scheme. We clarified 
the reason for anomalously low energies achieved by seeding plasma created from a 
solid [13] as compared to a gas amplifier [9]. Based on these findings, we explore the 
path towards amplifiers able to generate millijoule level seeded soft X-ray lasers. It 
appears that with a saturation fluence of about 2 mj/cm 2 and an amplifier surface 
of about 8 x 10 -4 cm -2 , the output energy remains far below our goal of 10 mj. 


5.4 

The Bloch-Maxwell Treatment 

The hydrodynamic simulations presented in the previous section give valuable in¬ 
formation about the temporal evolution of the plasma and several parameters of 
interest, such as the electron density and temperature. As explained, the gain and 
saturation fluence are directly related with these parameters and can be computed 
from these simulations. Nevertheless, the energy that can be extracted can only be 
roughly guessed from the saturation fluence [38, 49]. Furthermore, there is no in¬ 
formation on the spatial and temporal profile of the output XUV beam, nor about 
the coupling between the XUV radiation and the plasma (i.e., refraction and satu¬ 
ration). 

It is therefore necessary to model the amplification of the XUV radiation along 
the plasma amplifier. Due to the different time scales involved in the process, from 
tens of femtoseconds (HHG pulse duration), to picoseconds (plasma response), a 
full time-dependent model is needed. The propagation of the electric field through- 
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out the plasma is deduced from the Maxwell wave equation particularized in plas¬ 
ma, 


1 d 2 E 

c at 2 


= ^ P ’ 


(5.21) 


where <w p is the plasma frequency. For the sake of simplicity, a one-dimensional 
model will be used, neglecting the transverse Laplacian and retaining the spatial 
derivatives on the z coordinate only. With this simplification, we lose the capaci¬ 
ty of studying refraction and diffraction effects, but the solving of the equations 
is significantly simplified. Assuming the XUV field is monochromatic, the z com¬ 
ponent of the electric field can be written as E z = 9t[£ef — u»ot+>M] ; w h ere ^ 
is the frequency of the electric field and fc its wave number. E is a slowly varying 
function of space and time (the so-called envelope function). Polarization can be 
expressed in a similar way. Introducing these functions in the wave equation and 
neglecting second-order derivatives of the electric field envelope function and first- 
order derivatives of the polarization envelope function (the so-called slowly varying 
envelope approximation) we obtain a first-order advection equation for the electric 
field: 


2 ia> 0 




(5.22) 


The numerical solution of this equation is simplified in the reference frame of 
the photon, using the reduced time r = t — z/c and the coordinate change £ = 
cr. With all these approximations, the second-order partial derivative equation is 
reduced to a first-order ordinary derivative equation, solvable by standard Runge- 
Kutta methods: 


dE 


iojo 
2c 




(5.23) 


This equation describes the electric field propagation through the plasma, ampli¬ 
fication by the polarization density, and damping by the free-electron current. As 
usual, a constitutive relation for the polarization is needed. The polarization densi¬ 
ty is given by P = Tr(pd), where is the density operator and d is the atomic electric 
dipole. The temporal variation of the matrix elements of the density operator is 
given by the Bloch equation, particularized in the dipole approximation, 

ifl Ji = [H ’ p ]’ (5 ' 24) 

H = H a — d ■ E , (5.25) 


where H A is the atomic Hamiltonian in absence of the electric field. 

Neglecting the second-order (Zeeman) coherences [59] and assuming the light is 
linearly polarized, the nondiagonal matrix-element follows the equation: 

iE 

— —yp2l + ~l~Z2l(N2 ~ Ni) ■ 
tl 


ap2i 

dr 


(5.26) 
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In this equation y is the depolarization rate due to collisions and Ni, N 2 are the 
populations of the upper and lower levels of the transition (diagonal terms), re¬ 
spectively. The equation for the polarization density is obtained by multiplying the 
former equation by the dipole matrix element. A stochastic source term F [60] is 
added to account for spontaneous emission. This term is properly normalized to 
obtain the correct Lorentzian line profile of the soft X-ray field [61]: 

d P iz 21 

= r-yP--^E(N 2 -N 1 ). (5.27) 

or n 

Finally, the populations are computed using standard rate equations coupled with 
the electric field: 

dN 2 1 

W = Y.CnM l + 3(E.r) ( 5 . 28 ) 

k 

= N l+ 3(*.P)i. ,5.29) 

k 

The populations of the levels are coupled via electron collisional (de)excitation rates 
Cij and radiative deexcitation rates (included in the C;y coefficients). This set of 
equations is known as the Maxwell-Bloch equations and allows to study several 
processes required to understand the amplification of soft X-ray radiation in a plas¬ 
ma, such as Rabi oscillations or amplification of a noisy signal (ASE) mixed with a 
nonrandom signal (seed HHG). 

With this model, the spatio-temporal evolution of the HHG seed throughout the 
plasma can be studied. As a benchmark of the code, the experiment performed 
by Wang et al. [13] is modeled. The model is based on a plasma created by a laser 
focused on a 4 mm x 30 [im focal line, creating a gain cross-sectional area of about 
4 x 10“ 6 cm 2 , as given by our hydrodynamic code (Section 5.2). The seed pulse is 
20 fs FWHM with 50 pj of energy. As this seed is much more intense than the ASE, 
the plasma is immediately polarized coherently. 

This long-lasting polarization (Figure 5.8) generates and amplifies a wake fol¬ 
lowing the HHG pulse. The duration of the wake, defined as the time interval 
containing half the total energy of the beam, increases in the first millimeters of 
the amplifier. For longer distances, the interaction between the electric field and 
the atomic populations starts developing Rabi oscillations, saturating the gain, and 
reducing the duration of the wake. At 4 mm, the typical structure of the beam is 
fully developed: a barely amplified HHG pulse and a wake presenting Rabi oscilla¬ 
tions and polarization decay [62-64]. After 4mm, ASE starts to become important. 
The total energy contained in the beam is 100 nj after 4 mm (in good agreement 
with experiments, as refraction effects are not taken into account). This energy is 
completely contained in the wake, whereas the seeded HHG pulse (140 pj) is mixed 
with the ASE, which starts to develop (50pj). 

A detailed study of how the plasma is polarized by the HHG pulse will be useful 
to understand the dynamics of the system. An exact solution of the polarization 
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Figure 5.8 Temporal profile of the intensity 
of a 20 fs, 50 pj seeded HHC beam at differ¬ 
ent locations along the plasma amplifier with 
N e = 1.2 X 10 20 cm -3 and T e = 550eV.The 


colors represent the ASE (green), HHG (red) 
and wake (blue). The inset shows the tempo¬ 
ral profile of the intensity when the seeding 
equals 15 nj. 


equation at the entrance of the plasma (z = 0) can be found assuming the popu¬ 
lations are constant during the action of the electric field (which is a good approx¬ 
imation since the duration of the HHG is 20 fs and the populations evolve much 
slower). This solution can be factorized in three terms P = Po • Pi • P 2 , which for 
an electric field with a Gaussian distribution of standard deviation (related to the 
FWHM duration of the HHG pulse) can be written as, 

• 2 

Pg = £ 0 (N 2 - Ni)e yV / 2 (xV2^ (5.30) 

n 

00 

Pi = - l — [ e-O-w-yrr 2 ) 2 /^ 2 )^ (5. 31 ) 

aV2jr J 

—00 


e y <‘ tcent > t > t cent 
1 otherwise 


(5.32) 


where t cent is the time of the maximum seed intensity and Eg is the electric field at 
that time. 

Both terms Pj and P 2 are normalized to unity (i.e., their maximum value is one) 
and the numerical value of the polarization is given by Pg. Polarization is created 
by the electric field and thus the rising time is given by Pi, whereas the decay time, 
due to collisions, is given by P 2 . This rising time has the same characteristic time as 
the seed and follows the electric field with a delay depending on the integral of the 
electric field (Pi). On the other hand, the depolarization characteristic time depends 
only on the plasma properties. In the studied case of a 20 fs HHG seeded in a 
plasma with N e = 1.2 x 10 20 cm -3 and T e = 550 eV, the two characteristic times 
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Figure 5.9 Electric field (black) and computed polarization (red) at z = 0 mm of a 50 p), 20fs 
HHG seeded in a plasma with N e = 1.2 X 10 20 cm -3 and T e = 550eV. The full model (a) and 
a zoom on the early instants of seeding (b) are shown. 


are cr = 9fs and y -1 = 500 fs. The depolarization time is an order of magnitude 
greater than the rising time. 

This difference of scale explains the fact that only the wake and not the HHG 
is strongly amplified. As shown in Figure 5.9, the seed electric field induces the 
polarization but due to the intrinsic delay, the HHG is barely amplified, as the 
polarization is still small during their presence. The maximum of the polarization 
is achieved when the electric field reaches zero and then decays slowly, developing 
the long-lasting picosecond wake. 

Thus, in order to obtain a short and intense pulse, it is necessary to enhance 
the matching between the electric field and the polarization. This may be achieved 
by increasing the rise time and by shortening the duration of the pulse, thereby 
reducing the polarization decay time. Seeding with longer HHG pulses increases 
the rising time and, in addition to this, augments the polarization value as shown 
in Eq. (5.31). The polarization decay time can be shortened by increasing the elec¬ 
tron density, and thus increasing the collisions that depolarize the medium. As 
explained, wider plasmas present a denser gain zone, hence, seeding long HHG 
pulses (hundreds offs) in these wide, dense plasmas is optimal. With this consid¬ 
eration in mind, a 100 pm x 4 mm plasma, seeded with a 1.5 nj, 200 fs HHG pulse 
is studied. The gain cross-sectional area is now 6 x 10“ 5 cm -2 and the electron 
density and temperature are N e = 2.2 x 10 20 cm -3 and T e = 531 eV. As expect¬ 
ed, the electric field matches much better the induced polarization (Figure 5.10a) 
and the decay time is shorter. The amplification dynamics are completely differ¬ 
ent now. The HHG seed is directly coupled with the polarization from the begin¬ 
ning of the plasma, forcing the amplification of the HHG pulse itself, as shown in 
Figure 5.10b. A shorter wake is still observed and Rabi oscillations are developed 
between 3 and 4 mm. Due to the higher cross-sectional area, ASE already appears 
before the HHG pulse at 4mm. The amplified beam exhibits best properties be¬ 
tween 2 and 3 mm, with a pulse duration of about 240 fs and an energy of about 
1 pj (of a total of 1.5 pj). 

Seeding at higher energies allows the HHG to saturate the plasma earlier and 
inhibits the wake. As an example, a 15 nj, 200 fs HHG seeded in the former plasma 
has an energy of 1.5 pj (of a total of 1.7 pj) in a 2.5 mm long plasma. The duration 
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Figure 5.10 Electric field (black) and comput- ors represent the ASE (green), HHG (red) and 

ed polarization (red) at z = 0 mm of a 1.5 nj, wake (blue). In both cases the electron density 

200fs HHG (a).Temporal profile of the inten- and temperature are N e = 2.2 X 10 20 cm —3 
sityofthe same seeded HHG beam at differ- and T e = 531 eV. 
ent parts of the plasma amplifier (b). The col- 

of the beam is 140 fs, as the saturation shortens the HHG and the pulse consists 
only of the HHG itself, with ASE and wake being negligible [65]. 

In conclusion, seeding wider plasmas not only allows to extract more energy, as 
explained in previous sections, but enhances the matching between electric field 
and plasma polarization, increases the energy, and reduces the duration of the 
output pulse. The next logical step towards obtaining tens of microjoules would 
be to study seeding wider (1 mm) plasmas [38, 49]. Nevertheless, the seeding of 
these bigger plasmas raises new problems, as the strong ASE signal is now strong 
enough to compete with the HHG signal. As the origin of ASE is the amplification 
of stochastic noise, the resulting beam will lack spatial coherence. In order to over¬ 
come the ASE and to favor the amplification of the seed, a careful modeling of the 
amplification process is needed. 

As Kim et al. discussed [64], adjusting the injection time may help the coherent 
seed to dominate the output beam. As an example, we show the output beam of 
a 4 x 1 mm 2 plasma seeded with a 100 nj, 200 fs HHG in Figure 5.11. It is clearly 
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Figure 5.11 Output beam of a 4 x 1 mm 2 
plasma seeded with a 100 nj, 200fs HHG. The 
beam exhibits the classical temporal struc¬ 
ture of an intense HHG pulse, Rabi oscilla¬ 



tions, and coherent decay (wake), surrounded 
by ASE. The seeding time is 2 ps before the 
maximum value of gain (a) and 1 ps after the 
maximum value (b). 
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Figure 5.12 Output beam of a 2 mm (length) 
X 1 mm (width) plasma seeded with a 100 nj, 
200 fs HHG pulse (a). Output beam of a 
4 mm (length) X 1 mm (width) plasma seeded 



with a 2.2 pj, 200fs HHG pulse (b). The seed 
is depicted in blue, the HHG pulse in red, and 
the wake and ASE in green. 


seen that adjusting the seeding time has a strong impact on the output beam tem¬ 
poral profile. When seeding occurs early (Figure 5.11a), the structure composed of 
HHG and wake (from 5 to 8ps) is completely developed and clearly differentiated 
from the ASE, which appears before the HHG and after the wake (after 9ps). On 
the other hand, when seeding occurs later, the ASE is strong enough to mask this 
structure and only the intense spike is observed. Nevertheless, from Figure 5.11b 
and 5.11a, it is clear that optimizing the seeding time is not sufficient to destroy 
the ASE signal nor the wake. The output pulse always has complicated temporal 
structures, preventing the extraction of single short and intense pulses (100 fs or 
less). 

There are several strategies to get rid of the wake and ASE obtaining a short, 
energetic, single pulse. First of all, it is clear that seeding earlier is better than later 
as explained in [64]. As the ASE and wake need some millimeters of plasma to de¬ 
velop, shortening the plasma shall inhibit these structures at the cost of decreasing 
the output power. Another strategy consists of seeding at higher intensities. In this 
case, the HHG will saturate the plasma, destroying the population inversion and 
thus preventing the development of the ASE and wake. In Figure 5.12 the output 
pulse obtained with both strategies is shown. 

It is clear that, although the output pulse is improved with each of these strate¬ 
gies, none of the beams is optimal for applications. When the length of the plasma 
is reduced (Figure 5.12a), the wake is still developed and reducing the length of the 
plasma further would be impractical, as the HHG pulse would not be amplified 
sufficiently. Seeding at higher energies (Figure 5.12b), as expected, saturates the 
amplifier and prevents the wake and ASE to appear after the HHG pulse. Never¬ 
theless, as the gain duration on this kind of plasma has a duration of several pi¬ 
coseconds, the population inversion is recovered some picoseconds after the HHG 
and the wake and ASE appear later in the beam. 

As these two strategies work relatively well, but are not enough to obtain an opti¬ 
mized beam, it is logical to try combining both and seed a short (less than 2 mm), 
wide (1 mm) plasma with an intense (greater than 1 pj, 200 fs), structure-free HHG 
beam. The combination of these techniques should combine all advantages, while 
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Figure 5.13 Artistic view of a multistage amplification chain working in the soft X-ray range. The 
seed is HHG source. 


the drawback of losing amplification power by shortening the plasma is overcome 
by seeding at higher energy. 

Nowadays, common HHG sources provide tens ofnj, which is clearly insuffi¬ 
cient to directly seed these plasmas. Plasma-based soft X-ray lasers easily achieve 
this energy, but the resulting beam is not coherent. The optimal source to seed 
these wide plasmas would be another plasma, narrower (100 pm), directly seeded 
with HHG pulses (Figure 5.13). This preamplifier stage must augment the ener¬ 
gy of the seed from several tens of nanojoules to 1-2 pj, while maintaining the 
duration of the pulse (~150fs). In addition to this, the output beam of the pream¬ 
plifier must present a structure free of ASE or wake, as these undesirable features 
would be strongly amplified in the 1 mm plasma of the main amplifier. The pulse 
described earlier in this section is ideal in terms of energy, duration and temporal 
structure to seed wide, dense plasmas. 

As shown in Figure 5.14, the 50 nj, 200 fs beam is amplified in a 2.5 mmx 
100 pm preamplifier. As this plasma is short and the seed is intense enough, the 
beam does not develop the wake and the ASE cannot appear. Saturation effects 
reduce the duration of the pulse to 130 fs. This 1.6 pj, 130 fs pulse is seeding the 
main amplifier and, as explained, the intense beam saturates the medium and 
the wake cannot appear. In addition to this, as the medium is short, ASE will not 
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Figure 5.14 Seed beam (50 nj, 200 fs, blue) and amplified beam (1.6 pj, 130fs, red) for a 
2.5 mm X 100 pm preamplifier plasma (a). This beam is seeded in the 1.5 mm X 1 mm main 
amplifier (b). The resulting beam has an energy of 15 pj in a 120fs pulse (red). 

be developed and the coherent seeded beam will completely dominate the 15 pj, 
120 fs beam. 

In conclusion, tens of microjoules in ~120fs, coherent pulses can be routinely 
obtained seeding short, wide plasmas (1.5 mm x 1mm). Nevertheless, these op¬ 
timal output beams need a carefully optimized seed, strong enough to overcome 
ASE and prevent the wake to appear. In addition to this, the temporal structure 
of the seed must not present deleterious structures (ASE or wake), as they will be 
strongly amplified and thus increase the duration of the pulse. 

The optimal source to seed these plasmas would be another narrow plasma 
(2.5 mm x 100 pm), directly seeded with HHG pulses. This preamplifier must be 
seeded with a HHG source whose duration matches the characteristic depolariza¬ 
tion time of the plasma (i.e., the inverse of the electron-ion collision frequency). 
In this case, the output beam of the preamplifier will be optimal to seed a main 
amplifier, obtaining a fully coherent, 15 pj, 120 fs beam. 


5.5 

Stretched Seed Amplification 

In Sections 5.3 and 5.4 we used two independent approaches for calculating 
the maximum output energy achievable with realistic parameters for transient¬ 
ly pumped seeded soft X-ray lasers. In both cases, we concluded that enlarging 
the plasma width is the only solution for increasing the output energy. For plas¬ 
mas as large as 1 mm, the maximum output energy will be in the 10-20 pj range. 
Our modeling shows that 2 mm plasmas may deliver about 40 pj, but with con¬ 
siderable complexity of managing the transverse lasing. Although experimental 
demonstration of such an energetic ultrashort pulse (120 fs duration) will be a 
remarkable breakthrough, the energy remains far below the required level of 1 to 
10 mj for single-shot imaging of complex nanoobjects. Another class of amplifier 
has to be considered, namely QSS. This motivates us to study the very first seeding 
experiment achieved by Ditmire and collaborators [66]. These QSS X-ray lasers 
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demonstrate the highest number of photons per pulse, up to 10 15 , corresponding 
to an energy of 10 mj [32]. This compares favorably with existing soft X-ray FELs 
that emit a maximum of 10 13 photons per pulse [6, 67]. 

Modeling a seeding experiment for this kind of amplifier remains a tricky is¬ 
sue. The relevant time scales range from a few femtoseconds for the seed electric 
field to picoseconds for the atomic processes and hundreds of picoseconds or even 
nanoseconds for the plasma hydrodynamics. Also, description of the ASE has to 
be particularly accurate, since Ditmire and collaborators observed that the ASE was 
orders of magnitude stronger than the amplified seed. A clear understanding of the 
Ditmire experiment [66] is required to achieve our goal for generating an ASE-free, 
100 fs, 10 mj soft X-ray pulse. First, we tested our Maxwell-Bloch code to model this 
experiment. Our code, DeepOne, can give precise insight in the process of seeding 
QSS plasmas with the hope to clarify the path for moving from AS E-dominant to 
ASE-free, seeded soft X-ray lasers. 

All seeding experiments apart from that described by Ditmire [66] exhibit ASE 
at negligible levels. From our extensive modeling of the TCS scheme (Section 5.4), 
we observed that ASE starts to have a nonnegligible contribution for large plasmas, 
about 1 mm wide. Even for such plasmas, ASE is not dominant. In the Ditmire 
experiment, the focal width for generating the plasma was about 200 pm wide and 
we would expect to observe some ASE, but not the measured ASE with a 1000-fold 
stronger energy as compared to the amplified seed. Also, considering the time- 
resolved signal (Figure 5.15a) it is striking to observe that ASE remains at a very 
strong level of intensity after amplification of the seed. Considering a classical laser, 
one would expect to have ASE prior to amplification of the seed. Later, due to gain 
saturation by the seed, ASE should drop to very low levels (Figure 5.15b). Such 
behavior has been observed in all our previous modeling, independent of the plas¬ 
ma size (Section 5.4). We must understand the peculiar behavior of seeded QSS 
plasmas, where the cumulated emission contains strong ASE, to move towards mj 
energy amplified HHG pulses. 

The most obvious issue to be investigated is the seeding intensity. In the mod¬ 
eling of transient pumping, we observed the crucial role of seeding intensity to 
extract energy from the plasma. In the Ditmire experiment [66], the seeding inten¬ 
sity was rather low (low energy, low geometrical coupling between the seed and 
the gain region, long pulse duration), with the drawback that saturation was prob¬ 
ably not reached. We modeled the experiment exactly, as well as another case with 
a seed intensity 1000 times higher (higher energy, 100% coupling, shorter pulse 
duration). The results are displayed in Figure 5.16a,b. 

The model in Figure 5.16a agrees well with the experiment: (1) ASE develops 
strongly before, but also after the propagation of the seed; (2) the stochastic char¬ 
acter of the ASE is clearly visible by the presence of many spikes with variable 
intensities; (3) the low resolution of the streak camera increases significantly both 
the ASE spikes and seed duration; (4) the seeded XRL reaches an energy of about 
11 pj and the ASE reaches 5 mj. 

Increasing the seed intensity by a factor of 1000 (Figure 5.16b) changes the ratio 
between ASE and amplified seed intensities, indicating that the gain in Ditmire’s 
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Figure 5.15 Experimental intensity of the seeded HHG and ASE for Ditmire’s experiment (a) 
and expected result if the amplifier had a classical behavior (b) (the seed saturates completely 
the amplifier). 
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Figure 5.16 Modeling of Ditmire's experiment (a) and a comparable experiment with high 
intensity seed (b). In the latter case, the result is averaged over time, suppressing the spikes 
characteristic of ASE. 

experiment was not deeply saturated. However, the seed output energy increases 
by less than a factor of 2, to 20 pj, while the ASE energy remains at 5 mj. The latter 
seems to contradict the previous conclusion that Ditmire’s experiment was not 
running in deep saturation. To clarify this issue, we study the temporal evolution 
of the gain at two locations along the plasma column, corresponding to different 
levels of amplification (Figure 5.17). At a location z = 4 mm (Figure 5.17a), we 
observe a strong amplification of the seed (900-fold), characteristic of unsaturated, 
exponential gain. ASE is not visible, although present at very low intensity. We may 
observe that the seed pulse induces a very sharp and strong drop of the gain down 
to nearly 0 per cm, but only for a very short time. For the remaining time, the gain 
remains unperturbed by the seed. This observation shows that a very intense seed 
pulse is not sufficient for extracting the energy stored in the plasma. 
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(a) ® Duration (ps) 



Figure 5.17 Gain (blue) and intensity (seed) for Ditmire’s experiment at 4 mm (a) and 5 mm 
(b). Note that the intensity scales are different. 


E 

U 

§ 


£» 

c 

a 


(a) 



20 

| 

C 

TO 

0 


3.5 


E 

o 

£ 


(b) 


: A 

:!! 
/ 

fh 


• 

/ 




Duration (ps) 


20 


50 


Figure 5.18 Gain (blue) and intensity (red) for Ditmire’s experiment at 4 mm (a) and 6 mm (b) 
zoomed on time. Note that the vertical intensity scales are different. 


Considering the time evolution of the gain for position 2 = 5 mm along the 
plasma column (Figure 5.17b), we observe a weak amplification of the seed (less 
than a factor of 2 gain, as compared to the location z = 4 mm). This is character¬ 
istic of deep saturation. We also observe the rise of ASE before and after the seed. 
At this position, ASE is strong enough to reduce the gain and is reaching satura¬ 
tion for the strongest spikes. Here, we observe the cause for strong ASE after seed 
amplification. 

The presence of unperturbed gain after the saturated seed was not expected, so 
we zoom into the gain temporal evolution just around the seed, for both locations 
(Figure 5.18a,b). At z = 4 mm, we observe a strong drop of gain to about 3 per cm, 
revealing deep saturation followed by fast rise of the gain on a time scale of 2 ps 
(Figure 5.18a). One can also note the development of a weak and short duration 
wake in the tail of the seed pulse. At z = 6 mm, ASE develops before and after 
the seed with the effect of reducing the gain (Figure 5.18b). Clearly, it is the very 
fast regeneration of the gain that enables ASE to develop. It shows also that the mj 
energy level is not reached due to the unique combination of long gain duration 
and ultrafast regeneration. The energy is stored in time and not in space. 

Based on this conclusion, one may understand that extracting the stored energy 
relies in forcing the lasing ions to amplify only the seed and not spontaneous emis- 
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Figure 5.19 Intensity of ASE (blue) and 100 H HG pulses (red), seeded in a QSS plasma and 
shown at different positions (a). Gain (blue) and H HG intensity (red) at a position of 4 mm (b). 
Only 20 ps are depicted in both cases. 

sion for the complete duration of gain. Several solutions can be considered and will 
be studied with our Maxwell-Bloch code. For the best concepts that emerge, we will 
also study possibilities for their implementation. 

Since the gain recovers after about 2 ps, a conceptually simple solution consists 
of seeding a train of femtosecond pulses with a time delay of about 2 ps between 
the pulses. The number of pulses is chosen to match the total gain duration. In 
Figure 5.19, we display a zoom in the temporal evolution of the soft X-ray laser 
intensity (Figure 5.19a) and gain (Figure 5.19b) for the pulse train. The ASE is still 
amplified, but not at a strong level, while the seed pulses reach very high intensities 
up to 1.4 x 10 12 Wcm -2 . Each pulse has a duration of 150fs, equal to the case of 
single-pulse seeding. We observed that the system is well driven by the seed. This 
conclusion is confirmed by (Figure 5.19b), where the gain drops to near zero due 
to the seed intensity. As soon as gain recovers to its initial value, another seed pulse 
is strongly amplified and reduces the gain again. The total energy contained in the 
pulse train amplified in nearly 4 ’ the same plasma as before (Figure 5.19a) reaches 
7 mj, that is, 300 times more than the optimized case for Ditmire’s experiment. 
ASE appears at an energy level as high as 1 mj. However, for extracting these 7 mj 
from the plasma, we seed a train of about 100 coherent pulses. Generating such 
a pulse train will be very challenging. One solution may exist by trapping one or 
several femtosecond infrared pulses in a cavity, where a gas jet or gas cell is placed. 
HHG pulses are emitted at each round-trip by interaction of the intense IR pulse 
with gas. However, there is no technique to resynchronize all the pulses contained 
in the train to generate a single 150 fs pulse containing a fraction of the 7 mj energy 
of the pulse train. We would like to note that such a source of pulse trains would 

4) We considered here the plasma used by Rus et al. [32] (zinc at 21.2 nm), which demonstrated the 
highest energy per pulse at 10 mj. Ditmire and collaborators achieved about 5 mj per pulse but 
for a plasma width two times narrower. 





























Figure 5.20 Gain (blue) and intensity (red) for a 200 ps HHG pulse seeded in the same plasma 
as above. Shown is the situation at the beginning of the plasma (a) and 4 mm (b). 


find multiple applications, such as coherent nanoimprint [5], or coherent imag¬ 
ing of slowly evolving phenomena (e.g., plasmas created by nanosecond lasers for 
Inertial confinement fusion or laboratory astrophysics). 

We next consider the possibility of seeding a single Gaussian 200 ps pulse. To 
keep the intensity above the spontaneous emission level, we increased the seed 
pulse energy to 0.1 pj. Results of the model are shown in Figure 5.20. At the very 
beginning of the plasma (Figure 5.20a), spontaneous emission is visible superim¬ 
posed to the coherent seed pulse. The gain is unperturbed. The temporal structure 
is given from the balance between pumping and atomic processes. At z = 4 mm 
(Figure 5.20b), the seed is strongly amplified. ASE is very weak, demonstrating the 
efficiency of seeding a long coherent pulse. As soon as the seed interacts with las¬ 
ing ions, the gain drops nearly instantaneously from 20 per cm down to 3 per cm 
and rises to its normal value at the end of the seed pulse (T ~ 300 ps), where seed 
intensity is very low. The output energy is thus distributed in 8 mj for the coherent 
pulse and 0.1 mj for the ASE. It is interesting to note that the use of a continuous 
wave, instead of a discrete pulse train, is very beneficial for limiting spontaneous 
emission amplification. 

Although the seed/ASE energy ratio has been well improved as compared to 
seeding with a single short pulse or a multipulse train, ASE remains at nonneg- 
ligible values in the present configuration. We thus studied the case of a much 
stronger seed, having an initial energy of 10 pj, while keeping the seed pulse du¬ 
ration at 200 ps. The result is displayed in Figure 5.21. In this case, the sponta¬ 
neous emission spikes are barely visible at the plasma entrance (Figure 5.21a) or 
at z = 4mm (Figure 5.21b). The amplifier is therefore dominantly driven by the 
coherent seed. The coherent energy rises up to 12 mj, while the ASE drops down 
to a few pj. The seed/ASE energy ratio moves from 10“ 3 for Ditmire’s case, to 7 
for the pulse train and 2000 for the 10 pj continuous seed. 

Considering the implementation of such a long seed, we would like to stress an 
important issue. Seeding is interesting only if the output beam has an improved 
optical quality or a shorter duration than the ASE. Whatever the pulse duration of 
the seed, it has to be spatially fully coherent and, if possible, polarized. To date, 
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Figure 5.21 Gain (blue) and intensity (red) for a 10 (jJ 200 ps HHG pulse, seeded in the same 
plasma as above. We show the situation at the beginning of the plasma (a) and at 4 mm (b). 

only free-electron lasers and high harmonics of a laser demonstrated full spatial 
coherence. Although it is possible to seed a plasma with FEL radiation, we will not 
consider this issue. 

High harmonics from a laser have never been produced with pump laser dura¬ 
tions longer than a few picoseconds. Indeed, the process of high harmonic genera¬ 
tion requires a pulse intensity above several 10 14 W/cm 2 to be efficient. However, at 
such intensities, gases are ionized and thereby deteriorate the phase-matching be¬ 
tween high harmonic and the pump laser. A solution has been found by reducing 
the pump laser duration down to tens of femtoseconds and below. Consequent¬ 
ly, we doubt that 200 ps high harmonic pulses might be produced directly with a 
100 ps infrared laser. Consequently, we explore the possibility of generating intense 
femtosecond high harmonics and then stretch them to the nominal duration prior 
to amplification. 

Before describing the stretcher, we would like to consider a key issue. As not¬ 
ed before, long (~200ps), spatially coherent soft X-ray pulses have some niche of 
interest. However, our main goal is to generate high energy (>mj), femtosecond 
pulses. This implies that the pulse has to be compressed after amplification. At our 
level of study, the only viable solution we found is an extrapolation of the chirped 
pulse amplification method [68] into the soft X-ray range. In this technique, the 
different spectral components are separated in time by a grating pair, then ampli¬ 
fied and recompressed by a similar grating pair. Such a system requires the use 
of a temporally coherent and phase-locked seed for the compression stage. High 
harmonic generation pulses are temporally coherent and phase locked [1]. 

We would like to remind the reader that the intensity I(t) of a pulse, compressed 
by a perfect grating pair, is given by the following formula: 


J E(z,v)e~ 2illvtdv 
0 


I(z,t) = 


2 


(5.33) 
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Figure 5.22 Spectral phase of the HHC before (circles) and after passing through a 1 cm ampli¬ 
fier (plain line). 

with 


E(z,v) = Eo(z,v)e- i ^ z = 0 ^e~ i ^ , 


(5.34) 


where E(z, v) is the electric field at location z and at the frequency v and 0 is the 
spectral phase at the plasma entrance z = 0 (i.e., seed phase) and after amplifica¬ 
tion (z / 0). 

Several previous studies measured the high harmonic spectral phases to vary by 
about 0.1 fs between two consecutive high harmonics [69]. Since the spectral width 
of the soft X-ray laser is much narrower than the spectral separation between two 
harmonics, we may assume the high harmonic intrinsic phase to be negligible. 

When amplifying a large bandwidth pulse, the different spectral components do 
not propagate at the same speed inducing a spectral phase deformation. Consider¬ 
ing only the Doppler broadening, the phase acquired at the frequency, v, is given 
by: 


<p(z,t) 



a e GL , 


(5.35) 


where A v is the spectral width at half maximum and v 0 is the central frequency. 

Figure 5.22 displays the spectral phase, considering the zinc amplifier [32], and 
a propagation length of 10 mm. The total phase slightly exceeds 2 rad. Only con¬ 
stant and linear phases do not enlarge or modify the pulse duration, meaning that 
amplification will increase the pulse duration above the Fourier limit (in that case 
130 fs, as demonstrated before). 

Stretching the pulse with a grating pair separates the spectral components in 
time. Since the gain in plasmas is not constant in time, the relative intensity of 
the different spectral components is modified after amplification. We modified our 
Maxwell-Bloch model accordingly, to consider the seed not as a single frequency 
but as a large frequency pulse with spectrotemporal stretch. At this step, we con¬ 
volved the gain at the line center, given by DeepOne, with the lasing line shape 
assuming a realistic stretch factor (duration of the pulse). Note that we may also 
modify the instant when the central wavelength arrives. A full calculation is dis¬ 
played in Figure 5.23. 
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Figure 5.23 Unmodified spectral gain (blue), spectral Lorentzian line shape (green) and convo¬ 
luted spectral gain (red). 
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Figure 5.24 HHG intensity seeded in a preamplifier (black line), output intensity of the pream¬ 
plifier (black dots) and output intensity of a main amplifier after compression. The pulse is 
asymmetric due to the asymmetries in the spectral gain. 

In Figure 5.24, we show the intensity at a preamplifier and a main amplifier 
entrance, as well as the intensity calculated at the output of the main amplifier 
considering all the above issues. We observe the generation of a weak postpulse 
containing 3% of the total energy. It is interesting to note that the asymmetry of 
the spectral gain, due to the seed timing, induces a forward shift of the amplified 
pulse as compared to the seed. The main pulse duration is 230 fs, longer than in 
the case of a single short seed pulse. Nevertheless, we demonstrated that 12 mj, 
230 fs pulses are achievable. This is a formidable leap forward in the race towards 
ultrahigh intensities and towards single-shot femtosecond imaging. 

In the visible spectral range, stretching and compression of laser pulses is per¬ 
formed with prisms and gratings. However, in the soft X-ray regime, absorption 
by any material is strong and it is barely realistic to consider refractive optics. 
This leaves gratings as a possible option. In general, X-ray gratings have diffrac- 
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Figure 5.25 Geometry of the off-axis diffraction gratings with definition of the angles. Image 
from [70], 

tion efficiencies, in the first or second orders, of about 10-20%. A classical com¬ 
pressor composed of two parallel gratings will thus have a throughput of 1 to 4%. 
Such a very low transmission is a major limitation of stretched seed amplification 
schemes: most of the energy gained by the last amplifier is lost on the gratings. Re¬ 
cently, different groups proposed and experimentally tested a new geometry, called 
off-axis or conical diffraction. This solution resulted in diffraction efficiencies up to 
70% around 20 nm [70]. More precisely, these groups claimed that diffraction effi¬ 
ciency may achieve the value of specular reflection. In their experiment, they used 
gold coatings, which have a typical efficiency of about 70%. However, for wave¬ 
lengths in the 10 nm range, carbon (often diamond-like) shows reflectivity up to 
95%. A corresponding compressor might then reach an efficiency of about 50% 
when using gold coating, or up to 80% when using carbon coating. 

Considering the use of such off-axis gratings for stretcher and compressor is 
not trivial, since few studies have been performed so far. Such gratings are mainly 
used for spatial telescopes as monochromator (one grating) or as low-dispersion 
monochromator (two gratings) in combination with high harmonic generation. We 
fully studied the stretcher and compressor geometry based on Martinez’s seminal 
article [71]. Here we give only the main results. 

The diffraction equation of an off-axis grating is given by 

A 

sin (f> x (sin 6 + sin 0') = n— , (5.36) 

a 

where 6 and 6 ' are the incident and diffracted angles and rf> is the off-axis incident 
angle, also called altitude angle. The general geometry is given in Figure 5.25. 
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Figure 5.26 Artistic view of a stretcher based on off-axis diffraction. The blue cone represents 
the full diffraction, considering all (j> and 9 angles. Point A is the region of low dispersion and 
point B is the region of high dispersion. 


Considering every angle <f> and 6 , the diffracted wave covers a cone (Figure 5.26). 
The region of the cone covered by a collimated beam, such as the soft X-ray laser, 
depends on the incidence angles 0 and 6 . The part near the top of the cone 
(point A) has a low stretch factor, since the dispersion is mainly perpendicular 
to the light propagation, while parts near B may have strong dispersion. We will 
choose this region by choosing the appropriate incidence angles and placing the 
second grating accordingly. 

It is interesting to remark that Eq. (5.36) can be modified to 


sin 0 + sin O' = n— , 
a' 


(5.37) 


with the equivalent groove spacing a' = a x sin (j>. 

This equation corresponds to classical diffraction with a grating of smaller line 
pitch, given by a x sin <f>. This remark raises two major conclusions (verified by full 
diffraction calculations). 

The diffraction efficiency is maximal for a grating with a line pitch equal 0.7/1. 
Considering the spectral range of soft X-ray plasma amplifiers (4-50 nm typically) 
and classical gratings, this would require the use of a nanometer pitch grating, 
which are not commercially available. However, for an altitude angle of about 10°, 
a commercially available 5000 lines/mm grating (200 nm pitch) works like a 29 000 
lines/mm grating, that is, 35 nm pitch. For f — 5°, the equivalent grating is 57 000 
lines/mm (17 nm pitch). 

Based on the analogy with equivalent gratings, we verified that the second and 
third dispersion orders, 0 " and 0 , are modified from the classical value (see [71] 
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Table 5.2 Typical parameters for different stretcher and compressor geometries based on coni¬ 
cal diffraction. 
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for example) according to the following formula: 


<£>" . 

off-axis 

. 

off-axis 


0 " 
sin (j> 

<P"' x sin <p . 


(5.38) 

(5.39) 


Small rj> correspond to the part of the cone far from point A, where dispersion is 
achieved nearly parallel to the diffracted wave propagation axis, inducing a very 
strong temporal delay <p" between the spectral components. 

Stretcher and compressor have to be treated independently. Indeed, to stretch a 
pulse with gratings, a negative distance between the gratings is required, which is 
obtained by imaging the first grating on the back of the second grating. The image 
can be generated with any magnification. At this step of our work, we consider only 
a magnification of 1. Compressors are based on two parallel gratings with a positive 
distance between them, requiring no additional optics. Examples of geometries are 
given in Table 5.2. 

Finally, we would like to present two versions of the full amplification chains in¬ 
cluding amplification using X-ray CPA, based on all the developments and model¬ 
ing we have done so far. Figure 5.27 displays the full setup including a high-energy 
pump laser (100 J class). Currently, these lasers have a low repetition rate, except 
for the Mercury laser (65 J at 10 Hz) [72, 73]. However, several groups and firms 
actively work to improve the repetition rate of other high-energy lasers. Thanks 
to the development of the extreme light infrastructure (ELI) in Europe within the 
next few years, 100 J commercially available lasers are expected to deliver about 1 
shot every minute. On the 5-7 year time frame, 1-10 Hz lasers are expected. As 
explained throughout this chapter, it is crucial to keep the seeding intensity at a 
relatively high level (about 10 6 to 10 8 W cm -2 ) for coherently driving the amplifier. 
This means that a preamplifier(s) has to be used. For the case of 200 ps stretched 
seed duration, a 10 pj seed is necessary, requiring two plasma preamplifiers (see 
Part 3). However, stretching the HHG seed from typically 20-200 fs up to 200ps 






5.5 Stretched Seed Amplification 


169 


1 



Figure 5.27 Schematic representation of the 
full X-ray CPA architecture using both QSS 
and TCE amplifiers. A single infrared laser 
generates the HHG seed (left) that is injected 
in the first plasma created by the IR laser, then 
the amplified HHG is stretched on a grating 
pair and send for further amplification in a 
plasma created by the IR laser and finally send 


to a grating pair for compression. On the right 
we display a typical diffraction image from a 
nanoobject. Using multi-PW lasers, some of 
the IR energy may be used to generate HHG 
around 1 pj (blue dotted arrow) or a relativis¬ 
tic electron bunch to excite the sample. Since 
each beam is generated from the same laser, 
they are jitter-free. 



Figure 5.28 Schematic representation of the downscaled version of a X-ray CPA soft X-ray laser. 
This scheme can to be operated with a 10 J, 10 Hz pump laser. 
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induces a dramatic intensity loss. From our modeling (not displayed), we conclude 
that this loss is too strong for seeding the preamplifier and keeping a high-quality 
output. However, all amplifiers are coherently driven when a 75 or 100 pm wide 
preamplifier is seeded and the output pulse is stretched afterwards to seed the lat¬ 
er stages. Finally, we would like to note that with a reasonable enhancement of 
the total pump-energy (few tens of joules), one may generate electron or hadrons 
(ions or protons) or other X-ray beams. If every pulse is synchronized without jitter, 
breakthrough experiments can be imagined, such as pump-probe schemes with the 
probe using a coherent single-shot flash imaging. Such experiments would have 
large implications for the fields of biology, medicine, and material science. 

The second version we studied is a downscaled X-ray CPA amplifier scheme. In 
this case, we consider a pump laser delivering several tens of joules. With such 
a low energy, a QSS plasma cannot be pumped and the full chain is based on 
transient pumping. A particular requirement will be to use a short pulse with a 
pulse duration of about 10-20 ps in order to have a sufficiently long gain lifetime. 
The HHG pulse will be then stretched to “only” 10-20 ps, limiting the intensity 
drop. In that case, seeding the plasma after stretching the HHG pulse is feasible. 
The architecture is displayed in Figure 5.28. 


5.6 

Conclusion 

In this chapter, we have shown that, despite important recent breakthroughs, exist¬ 
ing soft femtosecond X-ray sources with energies of about 10 to 100 pj lack photons 
for recording single-shot images by coherent diffraction or holography. This holds 
true for absorbing or highly scattering living or inert samples. Sources that deliver 
several mj pulse energy in a single pulse must be developed to fulfill this goal. 

We numerically studied different paths for achieving such extreme bursts of 
light. Amplification of existing fully coherent sources in a plasma amplifier seems 
to be the most viable solution. With our newly developed model DeepOne, we 
demonstrated that plasmas created by the so-called transient collisional excitation 
scheme will not deliver coherent pulses with an energy exceeding 40 pj in 120 fs. 

We thus worked out an alternative seeding experiment that used plasma created 
by the so-called quasi-steady-sate scheme. We showed that direct seeding, using a 
100 fs pulse, also limits the achievable energy to several tens ofpj. Therefore, we 
proposed to either amplify a pulse train (7 mj output over 100 pulses), or to use a 
new concept called stretched seed amplification to obtain up to 12 mj pulse energy. 
With resynchronizing 100 pulses being barely feasible, we concentrated on the sec¬ 
ond scheme. By stretching a high harmonic pulse with a grating pair, it is possible 
to generate a 200 ps pulse and thus amplify it efficiently in QSS plasma. The pulse 
can be recompressed by a grating pair to near the Fourier limit (215 fs), thanks to 
the phase-locked characteristic of high harmonics. Using off-axis diffraction, losses 
on grating can be minimized, promising a 6 mj, 215 fs, fully coherent pulse. 
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X-ray CPA can be easily downscaled with a plasma amplifier that has gain lasting 
about 10 ps. In that case, a 10 Hz, few-joule laser can pump the plasma. Also, our 
work on plasma tailoring (Section 5.3) for transient pumping led us to believe that 
doing the same optimization on QSS soft X-ray lasers will allow to increase the 
output energy by at least a factor of 10, leading to 0.1 J fully coherent soft X-ray 
lasers. 

The X-ray CPA process can also be used to enhance the output energy of seeded 
soft X-ray free-electron lasers. In that case, the amplifying medium will be the free 
electron and no longer the plasma. Seeding has been done at the fundamental 
wavelength of the Free-electron laser [74]. In that case the stretcher and compressor 
will follow the design showed above. Seeding can also be done at high wavelengths 
with lasing on the seed harmonics [75]. In that case, the stretcher will correspond 
to a classical mount. 
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6 

Ionization in Strong Low-Frequency Fields 

Misha Ivanov 

6.1 

Preliminaries 

When the laser field is weak, perturbation theory allows us to understand and de¬ 
scribe almost everything. But what do you do when perturbation theory is no longer 
applicable? This is definitely the case in many strong-field processes. Take for ex¬ 
ample high harmonic generation, where many tens of harmonics have the same 
intensity - and perturbation theory would require higher-order terms to be smaller 
and smaller. 

In such situations one has to resort to nonperturbative methods where the laser 
field is included as fully as possible. Fortunately, in strong fields a different kind 
of perturbation theory seems very reasonable: if the field is strong, why don’t we 
include it exactly and treat the potential of the field-free system as a perturbation? 
This is exactly the idea behind the strong-field approximation (SFA) championed 
by H. Reiss, which will be introduced in this chapter after a brief description of the 
so-called strong-field S-matrix. 

6.2 

Speculative Thoughts 

Everywhere below I will use atomic units, where h = m e = e = 1, m e being the 
electron mass and e the positron charge. I will also restrict most of the discussion 
to the case of a low-frequency (infrared, IR) laser field and a single active electron. 
Let us start with the time-dependent Schrodinger equation (TDSE): 


i\W) t = H(t)\W) . 


( 6 . 1 ) 


Had there been no hat above H(t), we would have had no trouble solving this 
equation: 



( 6 . 2 ) 
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Here 0; is the initial state of the system at the initial moment of time t;. 

Of course, life is not that simple: the exponent has an operator in it. The expo¬ 
nential operator U(t, 0) = exp[— i f* H(t')dt'] is called the propagator. How does 
one understand it? The mathematically correct way to understand it is to break the 
whole time-interval from t; to t into N little intervals At centered around t„, with 
index n running from n = 1 to n = N and t„ changing from t\ = t; + At/2 
to t N = t — At/2. With N —> oo, the Hamiltonian does not change within each 
time-interval. Then, the propagator from t; to t corresponds to JV —»• oo successive 
steps 

N—>00 

applied from right to left to the initial state | <2>;) and this is symbolically written as 


,-*11 H(t')dt', 




T lim 

N—*-ck 


J-j e -iH( = Jg-i/i’ H(»V‘'| 0 .) 


(6.4) 


where f is the time-ordering operator, which ensures that the terms in the product 
are arranged in correct time-order, with later times coming after earlier times. I will 
drop the symbol T from now on, to simplify notations. 

Our goal is to find a way to deal with this propagator. A tempting substitution is 
to replace 


exp 



exp 


t 

—i J E(t')dt' 

ti 


(6.5) 


where E is the energy. Of course, this is not generally correct because different spa¬ 
tial parts of the initial wavefunction will evolve differently, in particular with dif¬ 
ferent energy. The only case where this substitution works is for stationary eigen¬ 
states, where the energy is the same at all points in space. Otherwise, the phase 
must be coordinate-dependent, which will also lead to changing the state from 0; 
to something else. 

Intuitively, recalling the time-independent semiclassical approximation that 
one can find in any quantum mechanics textbook, one should expect that this 
spatial phase, accumulated during the propagation, should include f p(x)dx. 
When added to the temporal phase accumulated during the same propagation, 
— f E(r)dr, the overall phase is nothing but the complete classical action S F (the 
subscript “F” stands for “full”). The idea of substituting 


exp 



j H(t')dt' 


ti 


exp[iSp(%, t)] 


( 6 . 6 ) 


is rooted in the Feynman’s path formulation of quantum mechanics and is a basis 
for approximate semiclassical propagators. We will now see how this idea emerges 
from the quantum analysis of the strong-field dynamics. 








6.3 Basic Formalism 

6.3 

Basic Formalism 


6.3.1 

Hamiltonians and Gauges 


Let us return to the time-dependent Schrodinger equation, 
i\W) t = H(t)\W) = [H 0 +V(t)]\W). 


(6.7) 


Here V(t) describes the interaction with the laser field and H 0 is the field-free 
Hamiltonian. I will assume that the wavelength of light is much bigger than the 
size of our quantum system, and so I will use the dipole approximation, which 
means that the spatial dependence of the electromagnetic field across the size of 
the system is ignored. 

In the dipole approximation, the laser-system interaction can be written in the 
so-called length gauge as V = —dF(t), with d — qr the dipole operator. The 
Hamiltonian has the form 

p 2 , p 2 

H LG (t) = ^-+ U(r) - dF(t) = f- + U(r) + rF(t) . (6.8) 

Lm Zm 


Here p is the momentum operator, U(r) is the interaction potential between the 
ionizing active electron and the ionic core. The mass of the electron is m = 1 in the 
atomic units which are used everywhere below. The electron charge q = — e = — 1 
in the same units. 

There are two more approximations here. The first is to describe the laser field 
classically - this is fine given large number of photons (high intensity). The second 
is to use the single active electron approximation in Eq. (6.8). 

Before we proceed further, let me stress that the length form of the interaction 
is approximate and can only be used in the dipole approximation. There is another 
gauge that is often used in treating the laser-matter interaction, the so-called ve¬ 
locity gauge. This one is general and works beyond the dipole approximation. The 
Hamiltonian in the velocity gauge is 


Hvc(t) = 


[P - qA} 2 
2m 


+ U(r) = 


[P + A} 2 
2m 


+ U(r) , 


(6.9) 


where in the last line q = — 1 was used and the vector potential A is defined as 


m = 


dA(t) 

dt 


( 6 . 10 ) 


These two forms of the Hamiltonian are equally good, meaning that one can go 
from the TDSE in the velocity form to the TDSE in the length form by a unitary 
transformation 
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Vicft) = = e ifA (‘)¥VG(t) 


( 6 . 11 ) 
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and the corresponding transformation of the Hamiltonian, which the reader is wel¬ 
come to try to derive. All observable quantities are invariant under this unitary 
gauge transformation - that is, as long as the TDSE is solved exactly, and as long 
as the dipole approximation is acceptable. 

From now on I will stick to the length gauge and I will drop the subscript LG 
from H lg . 


6.3.2 

Formal Solutions 

The discussion below applies equally to both the length and the velocity gauge, or 
any other gauge. We have already seen the formal solution of the TDSE 

i\W) t = H(t)\W) (6.12) 

which is 

\W(t)) = e~ iJ ‘i H{T)dT \0i) = U(t,ti)\&i) . (6.13) 

Evaluating the exponential operator U(t, t;) is a tedious task, no easier than solving 
the TDSE. However, we will find good use to this formal solution very shortly. 

Let us rewrite Eq. (6.1) in a slightly different form, 

i\W) t = H 0 \W) + V\W) . (6.14) 

What I have done here is broken the full Hamiltonian H into two parts - H = 

H 0 + V. Often, H 0 is taken as the field-free Hamiltonian and V(t) is taken as the 
interaction with the laser field - this is what I have done here. However, I could 
have broken H into any other pair, for example H = H v + U where 

„ p 2 „ 

H v = y + V(t) (6.15) 

describes the interaction of a free electron with the laser field and U is the potential 
of the ionic core. The separation of the Hamiltonian H(t) into two parts is known 
as “partitioning” of the Hamiltonian. 

Our immediate goal is to relate the solution for the full Hamiltonian H to the 
solution for the Hamiltonian H 0 , the latter presumably known. Let us write the 
TDSE with the Hamiltonian H 0 


= Hoi^f 0 )). 

(6.16) 

Its formal solution is 


’& 

7 

CO 

ii 
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II 

£T 

7 

CO 

II 

o 

(6.17) 


where | <£>;) is the same initial state of the system as above in Eq. (6.13) and the 
index (0) means that this solution applies to the Hamiltonian H 0 . 
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What is the relationship between W (t) and Direct substitution into the 

TDSE Eq. (6.1) shows that its exact solution can be written as 


| W(t)) = |^ <0 >(t)) + |AlF(i)) = e~ iHot \<Pi) + \AW(t)) 



(6.18) 


Try to substitute this into the TDSE and check that it does indeed work. 

Let’s see where we have come. We started with a single exponential operator 
in Eq. (6.13) and we replaced it with an integral over exponential operators taken 
from all times t'. Let’s be frank: Eq. (6.18) does not look very inviting. However, 
it is this general - and exact - expression where interesting approximations can 
be explicitly tried, sometimes based on rigorous math and sometimes based on 
physical reasoning. 

Let us look at the physics behind the expression Eq. (6.18). The system starts in 
the state | <£■;). During the time-interval before some moment t' it evolves without 
interacting with the laser field, as if the field was not there. This may look weird, 
but one cannot argue with the exact expression. Besides, it is very convenient: if the 
initial state is an eigenstate of the Hamiltonian H 0 with energy £;, all this evolution 
does is accumulates the phase due to the energy, exp[— — t;)]. 

This quiet evolution ends at a moment t' when the system is kicked by the in¬ 
stantaneous laser field V(t'). To which state the transition occurs at this moment 
is anybody’s guess. It is called a virtual transition and it can go anywhere - the 
energy conservation law need not be satisfied until the interaction is over. The sin¬ 
gle dipole operator hiding behind V = rF can induce single-photon transitions to 
the continuum states even when the photon energy is much less than the binding 
energy (ionization potential) IP. Such transitions do not yet mean that the electron 
has become free - only that it is transiently populating continuum states and may 
become free at some point when (or if) this virtual population becomes real, that 
is, satisfying the energy conservation law. 

From the moment t' to the moment of observation t, the evolution is under 
the action of the full Hamiltonian, including both the laser field and the field-free 
potential. 

If we are interested in finding the transition amplitude from the initial field-free 
state &i to some final state Wf, then at the moment of observation the wavefunction 
must be projected onto the state of interest, •f'f. If we are interested in ionization 
and our initial state is a bound state, then the final (continuum) state must be 
orthogonal to the initial state. Then the projection of onto Wf is zero, and 

the transition amplitude an is 


flfi(t) = mvw) = mAV(t)) 



(6.19) 
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This expression is often referred to as the strong-field S-matrix, as it is similar to the 
time-dependent treatment of scattering problems. It is exact. No approximations 
have been made yet. Now let’s turn to approximations. 


6.4 


The Strong-Field Approximation 

Let us think about the physics of the situation in the strong low-frequency field. 
“Low frequency” means “compared with the characteristic response frequency” of 
the system - the inverse of the excitation frequency. For most systems of interest it 
is in the deep UV, so that the response time is a few atomic units, or about 100 as. 
Thus, the interaction with the IR field would be in the low-frequency regime. 

While the electron is in the initial - ground - state, not much is happening until 
it manages to escape to the continuum at some t', which could be pretty much any 
instant of time. At this point in time the strong field takes the electron over and it 
starts to oscillate in the field, possibly scattering on the parent ion. Can we put this 
physical picture into the mathematical terms? Or, rather, can we use this picture to 
do something to the formal expressions for the amplitude og? 

Once we realize that the ground state and the continuum are the two main par¬ 
ticipants in the dynamics, the plan is rather clear. Indeed, in Eqs. (6.18) and (6.19) 
first the electron sits in the ground state until the moment t', at which point the 
laser field V(t') kicks it, and we assume that this kick promotes the electron to the 
continuum. Now, while in the continuum, the electron is dominated by the laser 
field. Therefore, instead of the exact propagator 



we will use an approximate propagator that includes the laser field fully and exactly 
but completely ignores the field-free potential of the system, 



( 6 . 20 ) 


where H v is given by Eq. (6.15). This is the essence of the strong-field approxima¬ 
tion. One of the main reasons to make this approximation - completely neglect the 
atomic (or molecular) potential in the continuum - is that the propagator for the 
free electron in the laser field 


Uy(t,t') = Hv(T)dr 


( 6 . 21 ) 


is known exactly. It is called the Volkov propagator. It corresponds to solving the 
TDSE for the Hamiltonian H v (t), which in the length gauge is 


Hv(t) = y + xF(t) , 


with % being the polarization direction of the laser field. 


( 6 . 22 ) 
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6.4.1 

The Volkov Propagator and the Classical Connection 

To understand how the Volkov propagator acts on the electron in the laser field, let 
us see how it would act on the plane wave exp (ikr), which describes the free elec¬ 
tron which has the kinetic momentum k along the laser polarization. For simplici¬ 
ty, we will restrict the analysis below to this single dimension, and then generalize 
to the 3D case. 

All the free electron does in the laser field is oscillate. Classically, if at time t' 
the electron has kinetic momentum k' = k(t') (kinetic momentum k(t') = mv(t') 
is proportional to the instantaneous velocity), then its kinetic momentum at any 
other time is 

k(t) = k(t') - A(t') + A(t) . (6.23) 

In other words, 

k(t) — A(t) = k(t') — A(t') = p = const. (6.24) 

The conserved quantity p is called the canonical momentum. 

This purely classical picture shows up when we apply the quantum Volkov prop¬ 
agator to the plane wave with the kinetic momentum k' at the moment t 

Hy(r)dr| fe /) = E(z)dz | fe ) _ (6.25) 

Here the plane waves \ k),\k) have different momenta related by Eq. (6.23), and the 
instantaneous kinetic energy is 


E(t) = \[k - A(t) + A(r)} 2 = \[k' - A(t') + A(r)] 2 

k = k' - A(t') + Aft) . (6.26) 

In terms of the conserved canonical momentum p, which is also equal to the 
kinetic momentum of the electron after the laser field is switched off, the result 
can be rewritten as 

+ A(t')) = eT'ti E ^ dT \p + A(t)) . (6.27) 

Thus, the coordinate part of the wavefunction has been changed, but the tempo¬ 
ral phase added is the same for all coordinates because the interaction (the laser 
field) is homogeneous. This is the only reason we could replace the Hamiltonian 
operator in the exponent with the energy. 

The result above is exact and can be obtained in many ways. Let me now derive it 
using the classical action and the semiclassical approach. While this route is not the 
simplest, it gives you a very clear feeling for the quantum-classical connection. For 
simplicity of notation, let me assume that the motion is one-dimensional, parallel 
to the laser field polarization. Generalizing to 3D is easy and a good exercise. 
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Our initial condition, the plane wave W(x, t') a exp (ik'x) at the moment t ', has 
the nice semiclassical form W(x, t') oc exp(iS) with the initial condition for the 
action Sf(k', x, t = t', t') = k'x. Let us look for the solution of the TDSE in the 
form 

W(x,t) = e is ^ k '’ x - t ’ t ' ) 

S v (k',x,t',t') = k'x . (6.28) 


The many arguments in Sp denote the initial momentum, the initial time, and 
the coordinate x at the moment t. The subscript “F” stands for “full” - it stresses 
that we have full classical action that depends on initial and running times, coordi¬ 
nates, and momenta. The reason to use this notation will become clear later, when 
a part of Sf will be denoted as S, following the tradition that has (unfortunately) 
entrenched itself in the strong-field community and leads to some confusion when 
the component S of the full action Sf is referred to as the classical action. 

Substituting this expression into the TDSE for the free electron in the laser field 
yields exact equation for the action 


as F 

9t 


as F 

dx 


+ xF(t ) ■ 


1 9 2 Sp 

2 dx 2 


(6.29) 


This equation differs from the classical Hamilton-Jacobi equation for the action 
due to the presence of the last term, which involves the second-order spatial deriva¬ 
tive. It coincides with the Hamilton-Jacobi equation if this term is equal to zero. 
This is precisely the case for potentials that depend on x linearly, which allows for 
solutions that also linearly depend on x. 

Exact solution of Eq. (6.29), subject to the initial conditions above, is 


S F = k'x + [A(t) — A(t')]x — - J dr[k' — A(t') + A( r)] 2 

t' 

t 

= k(t)x — - J drk 2 (r) (6.30) 

t' 


and is identical to the classical action for the free electron in the laser field. 


6.4.2 

Transition Amplitudes in the SFA 


Let the system start at the moment t; in the ground state <£; = 0 g with the energy 
Eg — —IP (and hence exp (—iH 0 (t' — t;)) = exp(+iIP(t' — t;))). The amplitude 
to find the system with the momentum k at the time t, according to the general 
equation (Eq. (6.19)), is 


t t _ 

— i f H(r)dz 

dt'(k\e *' 


V(t> i? e (t ' -ti) |0 g ) . 


(6.31) 
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In the SFA, we replace the exact propagator between t' and t with the Volkov prop¬ 
agator, 


a(k, t) = —i 



— i f Hy(r)dr 

e >' 


V(t')e l W li) |0 g ) . 


(6.32) 


Now we use the fact that we have just learned how to propagate the plane wave 
in the laser field, and apply this knowledge to the “bra”: 


" v < T > dr = B < r > dT (fe + A(t') - A(t)| 


e -if!'E( r)dr( fe(t /)| (6 33) 


with the instantaneous kinetic energy 


E{r) = |[k - A(t) + A(r)] 2 = \[1c' - A(t') + A(r)] 2 . 


(6.34) 


The SFA expression for the amplitude to find the system with the momentum |fc) 
at an instant t becomes 


t 

afc(t) = — i J dt'e~ if >'^ T)dT+ilp{t '~ ti) (k + A(t')-A(t)\V(t')\0 g ), (6.35) 

ti 


where 


E(t) = \[k - A(t) + A(t)] 2 (6.36) 

since we have fixed the momentum k at the instant t. 

In the literature, the k, t, t'-dependent phase of this integral, 

t 

S(t, t', k) = i J dr[k - A(t) + A( r)] 2 - IP t' (6.37) 

t' 

is often referred to as the classical action of the free electron in the laser field. It is 
a stretch of the term, since it also includes the —IPt', and misses the coordinate- 
dependent part. Often you will find it written in terms of the canonical momentum 
p — k — A(t), which is the conserved quantity and will stay unchanged at all times - 
that’s within the SFA, of course. In this case the phase will look like 

t 

S(t, t', P) = \J dr[p + A(r)] 2 - IPt' . (6.38) 

t' 

In terms of action and the canonical momentum p, the SFA transition amplitude 
is 

t 

a p (t) = -iJ dt'e- is ^- im ‘(p + A(t')\V(t')\g) . 


(6.39) 
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In the future, if and when you come across such expressions, pay special attention 
to the meaning of the momentum - is it canonical or kinetic. 

Equations (6.35) and (6.39) are intuitive and clear. The electron sits in the ground 
state until t' when it makes a (at this point still virtual) transition to the continu¬ 
um. Then the electron moves in the laser field, converting the virtual transition 
into real and oscillating - as the free electron should. It accumulates the phase 
given by the integration of its instantaneous energy E( r), performed between the 
moment t' and the moment of observation t. The electron finishes with the canon¬ 
ical momentum p , which dictates the initial kinetic momentum that the electron 
populates at t', k = p + A(t'). 

There are several major problems with this result, all stemming from the main 
approximation of the theory - to neglect the effect of the Coulomb potential. 

1) During the transition to the continuum the electron will be liberated differently 
if we include its interaction with the atomic core. After all, if it has to tunnel 
through the barrier, the shape of this barrier is important - and it is heavily 
affected by the binding potential. Thus, the ionization amplitude will be differ¬ 
ent. This problem can be corrected by incorporating the effect of the Coulomb 
tail into the electron action. 

2) The propagation in the continuum is also different: the electron not only oscil¬ 
lates in the laser field, it can also scatter off the atomic core. This is not present 
in the SFA formalism, but can be included additionally: the SFA result can be 
considered as the first term in a perturbative expansion, with the atomic poten¬ 
tial being a perturbation. The corresponding new terms are often referred to as 
SFA2, and have been derived and analyzed by M. Lewenstein et al., see [1]. 

3) The Volkov propagator is sensitive to the gauge. The formalism in this chapter 
is written in the length gauge. In the velocity gauge, where V = pA+A 2 / 2, 
the plane wave state | p) with canonical momentum p stays the same between 
t' and t. This is simply because in the velocity gauge p refers to canonical, not 
kinetic momentum, and in the laser field the canonical momentum of the free 
electron is a constant of motion. This does not lead to any problems in the 
exact theory - that is, if the electron was indeed free at all times. But in the 
approximate theory this is not the case - the initial field-free ground state is not 
a state of the free electron. As a result, the SFA is not gauge invariant, which is 
had news for a theory. 

However, the good news is that the gauge problem directly affects only the 
preexponential terms in the amplitude, and keeps the major piece - which is 
the fast oscillating exponent - intact. So with the exponential part we are more- 
or-less safe, at least as far as gauges go. 

4) Finally, by using the plane waves as continuum states, we have selected a basis 
which is not orthogonal to the initial state of the system. In other words, in 
addition to all other problems our basis set is also overcomplete: it includes all 
plane waves that already make up a complete basis plus the extra bound state. 
The preexponential factor which includes the bound-free transition matrix ele¬ 
ments suffers greatly - but the key exponential dependence stays the same. 
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To summarize, SFA is wrong in many ways and it violates almost every rule 
in the theory book. But the physical picture that stands behind it is intuitive, 
clear, and compelling. As a result, the SFA is used very widely, and it works 
very well for gaining qualitative and - with proper modifications along the lines 
described in [2] and further developed in [3] - even quantitative insight into the 
physics of intense laser-matter interaction. 


6.5 

Strong-Field Ionization: Exponential vs. Power Law 

Let us now use it to look at the dynamics of strong-field ionization, and see how 
the exponential dependence on the laser field strength, typical for tunneling, turns 
into a power law dependence commonly associated with multiphoton ionization. 

Up to the global phase factor e lIP ( t—f i) ; the SFA probability amplitude of populat¬ 
ing the field-free continuum state labeled by the canonical momentum \p) is 

t 

a p {t) = -i J dt'e~' s{ty ' p) (p + A(t') |V(t')|g) 

t 

S(t, t', p) = ^ J dr[p + A(r)] 2 + IP(t - t') . (6.40) 

t' 

Let us assume that the field is linearly polarized, F cos cat. Then the vector- 
potential is 

F 

A|| =-sin cy t = — v 0 sin cot A± = 0 . (6.41) 

u> 

Then, keeping only exponential accuracy, we obtain 

i 

(t) ~ J dt'exp(—iS(p, t, t')) , (6.42) 

—oo 


where 


t 

S(p, t, t') = ^IP + ^Pjl(t- t') + ^ J dz[pii — v 0 sin cur] 2 (6.43) 

t' 

is commonly refereed to in the literature as the action integral (even though, rigor¬ 
ously speaking, it is not quite that), vy and v± are the velocity components parallel 
and perpendicular to F and v 0 = F/at is the velocity amplitude of electron oscilla¬ 
tions. 

You already see that having nonzero perpendicular momenta is like increasing 
IP. Hence, for now p± can be set to zero. If we are interested in the probabilities 
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of populating nonzero p j_, all we need to do is take the formula for p± = 0 and 
replace IP with IP + p j_/2. 

This expression is the standard SFA expression for the ionization amplitudes. 
The next step is to evaluate the integral. 


6 . 5.1 

The Saddle Point Approximation and the Classical Connection 


To evaluate the integral, we need to understand what the phase S(p,t, t') does in 
this integral. The best way to approach this is to rewrite S in terms of dimensionless 
variables: let us pull v 0 out of the brackets of Eq. (6.43), and also introduce phase 
<p = cut as a new dimensionless integration variable: 

cot 

, IP . v 2 f , , 

S(p,t,t) =—(cut — cut) H-— / d(p[u — sin c/)] 2 , (6.44) 

a) 2 ft) J 

0)t' 


where the dimensionless momentum is u = p\\/v 0 . 

We see that there are two important parameters in the phase - N = IP/cu and 



2 ft) ft) 


(6.45) 


where U p = F 2 /4ft) 2 is the ponderomotive energy - the laser-cycle-average kinetic 
energy of the oscillating electron, and Z is known as the Reiss parameter. The 
number N = IP/cu tells us roughly how many photons are required for ionization. 

In strong low-frequency fields both parameters are very large, meaning that 
the phase is changing very rapidly with time. For example, at intensities around 
10 14 W/cm 2 and for cu = 1.56 eV, which corresponds to the laser wavelength of 
800 nm, the characteristic value of the second term in the phase, over one laser 
cycle, is about 10it, which is a very large phase change over one laser cycle. 

This is very good news. If the phase is large and oscillates quickly, we can use the 
saddle point method to calculate the integral. 

The saddle point method proceeds as follows. First, one looks for the values of 
the integration variable t' where the phase of the integrand is stationary, that is, the 
derivative with respect to t' is zero. In our case we have 


t 

v 2 r 

S(p, t, t') = ip(t— *') + ~y / ^ r I M — s ^ nft,T ] 2 

f 


dS(p, t, t') 

at 7 


= —IP- —\u — sin out q 2 = 0 . 


(6.46) 


Solving this equation is the key component of the calculation, and we shall turn to 
it shortly. Once we find the stationary point t' n which satisfies the above equation, 
we can move to the second step. (I will explain the subscript “in” shortly.) 
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To make notations simpler, I will drop the arguments p and t from S(p,t, t'), 
keeping only t'. The second step of the calculation is to expand exp (-iS(t')) in 
Taylor series around the stationary phase point t' n . Since the first derivative w.r.t t' 
at this point is zero, the second derivative S" is kept and the integral becomes 


/ 




L, I 




(6.47) 


Now one uses the fact that the phase changes quickly and changes a lot. Hence, the 
integral converges quickly and the limits of integration with respect to £ = t' — t' in 
in the vicinity of the stationary point are extended to ±oo. The integral is then well 
known, and the answer is 


f dt'e-W ~ e~ is ^ ^2^(4) . (6.48) 

The preexponential factor is not important at this stage, since we have already 
dropped many preexponential terms when writing the amplitude as in Eq. (6.40). 
Moreover, the preexponential term one finds in the SFA is quantitatively wrong. It 
is the exponential dependence that gives the qualitative insight we are looking for. 

There could be many stationary phase points, and one needs to sum the contri¬ 
butions from all of them, so the full answer is 

[ dt'e~ is ^ ~J2 e ~ iS{tL) ■ (6.49) 

Each stationary phase point corresponds to an ionization burst that leads to the 
specific final momentum u (in dimensionless units) at the detector. 

The phase S(4) has real and imaginary parts, so let us write 

S(p,t,4) = SHS(p,t,t' n )~ io(p,t, 4) . (6.50) 


In a long laser pulse where all cycles are the same, different stationary points t( n 
separated by an integer number of laser cycles yield the same imaginary part. Thus, 
the sum of the contributions of all stationary points to the total ionization ampli¬ 
tude is: 


a(p,t) oc e ^ exp [—i!RS(p, t, 4)] ■ (6-51) 

‘L 

In a long laser pulse, where many cycles are the same, and many ionization bursts 
are identical, the interference of many stationary phase points separated by an in¬ 
teger number of laser cycles leads to minima and maxima in the electron spectra. 
Since the ionization bursts repeat every laser cycle, they form a train of electron 
wave packets with the laser cycle being the “repetition rate” in the train. In the en¬ 
ergy domain, this train leads to peaks separated by the photon energy. The maxima 
are nothing but the above-threshold ionization (ATI) peaks. 
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Now, having understood the time-domain picture of strong-field ionization for 
many laser cycles, let us finally turn to the contribution from a single stationary 
point, that is, from a single ionization burst that produces electrons with the canon¬ 
ical momentum p = v 0 u. To find the ionization rate for each value of p = v 0 u, we 
will need to do as follows. 

First, we need to solve the stationary point equation (6.46) 

^-\u-sin cot'] 2 = -IP 
2 1 J 

[w-sinoit'] 2 ==-y 2 , (6.52) 

Z Up 

where y is the Keldysh parameter, and find the stationary point t' n . It is clear that 
the solutions of this equation are complex-valued: no real-valued t' can give nega¬ 
tive square, and we should look for the complex solutions t’- m = t' out + iz t. 

Second, we need to calculate the value of the phase S at this point, and then find 
the imaginary part of this phase a[p) which will give us the corresponding rate, 

r(p) oc e~ 2a W . (6.53) 

This expression is written with only exponential accuracy, and it is a standard semi- 
classical expression for the transmission probability - but written for the time- 
dependent and not for the time-independent problem. 

What is the meaning of Eq. (6.52) and these complex times? The left-hand side of 
the equation is the kinetic energy of the electron. The kinetic energy has negative 
value when the particle enters the classically forbidden region as it tunnels from the 
binding potential well through the barrier created by the oscillating electric field. 

Appropriately, the velocity under the barrier is imaginary, 

u — sin cot' = iLiy . (6.54) 


Since the motion under the barrier occurs with imaginary velocity, it must pro¬ 
ceed in imaginary time, so that the product of velocity and time (distance) has a 
chance of being real, or at least having a growing real part, allowing the electron to 
come out of the barrier. The associated semiclassical trajectory enters the classical¬ 
ly forbidden region at = t' out + i r T . As we move along the imaginary time axis 
from t' = t' n — t' out + i r-r towards t' = t' out on the real time axis, decreasing the 
imaginary part from iz-f to zero and keeping the real part i' ut fixed, the associated 
electron trajectory 


x(t') 


t' 

j drvo[u — sin cot] 


(6.55) 


evolves towards the exit point of the barrier. Which of the two signs on the left-hand 
side of Eq. (6.54) should we take? The decision must ensure that the semiclassical 
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transmission amplitude exp(— a(p)) is exponentially small and not exponentially 
large, dictating that r T is positive, and hence we write 

u — sin[cut' ut + icoir] = —iy . (6.56) 

Equation (6.56) can be solved for any u, but for the moment I will limit the dis¬ 
cussion to u = 0. The reason is simple: these values dominate the overall ion¬ 
ization rate, integrated over all u = p/v 0 . Indeed, we will see very quickly that 
for u = 0 the complex time = t' ut + ir? has t out = 0. Thus, for u = 0 the 
electron emerges from the classically forbidden region, where it has been travel¬ 
ing in complex (imaginary) time, at the maxima of the instantaneous electric field 
F cos ft) t out = F- This is precisely when the strong-field ionization is peaked. Thus, 
the rate for u = 0 corresponds to the rate at the peaks of the field, and it will dom¬ 
inate the total, cycle-averaged, ionization rate. With exponential accuracy, this is all 
we need to know. 

Our equation becomes 


sin ct)(irx) = iy 

(6.57) 

or 


sinh(ft)Tx) = y ■ 

(6.58) 

Remembering that 


gOJTj _ g—COTT 

sinh(ft)Tx) = -—- 

(6.59) 


and denoting exp(ft>r T ) = z, we find the quadratic equation 
1 

z-= 2y (6.60) 

z 

with the solution 

z — y + yj y 2 + 1 

cjtj = ln[y + y/y 2 + 1] . (6.61) 

Let us now look at the two limits of this expression. For y <SC 1 we have 

r T = — . (6.62) 

CO 

This expression gives a clear meaning to the y parameter in terms of the imaginary 
“tunneling time” iy: small y means that during tunneling the barrier has no time 
to move, ft) Tj <K 1. Once we find the stationary phase point, we can now calculate 
the corresponding action integral: 

o t 

y 2 r y 2 r 

S(p, t, t') = IP(t — iTx) + / dr[sin cot] 2 + -y- / dr[sin a>r] 2 . (6.63) 

ir t 0 
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We note that by introducing the new integration variable r = i £ the integral term 
can be rewritten as 


U TT 

/ ^[sine,r] 2 = i / d§ sinh 2 (ft)|) 


(6.64) 


and hence the imaginary part a = —3 S is 


1 IT 
r 

cr = IPr x -- / d£ sinh 2 (ft)§) . 

2ft) 2 J 


(6.65) 


Exercise 

Calculate the remaining integral and show that in the limit y <$C 1 this rate is given 
by the exact analogue of a DC tunneling exponent: 


r 



r 4 


|" 2 [2IP] 3 / 2 "| 

cx exp 

— 11 j Tt 

3 

= exp 

3 F 


( 6 . 66 ) 


Let us now look at the opposite limit of very large y » 1. The integral we need 
to calculate and the imaginary part of the action are given by the same general 
expression as before, 


a — IPtt — 


2 ft ) 2 


IT 

J d £ sinh 2 (ft)£) 

o 


(6.67) 


but now 


^ 

r x = — ln[y + sjy 1 + 1] sa — ln(2y) . 


( 6 . 68 ) 


Exercise 

Calculate the integral and show that in the limit y 1 this rate is given by the ex¬ 
pression familiar from the time-dependent perturbation theory for the multiphoton 
ionization process: 

r <x F™l m a f Ip /“ . (6.69) 


Finally, do the calculation for the general case of arbitrary y and derive the general 
expression for the ionization rate 



F 2 

7 , n l , l" 

F oc exp 

to 3 

1 y + - 1 - sinh(2ft>r x ) 


(6.70) 


where a>Tj = In [y + y 2 + 1] = Arcsh(y). 
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6.6 

Semiclassical Picture of High Harmonic Generation 

Now let us see how the SFA theory can be applied to such a highly nonpertur- 
bative phenomenon as the generation of very high harmonics of intense incident 
radiation. 

First, let us recall where these harmonics come from. For an experimentalist, 
they come from a little gas jet sitting in a vacuum chamber and irradiated by a laser. 

For a theorist, harmonics come from the Fourier components of laser-induced po¬ 
larization P(t) in the gas, 

P(t) = n 0 d(t) = n Q {W(t)\d\W(t)) , (6.71) 

where n 0 is the number density. All we need is W(t), the wavefunction we already 
know from the SFA theory, 

W(t) = a g (t)|3> g ) + J dk\k)a k , (6.72) 

where |g) is the ground state. Using the SFA expressions for the amplitudes a&(t), 
and assuming that the ionization is not too strong and hence most of the amplitude 
always resides in the ground state, hence o g ss exp[+iIP(t — t;)], we get 

F cos cat'(k + A(t') — A(t)\d\& g ) + c.c. (6.73) 

This rather lengthy and cumbersome expression can be simplified quite a bit if we 
do three things: 

1) Recall that the preexponential factors are wrong anyway and drop them. 

2) Recall that the exponential dependence on k is quadratic and hence the integral 
over dk is from a Gaussian function. 

3) Recall that the integration of Gaussians, even with very involved quadratic ex¬ 
pressions, can be easily performed once we find the points at which the phase 
of the exponent is stationary with respect to all the integration variables. 

Before doing that, I will add a third integral into this already involved expression. 

I want a specific Fourier component of the dipole, at a frequency Q: 

t 

d(Q) ~ —i J dt J dt' J dfe e -i/«‘ ; (674 ) 

where I dropped all matrix elements, and also left only the positive Q part of the 
spectrum. This d(Q) is the harmonic response of a single atom. 

The triple integral (actually, fivefold if you count that there are three integrals 
over the momentum) is very transparent and logical. The electron can be promoted 
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to the continuum at any time t' - thus the integral over t'. It can emit a photon with 
frequency Q at any moment t - thus the integral over t. In principle, it can he in any 
state |fc) at the moment of emission - thus the integral over dk. The exp (+iQ t) 
corresponds to the emission of the photon Q , while the rest of the phase is related 
to the electron absorbing (changing) energy while moving in the continuum. The 
energy is measured from the ground state (thus the IP part), which is logical since 
the harmonic emission concludes in the ground state. 

Let us look at the phase in this integral: is it fast oscillating or not? If the phase 
accumulation is many n over one cycle of the driving field, that would be fast. This 
is indeed the case when 


Ur, = —at S> 


(6.75) 


where U p is the so-called ponderomotive energy - the average energy of free- 
electron oscillations in the laser field. Since the phase 


0(t,t',p) 


t 

J E(r)dr+ IP(t - t') - Qt 

t' 

t 

f dr^[p + A(r)-A(t)] 2 + IP(t 

t' 


t')- Qt 


(6.76) 


is oscillating fast, let us look for its stationary points. The phase depends on all 
three integration variables. Hence, we have to find first derivatives with respect to 
all these three variables and find those points where all are equal to zero. Calculat¬ 
ing the partial derivatives of 0 , we obtain the following conditions: 

i 

J dr[k + A(r) — A(t)] = 0 

t' 

\[k + A(t') - A(t)] 2 + IP = 0 

\k 2 + lP = Q. (6.77) 

These equations can be rewritten in a very transparent form: 


x(t) = x(t') 
jk 2 (t') + IP = 0 

\k 2 (t) + lP=Q. (6.78) 

The first condition says that, in order to emit the photon, the electron must come 
back to the same spot from where it left as it started to tunnel out. Making a very 
reasonable assumption that the electron departed from the core, we see that the 
electron must come back to the same core of the same parent ion, after oscillating 
in the laser field. 
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The second condition is already familiar to us. It cannot be satisfied classically, 
and describes tunneling. The corresponding moment t' = is the moment when 
the electron enters the classically forbidden region, just like in the case of ionization 
which we have considered above. Its imaginary part Tj determines the tunneling 
time, and its real part t' out is determined by the condition 

fc(tout) = k(t) + A(t out ) - A(t) * 0 (6.79) 

in the limit of large L/ p , when y 2 = IP/2 U p 1. 

The third condition is nothing but the energy conservation law for the emission 
of the harmonic photon Q. 

So now we have a simple classical physical picture emerging from the fivefold 
integral. This picture is of an electron tunneling out and appearing in the continu¬ 
um at some time t out . It emerges from under the barrier with nearly zero velocity. 

Then it moves in the laser field until it comes back to the same parent ion. Here, 
it converts its instantaneous kinetic energy k 2 (t)/2 into a photon by recombining 
into the ground state. The photon energy is Q = p 2 (t)/ 2 + IP. 

The most important result that follows from the classical equations and its quan¬ 
tum counterpart for harmonic generation is that the maximum electron energy at 
the return scales with U p as 3.17 Up. One can easily check it by taking different 
possible moments of birth t out , setting classical initial conditions to zero (both po¬ 
sition and velocity) and finding the instantaneous kinetic energy at the moment 
of return t, defined as the moment when the electron coordinate is equal to zero 
again. The upper limit on the energy at the moment of return implies that classical¬ 
ly harmonic spectra cannot extend beyond the cutoff at IP + 3.17 Up. Quantum me¬ 
chanically, harmonics at higher energies are still possible - but require complex t 
to satisfy the energy conservation law. As the stationary phase point for t-integral 
moves into the complex plane, the contribution dies out exponentially. 

Turning back to the quantum analysis, once we know the stationary phase points 
that satisfy the equations above, we can easily find the answer for the full integral. 

In the limit y 2 <g 1, the five-fold integral reduces to the product of three ampli¬ 
tudes for ionization (tunneling), propagation, and recombination: 

d(12) oc A rec (t(fi))A prop (t out (t) > t)Ai on (ti n —> tout(l)) ■ (6.80) 

This factorized form of the expression for the induced dipole d(Q) appears as a 
natural consequence of the saddle point method, which implies that the result is 
proportional to the integrand taken at the stationary point. The ionization ampli¬ 
tude is given by the imaginary part of the phase, exp(— a), just like for ionization. 

It corresponds to the time-integral for the phase S(fc, t, t') from t' = to t out . The 
propagation amplitude arises from the momentum integral and depends on t, t'. 

It contains the next component of the factor exp(— iS(k, t, t')), which corresponds 
to the integral from t' = t out to t. It also contains the factor (t — t in ) —3 / 2 , which 
describes the spreading of the continuum wave packet and results from integra¬ 
tion over the momenta k. The recombination amplitude is given by the transition 
dipole between the continuum state with momentum fc(t) and the ground state. 
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More detailed discussion of this factorization, and of the theory of high harmonic 
generation is presented in the next Chapter 7. 


6.7 

Conclusion 

Any attempt to develop tractable analytical theory has to confront reality. And the 
reality is such that nine times out of ten perturbation theory of some sort is the 
only tractable approach. The strong-field approximation is an approximation to the 
strong-field S-matrix, with the binding potential treated as perturbation for the con¬ 
tinuum motion of the electron. It has many drawbacks and “wrongs” that fly right 
into the face of any rigorous quantum theory, and it continues to amaze me that one 
of the key original papers - that by L. V. Keldysh from 1965 [4, 5] - was published 
in such a puritan journal as the Journal of Experimental and Theoretical Physics. For¬ 
tunately, the SFA gets most of the basic physics right, providing an excellent basis 
for understanding the fundamentals of strong-field processes. Moreover, it can be 
modified and turned into a quantitatively accurate theory, see [2, 3,6] and Chapter 7 
of this book. 

Importantly, the SFA allows us to see simple classical pictures that underlie the 
seemingly very complex strong-field dynamics. This classical picture is due to P. 
Corkum and F. Brunei [7-10], and it was predated by the quantum insight de¬ 
veloped by M. Kuchiev [11, 12] and by the key numerical results of K. Schafer, 
J. Krause and K. Kulander [13]. By now, the new students in the field begin with 
the simple classical picture, taking it for granted. It is, however, important to know 
how this picture emerged from the combination of quantum and classical analysis 
and the experimental results. I strongly recommend to begin with the papers of 
F. Brunei [8-10] and M. Kuchiev [11, 12] and K. Schafer et al. [13], then turning to 
the seminal paper by P. Corkum [7]. 

In addition to the SFA [4, 5,14-17], a more accurate but technically more compli¬ 
cated approach was developed in the 1960s by V. S. Popov, A. M. Perelomov and M. 
V. Terentev - the so-called PPT theory [18-25]. Finally, I must mention the effective 
range theory (ERT) of M. Frolov, N. Manakov, and A. Starace [26-28], which grew 
out of the earlier work of L. Rapoport, N. Manakov, and B. Zon. It is essentially 
exact for the short-range binding potentials (such as those of negative ions). It also 
shows that the PPT theory, when applied to the short-range potentials, is almost 
exact - the only thing it is missing is the Stark shift of the ground state. Unlike the 
SFA, the ERT and the PPT are gauge-invariant. 

The insight gained from these theories is instrumental in turning the approxi¬ 
mate SFA models into quantitatively accurate ones. The corresponding ideas were 
suggested in [2] and very successfully used by T. Brabec, F. Krausz, and V. Yakovlev 
already in late 1990s and early 2000s to describe experiments on high harmonic 
generation and the production of attosecond pulses in atomic gases (see, e.g., [6]). 
The version known as the quantitative rescattering theory, developed by C.D. Lin, 
T. Morishita and co-workers has been very successful in describing many aspects 
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of strong-field experiments in molecules [3]. It shows how well one can do when 
armed with clear understanding of the basic underlying physical mechanisms. For 
example, in the case of high harmonic generation, the approximate SFA expres¬ 
sion can become quantitatively accurate by substituting the correct ionization am¬ 
plitudes and proper recombination dipoles, which take into account the structure 
of the atom or molecule. 
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7 

Multielectron High Harmonic Generation: Simple Man on 
a Complex Plane 

Olga Smirnova and Misha Ivanov 


7.1 

Introduction 

Attosecond science has emerged with the discovery of coherent electron-ion colli¬ 
sions induced by a strong laser field, usually referred to as “recollisions” [1]. This 
discovery was initiated by the numerical experiments of K. Schafer, J. Krause and 
K. Kulander (see [2]). The work [1] drew on the concepts developed by F. Brunei 
and colleagues [3-5]. It has also been predated by the concept of the “atomic an¬ 
tenna” [6] developed by M. Kuchiev. With the benefit of hindsight, we now see the 
“atomic antenna" [6] as the earliest quantum counterpart of the classical picture 
developed by [1, 7]. 11 

The classical picture of strong-field-induced ionization dynamics is summarized 
as follows. Once ionization removes an electron from an atom or a molecule, this 
electron finds itself in the strong oscillating laser field. Newton’s equations of mo¬ 
tion show that, within one or a few cycles after ionization, the oscillating electron 
can be driven back by the laser field to reencounter the parent ion. During this 
reencounter, referred to as recollision, the electron can do many things: scatter 
elastically (diffract), scatter inelastically (excitation or ionization of the parent ion), 
or radiatively recombine with the ion. It is this latter process that we will focus 
on here. The classical picture is usually referred to as the three-step model, or the 
simple man model. 2 ’ 


1) While the quantum vision of [6] has predated 
the classical picture, at that time it lacked 
the striking clarity and transparency of the 
classical model [1], which linked several 
key - and seemingly disparate - strong-field 
phenomena, like high harmonic generation, 
production of very high-energy electrons, and 
extreme efficiency of double ionization. The 
history of this discovery and of its impact 
on nonlinear optics and technology are rich 
and interesting in their own right. Some 


of it is recounted, from a more historical 
perspective, in Chapter 10. Our purpose 
here is different - we simply urge the reader 
to read the papers [3-6, 8], as well as a 
seemingly unrelated paper [9]. 

2) As far as one of us (M.I.) can remember, the 
latter term has been used by K. Kulander, 

K. Schafer and H.-G. Muller, who have 
largely contributed to the development of this 
classical model. 
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If the recombination occurs at the exact same state from which the electron left, 
then the phase of the emitted radiation is the same from one atom to another, lead¬ 
ing to the generation of coherent radiation in the medium. This process is known 
as high harmonic generation (HHG). It can produce many tens to hundreds of 
eV-broad coherent spectra and has two crucial applications. First, high harmonic 
emission is used to generate attosecond pulses of light (see, e.g., [10]), which can 
then be used in time-resolved pump-probe experiments. Second, the ultrabroad 
coherent harmonic spectrum carries attosecond information about the underlying 
nonlinear response of the medium, which can be extracted. The second direction is 
the subject of high harmonic spectroscopy (see, e.g., [11-14]) - an emerging imag¬ 
ing technique with the potential to combine sub-angstrom spatial and attosecond 
temporal resolution. 

In the language of nonlinear optics, high harmonic generation is a frequency up- 
conversion process that results from the macroscopic response of the medium. The 
nonlinear polarization is induced in the medium by (1) the response of the atoms 
and the molecules, (2) the response of the free electrons, (3) the response of the 
guiding medium. Here we focus on the theory of the single atom or single molecule 
response. The description of macroscopic propagation effects, which determine 
how coherent radiation from different atoms or molecules add together, can be 
found in [15]. 

From the famous simple man model to the recent multichannel model, we will 
try to guide the reader through several landmarks in our understanding of high 
harmonic generation. We hope to provide recipes and insight for modeling the 
harmonic response in complex systems. The chapter includes the following sec¬ 
tions: 

• 7.2 The Simple Man Model of High Harmonic Generation (HHG) 

• 7.3 Formal Approach for One-Electron Systems 

• 7.4 The Lewenstein Model: Saddle Point Equations for HHG 

• 7.5 Analysis of Complex Trajectories 

• 7.6 Factorization of the HHG Dipole: Simple Man on a Complex Plane 

• 7.7 The Photoelectron Model of HHG: The Improved Simple Man 

• 7.8 The Multichannel Model of HHG: Tackling Multielectron Systems 

• 7.9 Outlook 

• 7.10 Appendix A: Supplementary Derivations 

• 7.11 Appendix B: The Saddle Point Method 

• 7.12 Appendix C: Treating the Cutoff Region: Regularization of Divergent Sta¬ 
tionary Phase Solutions 

• 7.13 Appendix D: Finding Saddle Points for the Lewenstein Model 
Atomic units ft = m = e = 1 are used everywhere, unless specified otherwise. 
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7.2 

The Simple Man Model of High Harmonic Generation (HHG) 

Experiments in the 1980s and the early 1990s yielded an astounding result: shaken 
with sufficiently intense infrared laser radiation, the atomic medium was found 
to up-convert the frequency of the driving infrared laser light by up to two or¬ 
ders of magnitude (see, e.g., [16, 17]). The observed harmonic spectrum formed 
a long plateau, with many harmonic orders, followed by a sharp cutoff. This obser¬ 
vation has to be placed in the context of what has been routinely seen in traditional 
nonlinear optics: in the absence of resonances, the nonlinear response would de¬ 
crease dramatically with increasing harmonic order, and the harmonic numbers 
would hardly ever reach double digits, let alone form a plateau extending beyond 
N = 101. 

To generate very high harmonics of the driving frequency, the atom has to absorb 
lots of photons. Generation of harmonics with numbers like N = 21,...,31,..., 
and so on means that at least that many photons (21,..., 31,...) had to be absorbed 
by the atom. 

The minimal amount of photons required for ionization is No = IP/ at, where IP 
is the ionization potential and to is the infrared laser frequency. For IP ~ 12—15 eV 
and an 800 nm driving IR laser field (the standard workhorse in many HHG exper¬ 
iments), N 0 ~ 10. One would have thought that once ten or so photons are ab¬ 
sorbed, the electron should be free. And since it is well known that a free electron 
should not absorb any more photons, the emission should stop around N = 11 or 
so, in stark contrast with experimental observations. 

Why and how many additional photons are absorbed? What is the underlying 
mechanism? The liberated electron oscillates in the laser field, and its instanta¬ 
neous energy can be very high. Can this instantaneous electron energy be con¬ 
verted into the harmonic photons? Where is the source of nonlinearity, if the free 
electron oscillates with the frequency of the laser field? 

The physical picture that clearly answered these questions is the classical three- 
step model. It is simple, remarkably accurate, and is also intrinsically subcycle: 
within one optical period, an electron is (1) removed from an atom or molecule, 

(2) accelerated by the oscillating laser field, and (3) driven back to recollide with the 
parent ion. This picture connects the key strong-field phenomena: above-threshold 
ionization, nonsequential double ionization, and high harmonic generation. It re¬ 
veals the source of nonlinearity in HHG: the recombination of the accelerated elec¬ 
tron with the ion. 

How can one check that this mechanism is indeed responsible for HHG? The 
key thing to test is whether or not this picture explains the cutoff of the harmonic 
spectra, that is, the highest harmonic order that can be efficiently produced. Nu¬ 
merically, the empirical cutoff law was found to be Q msx = IP+ 3 U p [18], where U p 
is the cycle-averaged energy of the electron’s oscillatory motion in the laser field. To 
calculate the classical cutoff, we should calculate the maximal instantaneous energy 
of the returning electron, but to do so we need to know the initial conditions for the 
electron just after ionization. These conditions are specified within the three-step 
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Figure 7.1 Window of classical “birth" times and the return energy. Time of birth vs. time of 
return (a). Energy of the electron at the time of return (b). 

(simple man) model of HHG, which makes the following assumptions: 

• SMI: The electron is born in the continuum at any time within the laser cycle. 

• SM2: The electron is born near the ionic core (i.e., near the origin of the refer¬ 
ence frame) with zero velocity. 

• SM3: If the electron returns to the ionic core (origin), its instantaneous energy 
at the moment of return is converted into the harmonic photon. 

The pull of the ionic core on the liberated electron is neglected in the model, which 
is not unreasonable considering the very large excursions that the electron makes 
in the strong infrared laser field. The possibility that the electron returns to the 
core is dictated by the phase of the laser field at which it is launched on its classical 
orbit, and the time-window for the returning trajectories - the range of the “birth” 
times t B - shown in Figure 7.1. 

The calculation is done as follows: for each t B , we find the time of return t R to the 
electron’s original position (Figure 7.1a) and the energy at the moment of return 
(Figure 7.1b). The assumption that the strong laser field dominates the electron’s 
motion after ionization simplifies our calculations. Once the ionic core potential is 
neglected, the kinetic momentum (velocity) at the time of birth f B can be written as 
fe (t B ) = p + A(t B ), where p is the canonical momentum of the electron and A(t) 
is the vector potential of the laser field, which is related to the electric field F(t) as 
F(t) = —dA/dt. The condition k(t B ) — 0 (SM2) specifies p = —A(t B ). Therefore, 
the electron kinetic momentum at all later times t is fe(t) = — A(t B ) + A(t) and the 
electron energy at the time of return is 


k 2 (t R ) _ (A(t B ) — A(t R )) 2 


Fret(lR) — 2 


2 


The zero displacement of the electron from the time of birth, t B , to the time of 
return, t R , (SM3) defines the return time t R : 



(7.1) 
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According to this model, the maximal return energy is about 3.17 U p , where U p = 
F 2 /4a > 2 and F is the electric field amplitude (see Figure 7.1). Then the maximum 
energy of the emitted harmonic photon is 3.17 Up + IP, where IP is the binding 
energy of the ground state to which the electron recombines, is in excellent agree¬ 
ment with the empirical cutoff law found numerically [2]. 

The formal quantum approach considered in the next section will first take us 
away from the simple classical model. However, just like the recolliding electron 
revisits the ion, we will revisit the simple man model several times in this chapter, 
refining it at each step. 


7.3 

Formal Approach for One-Electron Systems 

The response of an individual atom or a molecule P(r, t) = nD(t) is proportional 
to the induced dipole D(t): 

D(t) = (W(t)\d\W(t)) , (7.2) 

where n is the number density, d is the dipole operator, and W (t) is the wavefunc- 
tion of the system obtained by solving the time-dependent Schrodinger equation 
(TDSE) with the Hamiltonian H(t): 

dWIt) 

i-gT = H(t)W(t). (7.3) 

We will first focus on the single active electron approximation (see Section 7.8 for 
the multielectron case). This approximation assumes that only one electron feels 
the laser field - the one that is liberated via strong-field ionization and subsequently 
recollides with the parent ion. All other electrons are frozen in the ion, unaffect¬ 
ed by the laser field. The Hamiltonian of our system in the single active electron 
approximation is 

p 2 „ „ 

H(t) = V — + U(r) + V L (t) , (7.4) 

where p = — tV r is the momentum operator, U(r) describes the interaction of 
the electron with the ionic core, and V L (t) describes the interaction between the 
electron and the laser field. In the dipole approximation and in the length gauge, 
V L (t) = — d • F(t) = r ■ F(t) (see Chapter 6 to learn about different gauges or read 
Section 2.2.4 in the excellent book [19] for a more detailed discussion). 

Formally, the solution of the Schrodinger equation (7.3) can be written in the 
integral form (see, e.g., [20] for a simple derivation): 

t 

l'f'(t)) = -if dt'U(t,t')V L (t')U 0 (t',t 0 )\g) + Uo(t,to)\g) , 

to 


(7.5) 
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where the ket-vector |g) represents the wavefunction of the electron in the ground 
state at initial time t = t 0 , U(t, t') is the full propagator, while Uo(t ', to) is the field- 
free propagator. The propagators are the operators that describe the time evolution 
of the wavefunction. The propagator Uo(t', t 0 ) governs the electron dynamics from 
time t 0 to time t' without the laser field, and is determined by the following equa¬ 
tions: 


. 9 Uo(t, to) 

9t 


Ho Uo(t, to) , 


Uo(to, to) — 1 , 

p 2 

H 0 = y + U(r) . 

Symbolically, the solution of Eq. (7.6) can be written in the compact form 
U 0 (t', t 0 ) = e~ if ‘o , 


(7.6) 

(7.7) 

(7.8) 


(7.9) 


where the integral is time-ordered, that is, the contribution of later times to the 
evolution follows the contribution of the earlier times. 

The full propagator U(t, t') governs the electron dynamics from time t' to the 
observation time t, driven by the combined action of the laser field and of the ionic 
core potential U(r). It is given by 


. 9 Ult, t') 

t—^=HU(t,t'), 

(7.10) 

U(t, t') = 1 , 

(7.11) 

U(t',t') = . 

(7.12) 


where the integral in the symbolic exponential expression is time-ordered. The 
propagation without the laser field is straightforward. Denoting the ground state 
energy E g = —IP (ionization potential) and the stationary ground state wavefunc¬ 
tion tf / g (r) = (r|g), we have: 

W g (r, t') = U 0 (t', t 0 ) tf'g(r) = W g (r) . (7.13) 

The full propagator U(t, t'), on the other hand, is just as hard to find as the so¬ 
lution of the original Eq. (7.3). The advantage of the integral expression Eq. (7.5) is 
that making meaningful approximations is technically easier and physically more 
transparent. 

Remembering that the laser field is strong, we can try to neglect the ionic poten¬ 
tial in the full propagator. In this case the electron is free from time t' to time t. 
Its motion is only affected by the laser field and is described by the Hamiltonian 
H\(t) = p 2 1 2 + V L (t). The corresponding approximation is called the strong-field 
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approximation (SFA), and the propagator corresponding to Hy(t) is often called 
the Volkov propagator. The main advantage of the SFA is that the Volkov propa¬ 
gator can be found analytically. In the length gauge used here, the result of acting 
with the Volkov propagator Uy(t, t') on the plane wave with kinetic momentum 
k(t') = p + A(t') is 


Uv(t, t')\p + A(t')) = e -iS v (P.t.tO| p + A(t)) , 


(r\p + A(t)) = 


(2jt) 3 /2 


Sv(p, t, t ') = \J d %lP + A (^)l 2 • 

t' 


(7.14) 


That is, the plane wave with the kinetic momentum k(t') = p + A(t') turns into 
a plane wave with the kinetic momentum k(t) = p + A(t) and accumulates the 
phase Sy(p, t, t’) on the way. 

The relations in Eq. (7.14) define the Volkov function 

lf/V( r *■ t '\ — 1 -iSy(p,t.t') i[p+A(t)]-r 

Formally, the Volkov function is an eigenstate of the time-periodic Hamiltonian. It 
provides the quantum-mechanical description of the behavior of the free electron 
in the laser field. The coordinate part of the Volkov function is a plane wave, and 
these plane waves form a complete basis at each moment of time: 

i = J dp\p + A(t))(p + A(t)\ . (7.15) 

Within the SFA, Eq. (7.5) takes the form 


|¥'(t)) =-iJ dt'U Y (t,t')V L (t')U 0 (t',t 0 )\g) + U 0 (t,to)\g) , (7.16) 

h 


and can be solved analytically. The first term describes the interaction with the laser 
field, including ionization, the second term describes the field-free evolution of the 
nonionized part of the wavefunction. 

Thus, it is natural to associate t' with the time when ionization is initiated: before 
t' the electron is bound, after t' the electron becomes excited and, within the SFA, 
free. Substituting Eq. (7.16) into Eq. (7.2) yields: 


D(t)~-i(Uo(t,to)g\d\ J dt' Uy(t, t')Vi(t') Uo(t', t 0 )|g) + c.c. (7.17) 

to 


Here we have assumed that there is no permanent dipole in the ground state and 
that the contribution of the continuum-continuum transitions to the dipole is neg¬ 
ligible. The latter assumption is fine as long as ionization is weak. Thus, the dipole 
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in Eq. (7.17) is evaluated between the bound and the continuum components of 
the same wavefunction. 

The propagator Lfy(t, t') is known when it acts on the Volkov states. Thus, 
we introduce the identity operator resolved on the Volkov states, Eq. (7.15), into 
Eq. (7.17): 


D(t) = — i(g\d\ J dt'e‘ ,p ^ ^ 

to 

x J dpU v (t,t')\p + A(t'))(p + A(t')\V L (t')\g)+c.c. (7.18) 

Finally, remembering that V L (t) = — d • F(t), we rewrite Eq. (7.18) in the compact 
form: 

t 

D(t) = i J dt' J dpd*(p + A(t))e- is ^ ty 'iF(t')d(p + A(t')) + c.c. , (7.19) 

to 

where we have introduced the dipole matrix elements d[p + A(t)) of the transitions 
between the ground state and the plane wave continuum, 

d(p + A(t)) = {p + A(t)\d\g) . (7.20) 

The phase 

t 

S(p, t, t') = ^J[p + A(r)] 2 dr + IP(t - t') (7.21) 

f 

is often referred to as action, and we will use this term below, even though, strictly 
speaking, it is only the energy part of the full classical action. 

It is convenient to rewrite Eq. (7.19) for the harmonic dipole D(t) by evaluating 
the integral over t' by parts (see, e.g., [21, 22] and Appendix 7.10): 


t t 


[ dt'e~ is{p - ty) F(t')d(p + A(t')) = 

[ dt'e~ is{pXt ' ) T(p + A(t')) , 

(7.22) 

to 

to 


T( P + A(t')) = 

\(P + W')) 2 ip l 
2 

(p + A(t')|g) , 

(7.23) 


where (p + A(t)|g) is a Fourier transform of the ground state |g), T(p) reflects 
the dependence of ionization step on the angular structure of the ground state. 
Equation (7.19) takes the following form: 

t 

D(t) = i J dt' j dpd*(p + A(t))e~ lSI ' p ’ t ' t ^T(p + A(t')) + c.c. 

to 


(7.24) 
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The harmonic spectrum I(Na>) can be obtained from the Fourier transform of 

D(t ): 

I(Noj) oc (Nw) 4 |D(Nw )| 2 , 

D(Nw) = J dte iNwt D(t) . (7.25) 

Note that S(p,t, t') is large and the integrand is a highly oscillating function, which 
is an advantage for the analytical evaluation of this integral. The analytical ap¬ 
proach [23] is based on the saddle point method (see Appendix 7.11), which is 
the mathematical tool for evaluating integrals from fast-oscillating functions. It 
provides the physical picture of high harmonic generation as a three-step process 
involving ionization, propagation and recombination [24]. It also supplies the time- 
energy mapping [11, 12] crucial for attosecond imaging, and it is the basis for the 
extension of the above approach beyond the SFA and beyond the single active elec¬ 
tron approximation (see, e.g., [13]). 

Let us now focus on the analytical saddle point approach to HHG. 


7.4 

The Lewenstein Model: Saddle Point Equations for HHG 


The goal of this section is to evaluate the integral equations ((7.24) and (7.25)) using 
the saddle point method (see Chapter 6 and Appendix 7.11). We need to find saddle 
points for all three integration variables t', t and p, that is, points where the rapidly 
changing phase of the integrand has zero derivatives with respect to all integration 
variables. 

There are two ways to deal with the integrals Eqs. (7.24) and (7.25). First, one can 
treat them as multidimensional integrals, that is, one finds the saddle points for all 
the integration variables “in parallel,” and then one follows the multidimensional 
saddle point approach to deal with the whole multidimensional integral “at once.” 

One can also take a different route and evaluate the multiple integrals Eqs. (7.24) 
and (7.25) step by step, sequentially. First, we find the saddle points L for the inte¬ 
gral over t' from the saddle point equation: 


dS dS(t',p,t) 

dt' dt' 


(7.26) 


where the phase S is given by Eq. (7.21). We then evaluate the integral over t' 
treating it as a one-dimensional integral, with p and t entering as fixed parameters. 

Next, we move to the integral over p. Dealing with its saddle points, we should 
keep in mind that the saddle points of the previous integral t' — f = f(p, t) 
depend on p: dti/dp a / 0, a = x, y, z. 

Fortunately, thanks to Eq. (7.26), the explicit dependence of f(p, t) on p does not 
affect the position of the saddle points for the p -integral: 


dS(ti,p,t) _ 3S(ti,p,t) dS(ti,p,t) dti dS(ti,p,t) 

dp a dp a dti dp a dp a 


(7.27) 
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Note that the integral over p is multidimensional, which leads to a slightly differ¬ 
ent form of the preexponential factor (prefactor) involving the Hessian (see Ap¬ 
pendix 7.11). 

Finally, we deal with the integral over t. Here, again, the saddle points p s (k, t) 
depend on t: 3p s a /3t / 0. But once again the explicit dependence of p s (h, t) on t 
does not affect the position of the saddle points thanks to Eq. (7.27): 

dS(t uPs ,t) _ dS(t uPs ,t) + 3 S(tj,p s ,t) dp a = dS(tj, p s , t) =q 
dt 3 t dp a dt 3t 

The fact that both routes yield the same saddle point equations is, of course, not 
surprising - one should not get different answers depending on how the integral 
is evaluated. 

Using Eq. (7.21), we obtain the explicit form of Eqs. (7.26)—(7.28), which define 
the saddle points h, p s ,t t : 


IPs + m? 

2 


+ IP = 0 , 


(7.29) 


J [P s + A(t')]dt' 




= 0 , 


(7.30) 


IPs + A(t r )] 2 
2 


+ IP = Nco . 


(7.31) 


Here, p s is the electron drift (canonical) momentum, k s (t) = p s + A(t) is the 
kinetic momentum (the instantaneous electron velocity, up to the electron mass). 
The trajectories that satisfy Eqs. (7.29)—(7.31) are known as quantum orbits, see for 
example [25-27]. 

Equation (7.30) requires that the electron returns to the parent ion - the prereq¬ 
uisite for recombination. Indeed, the time integral of the electron velocity yields the 
electron displacement from k to h- Thus, Eq. (7.30) dictates that the displacement 
is equal to zero. 

Whereas Eq. (7.31) describes energy conservation during recombination, 
Eq. (7.29) describes tunneling (see Chapter 6). It shows that the electron’s ki¬ 
netic energy at t; is negative, its velocity k s (t ;) = p s + A(t ; ) is complex, and hence 

= t' + t" is also complex - the hallmarks of the tunneling process. 

The time h can be identified with the moment when the electron enters the barrier, 
see Figure 7.2. Its real part will then correspond to the time when the electron exits 
the harrier. The origin of this concept will be explained in the next section. 

The electron displacement during this “under-the-barrier” motion from t; to its 
real part itt(t ; ) is, in general, complex. Whether we like it or not, it yields a complex 
coordinate of “exit” r ex = r' ex + ir” x at iR(tj) = t[ (see, e.g., [28]): 


5 ' 

J[p + A(t')]dt'=r' ex + ir" x . 

h 


(7.32) 
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Imaginary time 


tj" . tt Tunnel entrance: tj—tj'+itj" 


s 


c 


Propagation 


t/ Real time 


Tunnel exit 


I 


Recombination: t r = t/+it r " 


Figure 7.2 Contour of the time integration in the action S. Ionization occurs from the complex 
time tj to the real time t'. 

As a result, Eqs. (7.30) and (7.31) cannot be satisfied unless p or tj are complex. In¬ 
deed, t,. must be complex to compensate for the imaginary displacement accumu¬ 
lated under the barrier. However, the energy conservation condition in Eq. (7.31) 
dictates that k s (t r ) = p s + A(t r ) is real at the moment of recombination. Therefore 
p s must also be complex to compensate for the imaginary part of A(t r ). 

Thus, we are forced to conclude that, in contrast to the classical trajectories of 
the simple man model, the quantum orbits are trajectories with complex canon¬ 
ical momenta, complex velocities, and complex displacements. These trajectories 
evolve in complex time. The only quantity that is required to be real is the one we 
measure - the energy of the emitted photon, see Eq. (7.31). Later in this chapter, 
we will see when and how one can replace these trajectories with a different set of 
trajectories that do not involve complex canonical momenta and therefore better 
correspond to the classical picture. But for the moment, let us deal with what we’ve 
got. 

For a linearly polarized field, it is convenient to rewrite Eqs. (7.29)—(7.31) in terms 
of electron momenta parallel, p Si \\ , and perpendicular, p s ,_L, to the polarization vec¬ 
tor of the laser field: 


lPs,\\ A(tj )] 2 
2 


+ fp.eff = 0 , 


(7.33) 



(7.34) 


[Is,II + A (h)] 2 

2 


+ Jp.eff = N(l) 


(7.35) 


where we have introduced an “effective” ionization potential: I p e g- = IP + plJ 2. 
Equations (7.34) dictate that the stationary perpendicular canonical momentum is 
equal to zero for the linearly polarized field, p s ,j_ = 0 and hence l Pi eff = IP. Then, 
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Eqs. (7.33)—(7.35) reduce to: 


tfr-ii + _i_ ip — o 

2 


+ IP = 0, 


(7.36) 



(7.37) 


[Is,II + A(t r )] 2 
2 


+ IP = No) . 


(7.38) 


Separating the real and the imaginary parts in Eqs. (7.36)—(7.38), we obtain six 
equations for six unknowns: t 4 = t' + it", t r = t' + it", p s j| — p' + ip". Our 
goal is to solve these equations for each harmonic order N. Here is one way to do 
it, which we find simple and visually appealing. 

First, we use Eqs. (7.36) and (7.38) to express all variables via the real, t', and the 
imaginary, t ", return times. This can be done analytically. Second, we substitute 
the result into the real part and the imaginary part of Eq. (7.37): 



(7.39) 



(7.40) 


Third, we solve Eqs. (7.39) and (7.40) to find the only two remaining unknowns: 
the real, t', and the imaginary, t", return times. While Eqs. (7.39) and (7.40) cannot 
be solved analytically, dealing with two equations is much easier than dealing with 
the original six. 

Solving Eqs. (7.39) and (7.40) means that we need to find the minima of the 
two-dimensional surface F(N, t', t"), defined in the plane of the real, t', and the 
imaginary, t", return times: 



(7.41) 


These minima can be easily found numerically using the gradient method. The 
advantage of using F(N,t' r , t ") is the ability to visualize the solutions: by simply 
plotting the surface given by Eq. (7.41), see Figure 7.3, one can examine the posi¬ 
tions of the minima versus the harmonic number N. 

If we restrict our analysis to those solutions that lie within the same cycle of the 
laser field as the moment of ionization, SH(ti), we will find two stationary solutions 
for each harmonic number N. These solutions are discussed in detail in the next 
section. They correspond to two families of quantum orbits, called the “short” and 
the “long” trajectories. The trajectories merge for the largest possible return ener¬ 
gies, that is, near the cutoff of the harmonic spectrum. 
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There are also solutions that lie outside the laser cycle during which the electron 
was “born” into the continuum. These “superlong” trajectories describe second, 
third, and higher-order returns of the electron to the origin. In typical experimental 
conditions, their contribution to the high harmonic emission is negligible thanks 
to the macroscopic effects - very long trajectories do not phase match well (see, 
e.g., [25]). Only very recently, the experiments of A. Zair et al. [29] have been able to 
clearly resolve the contribution of these trajectories, and even identify their inter¬ 
ference with the contribution from the long and the short trajectories. 

The stationary phase method for the integral over the return time t breaks down 
when these two stationary points merge and the second derivative of the action with 
respect to the return time is equal to zero, d 2 S/dt 2 = 0. At this point, one needs 
to replace the standard saddle point method with the regularization procedure, 
discussed in Appendix 7.12. 

Outside the cutoff region, and up to a global phase factor, the saddle point 
method yields the following expression for the harmonic dipole Eqs. (7.24) 
and (7.25): 


D(Nw) = 


2jt 

2 

2 jc 

iS " 

L. h>h -i 




(2jt) 3 /2 


det(is", ps 


x d*(p s + A(4 J ))e~ iS(p ^ J> -‘> J>) r(p s + A(t 1 ))e iNmtin , (7.42) 


(j) 


where the Hessian det(iS" p ) appears due to the multidimensional nature of the 
integral over p. The sum runs over all stationary points j for M periods of the laser 
light, and the corresponding ionization and recombination times are labeled with 
the superscript j. Since there are two trajectories for each half-cycle of the laser 
field, that is, for each ionization “burst,” and since there are 2M ionization bursts 
for M laser cycles, the number of stationary points is AM. The length gauge SFA 
presents a good approximation for short-range potentials [30]. However, it misses 
polarization, the Stark shift and the depletion of the bound state, which can be 
introduced into Eq. (7.42) if necessary. 

Note that expression Eq. (7.42) cannot be directly ported to long-range potentials. 
Indeed, in the long-range Coulomb potential the ground state has a different radi¬ 
al structure (compare Eqs. (7.55) and (7.56) below) and T(p s + A(t{)) is singular 
exactly at the saddle point [p s + A(t i)] 2 /2 + IP = 0. As a consequence, the saddle 
point calculations should be modified, (see, e.g., [21, 31]) to accommodate for the 
presence of such a singularity. Once the singularity is treated correctly [21, 31], the 
result is still incomplete and unsatisfactory, because the long-range potential also 
affects the structure of the continuum states, which cannot be accurately repre¬ 
sented by the Volkov states. A consistent treatment of long-range effects including 
modifications of both bound and continuum states can be found in [28, 32]. A prac¬ 
tical recipe for incorporating the effects of the Coulomb potential is discussed in 
the next section and in the Outlook section (Section 7.9). 
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7.5 

Analysis of the Complex Trajectories 


Let us now show how the above method of finding the saddle points works for 
a linearly polarized laser field F = F 0 cos(tyt), which corresponds to the vector 
potential A = — A 0 sin(ait). We shall introduce the dimensionless variables p i = 
SH(p s ,ll)/A 0 , p 2 = 3(p Si n)/A 0 , cpi = coti = 4>[+ i<p", (pr = <wt r = <p' t + i<p ", 
y :2 = IP/(2 U p ), Y 2 n = (Nco - IP)/(2 Up). 

In terms of these variables, Eqs. (7.39) and (7.40) for the linearly polarized field 
yield: 

Fl = Pl(<t>'r - <Pi) - P2{<p'r - <t>") - cos (0i) cosh(0") 

+ cosh(0") cos (cp' t ) = 0 , (7-43) 


?2 = Pi(<p'r - <Pi) + Pi{(p[ - <P[ ) + sin (<p[) Sinh(0") 

— sinh(0") sin(0') = 0 . (7-44) 


The real and the imaginary parts of Eq. (7.38) allow us to express the real, p\, and 
the imaginary, p 2 , components of the canonical momentum via the real and the 
imaginary parts of the return time (for above-threshold harmonics): 


p i = cosh(0") sin(0') + y N , 

(7.45) 

p 2 = sinh(0") cos(<p') . 

(7.46) 

The real and the imaginary parts of Eq. (7.36), 


Pl = cosh(0") sin(0') , 

(7.47) 

P 2 + y — sinh(0") cos ((p[) , 

(7.48) 


allow us to express the real, (p[ , and the imaginary, 0", ionization times via p 1 and 
PA 


(p[ — arcsin 


( P-D) 


(p[ r — arcosh 


(P+D) 



where 


P = pj+y 2 + l, 
D = Jpi-4pj, 
y = y + Pi- 


(7.49) 

(7.50) 


(7.51) 








Figure 7.3 Surface in Eq. (7.41) for IP = 

15.6 eV, / = 1.3 x 10 14 W/cm 2 , tico = 1.5 eV. 
N = 11 (a); two minima corresponding to 
short (< p' r ~ 0.4) and to long (</>J ~ 1) tra- 
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(b) Imaginary time of return, units of laser cycle 

jectories, respectively. N = 27 (b); the two 
minima corresponding to short and to long 
trajectories are merging together. 


Now we can use our recipe: 

• Pick a grid of values 0', 0" in the complex plane of the return times (p r . 

• Pick a point <p' r , <p" and calculate pi, P 2 using Eqs. (7.45) and (7.46) and <f>[, cp[' 
using Eqs. (7.49) and (7.50). 

• Substitute pi, pi, (j>[, (p[' into Eqs. (7.43) and (7.44). 

• Plot the function F = F* + E| in the plane of the real and the imaginary return 
times. 

• Look for the minima, see Figure 7.3. 


Instead of reading out the solutions from the graph, one can find the minima 
using the gradient method. An alternative algorithm using the same ideas is de¬ 
scribed in Appendix 7.13. 

The imaginary and the real return times (Figure 7.4b) define the integration con¬ 
tour in the complex plane: only along this contour the energy of return and there- 



Figure 7.4 Emission energy, E(t r ) + IP= Nm, 
vs. real time of return for IP = 15.6eV, 

I = 1.3 X 10 14 W/cm 2 (a). Imaginary time of 
return vs. real time of return (b). The solution 



diverges in the cutoff region. The thick blue 
line schematically shows the desired outcome 
of the regularization procedure. 
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fore the energy of the emitted photon are real. This energy is shown in Figure 7.4a 
vs. the real component of the return time for typical experimental conditions. 

The cutoff (maximal energy) corresponds to about 3.17 Up + 1.32IP, see [23]. The 
extra 0.32IP comes from the extra kinetic energy the returning electron accumu¬ 
lates between the exit point from the barrier and the origin (see also Section 7.7). 
There are two different trajectories returning at different times that lead to the 
same recollision energy. Those returning earlier correspond to shorter excursion 
and are called “short trajectories,” those returning later are called “long trajecto¬ 
ries” as they correspond to larger excursions and longer travel times. 

Fortunately for attosecond imaging, the contributions of the long and short tra¬ 
jectories to the harmonic emission separate in the macroscopic response: the har¬ 
monic light diverges differently for those trajectories, and thus the signals coming 
from short and long trajectories can be collected separately. As a result, each har¬ 
monic N can be associated with a particular time delay between ionization and 
recombination, t' — t', and therefore each harmonic takes a snapshot of the re¬ 
combining system at a particular moment of time. This time-energy mapping, 
see [11, 12, 33], is the basis for attosecond time resolution in high harmonic spec¬ 
troscopy. 

As mentioned in the previous section, the stationary phase (saddle point) method 
for the integral over return times t breaks down near the cutoff, where the two sta¬ 
tionary points (short and long trajectories) begin to coalesce and the second deriva¬ 
tive of the phase S with respect to the return time is equal to zero, d 2 S/dt 2 = 0. The 
regularization of the solutions in the cutoff region is discussed in Appendix 7.12. 
Here, we shall proceed with the analysis of the stationary phase equations and turn 
to the ionization times. 

The concept of ionization time together with the semiclassical (trajectory) per¬ 
spective on ionization was first introduced by V. Popov and co-workers (PTT theo¬ 
ry, see [34-37]). Just like in the Lewenstein model described above, the concept of 
trajectories arises from the application of the saddle point method to the integral 
describing ionization, 31 


T 



(7.52) 


0 


Here the upper limit of the integral in the action S(p, T, t') Eq. (7.21) is the re¬ 
al time T, at which the liberated photoelectron is observed (detected), function 
T(p + A(t')) (see Eq. (7.23)) contains the Fourier transform of the bound state 
wavefunction. The saddle point method applied to Eq. (7.52) yields the ionization 


3) Equation (7.52) corresponds to the length gauge SFA result for ionization. Equation (7.52) 
also results from the PPT approach under the approximation that the field-free ground state 
is substituted by the laser-dressed bound wavefunction. Thus, the PPT approach allows one to 
identify the approximations in Eq. (7.52) for short-range potentials. The SFA is inaccurate because 
the Volkov states are not sufficiently accurate even for short-range potentials. 
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amplitude, 


aion(p, T ) = 


2 it 


1/2 


iS 


rr 

^i.^i - 


g —iS{p,T,ti) r ^p + ; 


where f is the complex saddle point given by the condition 


[p + m ] 2 

2 


+ IP = 0 . 


(7.53) 


(7.54) 


The saddle point method selects specific moments of time f when ionization oc¬ 
curs. At these times the instantaneous electron energy [p + A(t;)] 2 /2 is equal to 
the energy of the ground state and therefore the instantaneous momentum of the 
electron hits the pole of the bound state wavefunction in momentum space. In 
the vicinity of the pole, the wavefunction in momentum space is determined by 
the asymptotic part of the wavefunction in coordinate space. Thus, in contrast to 
one-photon ionization, which probes the bound wave function near the core, the 
strong-field ionization probes the asymptotic part of the bound wavefunction: 

<r|g) ~ Gi* 3 ' 2 — Yim(-) • ( 7 . 55 ) 

Kr \r/ 


Equation (7.55) restricts our analysis to short-range potentials (see [28] for a con¬ 
sistent analytical treatment of strong-field ionization from a long-range (Coulomb 
potential), k = V2IP, C K i is a constant, and Yi m (r/r) reflects the angular struc¬ 
ture of the bound state. For a Coulomb potential —QJr, the asymptotic expression 
Eq. (7.55) must be multiplied by (/cr)®*: 


(r\g) ^ C Kl K 3 l 2 — (Kr)V K Y lm (-) . 

kt \r/ 


(7.56) 


Evaluating the Fourier transform of Eq. (7.55) we obtain an explicit expression for 
T(p) (see [34]): 


r, P ) = ['|) ,,2 Q,y,.(£). 


(7.57) 


Evaluation of the spherical function Yi m (p/p) at the pole p = ±i/c yields (see [34] 
and also [38, 39] for circularly polarized fields) 


Ylm \p=±i K = Clm ^ 


Clm 


(21 + l)(l + |m|)! 


2 l m l|m| V 4 jt(I — | m\)\ 


(7.58) 

(7.59) 


where p± is the electron transverse momentum at the detector and (f> v is the az¬ 
imuthal angle of the electron momentum at the detector. Taking into account that 
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= (p + A(ti))A'(ti) can be written as 
iS 't', ti = PKP(k) , 


(7.60) 


p = -sign(F(ti)) , 


(7.61) 


we obtain the final expression for the amplitude of a single ionization burst at 
complex time k(p), specified by the final momentum of the electron p: 

flion(p) = 2cJ-^-(pl±) m e - is (v. T Mp)) e im^ J (7.62) 

C = Q m Qi . (7.63) 


Note that both the real and the imaginary component of h(p) depend on laser 
parameters. Therefore, the dependence of the preexponential factor (prefactor) in 
Oion (p) on the laser field is not simply F~ x ! 2 , as illustrated below for ionization at 
the maximum of the laser cycle. Indeed, the subcycle dynamics in the prefactor is 
much slower than in the exponent, thus one can also use a simpler expression for 
S" ti , corresponding to its value at the maximum of the laser field [34]: 


iS 


rr 


K 2 y/1 + y 2 
a) y 


(7.64) 


Omitting the subcycle dynamics in the prefactor, we obtain a simpler expression 
for the amplitude of a single ionization burst at time k(p), consistent with the one 
derived by [34]: 


^ion (P) — 2 C 


11/2 

( PP± \ m e -iS(p,TMp))+im<l> v _ 

k + y 2 ' k ' 


(7.65) 


At the same level of approximation, that is, neglecting the subcycle dynamics in the 
prefactor, the effects of the Coulomb potential are incorporated by simply adding 
the factor (2/c 3 /F)2/ ,c : 


^ion {P) — 2 C 



PP± \ m iS(p,T,ti(p))+im0 p 
K / 


(7.66) 


The subcycle Coulomb effects are derived in [28]. Note that in the rigorous anal¬ 
ysis within the analytical R-matrix (ARM) approach, which consistently treats the 
Coulomb effects both in bound and continuum states [28, 32], the pole in T(p + 
A(t[)) does not appear because the radial integration is removed due to the use of 
the Bloch operator [40]. Therefore, it removes all technical aspects and additional 
terms associated with the presence and the strength of the pole. 
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Note that the expression for the induced dipole, Eq. (7.42), contains terms that 
look very much like the ionization amplitude Eq. (7.53). This observation is impor¬ 
tant, as it suggests the connection of the harmonic response to ionization, as in 
the simple man model. However, the story is more subtle: the stationary momenta 
p s in the harmonic dipole are complex-valued, while here they are real observable 
quantities. 

The integral Eq. (7.52) has been extensively studied by Keldysh, Popov, Perelo- 
mov, Terentev, and many others. The semiclassical picture in [34-37], enabled by 
the application of the saddle point method, shows that strong-field ionization can 
be understood as tunneling through the oscillating barrier created by the laser 
field. The tunneling picture clarifies the sensitivity of strong-field ionization to the 
asymptotic “tail” of the bound wavefunction (see Eqs. (7.55) and (7.56)), since it is 
this asymptotic part that “leaks” through the barrier. The modulus of the ioniza¬ 
tion amplitude is associated with the imaginary part of the action S in Eqs. (7.53), 
(7.62), (7.65), (7.66). This imaginary part is only accumulated from ti to t', since in 
the photoionization problem the canonical momentum registered at the detector is 
real and the integration over time also proceeds along the real time axis between t' 
and the observation time t. 

This is why the complex saddle point f is associated with the time at which the 
electron enters the classically forbidden region - the tunneling barrier. The real 
part of the complex saddle point t', after which changes to the ionization amplitude 
stop, 4 ’ is associated with the time of exit from the classically forbidden “under- 
the-barrier” region. The same reasoning can be extended to the ionization times 
arising within the semiclassical picture of harmonic generation, see Figure 7.5. 
However, the ionization times in high harmonic generation are somewhat different 
due to the fact that p s is complex-valued. In the next section we will consider the 
connection between these two times. 

The imaginary ionization time defines the ionization probability. Since the imag¬ 
inary component of the ionization time is larger for short trajectories, these trajec¬ 
tories have a lower chance of being launched, compared to the long ones. The range 
over which the real part of the ionization time changes within the quarter-cycle de¬ 
fines the duration of the “ionization window”. Typically, for a A ~ 800 nm driving 
laser field and a laser intensity of I ~ 10 14 W/cm 2 , the ionization times (their 
real part) are spread within ~250 as around the instantaneous maximum of the 
laser field (see Figure 7.5). Thus, strong-field ionization is an intrinsic attosecond 
process. Note that the quantum “ionization window” is shorter than the classical 
one (see Figure 7.1), as according to the classical simple man picture ionization 
happens at any phase of the laser field. 

Figure 7.6 shows the saddle point solutions. 

In photoionization, the electron canonical momentum is always real, since it is 
the observable registered at the detector. In contrast, in harmonic generation the 
observable registered at the detector is the emitted photon, and hence it is the pho- 

4) Rigorously, this statement is only true for short-range potentials. Long-range electron-core 
interactions lead to additional modifications of the ionization amplitude after t[ [28, 41]. 


220 


7 Multielectron High Harmonic Generation: Simple Man on a Complex Plane 



Ionization window 



Figure 7.5 Real and imaginary ionization 
times vs. real return time for IP = 15.6eV, 

/ = 1.3 • 10 14 W/cm 2 , ha) = 1.5 eV (a). 
Cartoon illustrating the ionization window (b). 


Ionization occurs around the field maximum 
within an approximately 250 as time window 
(corresponding to the maximum value of the 
real ionization time). 



Figure 7.6 Real canonical momentum vs. real return time for IP = 15.6 eV, / = 1.3 • 
10 14 W/cm 2 , ha> = 1.5 eV (a). Imaginary canonical momentum vs. real return time (b). 


ton energy that must be real. As a result, the electron canonical momenta in HHG 
are complex. Electrons on long trajectories have a very small imaginary canonical 
momentum. Therefore, it is a very good approximation to associate long trajecto¬ 
ries with photoelectrons. Note that the maximum of the real canonical momentum 
is about p m3x ~ A 0 . In the photoelectron perspective p max corresponds to an ener¬ 
gy of 2 Up at the detector - the cutoff energy for the so-called direct photoelectrons, 
that is, those that have not substantially changed their momentum after ionization 
due to re-encounter with the core. 

The imaginary part of the canonical momentum can be quite large for short tra¬ 
jectories. The complex-valued solutions, not only for the ionization times, but also 
for the recombination times and the electron canonical momenta, challenge our 
understanding of the underlying physical picture of harmonic generation. If the 
first step of high harmonic generation is ionization, then why do these liberated 
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electrons have complex canonical momenta? Does this mean that these electrons 
have not been ionized? Can we factorize the harmonic dipole into ionization, prop¬ 
agation and recombination? The next section explores this opportunity. 


7.6 

Factorization of the HHG Dipole: Simple Man on a Complex Plane 

Having derived the analytical expressions for the HHG dipole, can we identify the 
simple man model in it, within the consistent quantum approach? To do this, we 
need to factorize the harmonic dipole into the three steps: ionization, propagation 
and recombination. That is, we have to rewrite the dipole as a product of the ion¬ 
ization amplitude, the propagation amplitude and the recombination amplitude. 

Such factorization of the harmonic dipole is not just curiosity driven. It is impor¬ 
tant for extending the modeling of harmonic emission to complex systems. Once 
the three steps are identified, the respective amplitudes can be imported from dif¬ 
ferent approaches, tailored to calculate specifically ionization or recombination in 
complex systems. 

The factorization of the harmonic dipole runs into two types of problems: tech¬ 
nical and conceptual. The technical problems arise from the fact that the original 
three-step (simple man) model is formulated in the time domain. The three pro¬ 
cesses - ionization, propagation and recombination - are the sequence of subse¬ 
quent time-correlated events. The harmonic spectrum formally corresponds to the 
harmonic dipole in the frequency domain, where the three processes become en¬ 
tangled: recall the contribution of different quantum trajectories to the same pho¬ 
ton energy. Thus, rigorous factorization in the frequency domain is only possible 
in the cutoff region, where short and long solutions merge, see [42]. 5| 

The conceptual problem is due to the complex canonical momentum of the elec¬ 
tron responsible for HHG. Ionization in terms of creating photoelectrons with real 
canonical momenta does not appear to fit into the HHG picture. Can we build an 
alternative model of HHG based entirely on photoelectrons, that is, those electrons 
which are indeed ionized at the first step? 

Let us address these issues step by step, starting with the factorization of the 
harmonic dipole in the frequency domain [42, 44, 45] and the time domain [24]. 
The former involves the factorization of Eq. (7.25), the latter factorizes Eq. (7.24). 


5) Note that the quantitative rescattering theory (see [43]) postulates that one can factor out the 
recombination step in the frequency domain harmonic dipole. This postulate is supported by the 
results of numerical simulations demonstrating approximate factorization in the cutoff region, 
see [44], 
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7.6.1 

Factorization of the HHC Dipole in the Frequency Domain 


To rewrite the harmonic dipole in the semifactorized form, we can take Eq. (7.42) 
and split the action integral S that enters the phase of this expression into the 
following three time intervals: from % to t[, from t( to t', and from t' to tj (see 
Figure 7.2). Then we can identify the group of terms that looks like the ionization 
amplitude similar to that given by Eq. (7.53), 


P'ion(Ps’ h) 


2jt 

L^J 


1/2 


e -iS( Ps , *i.‘i) T (p s + A(ti)) . 


(7.67) 


The ionization amplitude is associated with the first time interval, from t; to t', and 
only the part of the action integral from t; to the real time axis t[ — iR(t;) enters 
this amplitude. For a short-range potential (neglecting the subcycle effects in the 
prefactor), we find: 


APs) = 2C 


/ 1 

(Ps±) 

1 Ky/l + y 1 

\ K ) 


(7.68) 


Constant C is specified in Eq. (7.63). The momentum p s is given by the full set of 
saddle point conditions for t;, t r , and p s : 



[p s + A(b )] 2 
2 


+ IP = Nm . 


(7.69) 


Note that t; in HHG and t; in ionization are different. That is why we use y and p 
in Eq. (7.65), whereas we use y (see Eq. (7.51)) and p s in Eq. (7.68). Ifthe imaginary 
part of p s is equal to zero, then y = y. For the Coulomb potential (neglecting the 
subcycle effects in the prefactor), we find: 


^ion(.P s ) — 2 C 



e -iS(P s Xti)+im<t> Ps 


(7.70) 


Now consider the next time interval, from t' to t'. The prefactor arising from saddle 
point integration over the electron momenta p leads to the term 

(2jt) 3 / 2 _ (2jt) 3 / 2 

^det (iS" :P J m -fi)) 3/2 ' 


(7.71) 
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This term describes the free spreading of the electron wave packet between t, and 
k- Thus, we associate the following group of terms with the propagation amplitude: 


®prop(Ps' hi k) 


( 2jT ) 3/2 e -iS(pM) 

(i(tr ~ k)?' 2 


(7.72) 


Note that the denominator includes the complex-valued times k and k- 
Finally, the recombination amplitude is represented by the recombination matrix 
element d* (p s + A(k)) and can be associated with the following group of terms: 


«rec {p s , k) = 


2k 

JSZtrJ 


1/2 


e -iS[p s , tl X)+iN<Otrd*( Ps + A (k)) 


(7.73) 


where S ( " tr = — y/2(Na> — IP)F(t r ) for a linearly polarized field. As a result, the 
total dipole is formally written as 


D(Ncj) 


4 M 

J2 °rec (P s , 4 J) )«prop(l> s - (P s , t[ J> ) , 


j = 1 


(7.74) 


where the index j labels the saddle points. However, in contrast to photoelectrons, 
the electrons involved in HHG have complex canonical momenta p s . Therefore, 
the imaginary part of the action is accumulated not only “under the barrier,” from k 
to t', but also all the way between t' and k- Thus, factoring out ionization as the first 
step of HHG is not that convincing. Similarly, the recombination step involves not 
only the recombination dipole, but also the possible change in the amplitude due to 
the imaginary contribution to the action between t' and k- Thus, while we can for¬ 
mally associate several groups of terms in the harmonic dipole Eq. (7.74) with am¬ 
plitudes of ionization, propagation, and recombination, the complex-valued elec¬ 
tron momenta make such identification somewhat tenuous. 

An additional point to note is that the three amplitudes are also entangled due to 
the sum over the different saddle points in Eq. (7.74). Even if we only consider con¬ 
tributions of the two most important trajectories, short and long, the sum entangles 
their contributions and also mixes up the contributions from different half-cycles. 
Importantly, a finite pulse duration leads to a different mapping between the given 
harmonic number and the ionization-recombination times for each half-cycle. 

A practical approach to factorization realized in the so-called quantitative rescat¬ 
tering theory [43] is to assume that a lec (p s (N), 4 j \n)) = a lec (Nu>) for all j, yield¬ 
ing: 


4 M 

D(Nu>) = Orec(Nftl) ^ a P mp(P s , 4 J) , t! J )a ion (p s , tj J ) ■ 

j =1 


(7.75) 


This approximation breaks down in the following cases: 


1) In two-color orthogonally polarized fields [46]. In this case more than two tra¬ 
jectories returning at different angles can map into the same return energy [46]. 
Such trajectories must correspond to different recombination dipoles for differ¬ 
ent angles, violating Eq. (7.75). 
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2) In the vicinity of the structural minimum of the recombination matrix element, 
or when the phase of the matrix element changes rapidly [47, 48], 

3) When the subcycle dynamics associated with the electron interaction with the 
core potential cannot be neglected. 

These technical problems can be remedied by looking at the dipole in the time 
domain. 


7.6.2 

Factorization of the HHC Dipole in the Time Domain 


There are several advantages of using the time-domain dipole. For starters, if we 
do not perform the Fourier transform analytically, the time ^ no longer has to be 
complex. With the Fourier integral performed using a standard FFT routine, we 
can keep t,- on the real time axis. The number of saddle point conditions is also 
conveniently reduced to two (one of them, for the momentum p s , is in general 
three-dimensional) 



(7.76) 


with tj- being the parameter, instead of the harmonic number N. 

In the time domain, it is natural to sort the contributions to the induced dipole 
according to the corresponding ionization bursts. Then, for each half-cycle j, there 
is a single ionization burst j at time tj J 1 that contributes to the induced dipole as a 
function of the real return time tr, see Figure 7.5a. After saddle point integration, 
this contribution is: 


2jt 

1/2 

(2jt) 3 / 2 

i 5" 

j det ( iS 'p's,pJ 


x d*(p s + A(t r )) e - is (P^T(p s + A(tl j) )) , 


tr 

S(p s , t r , k)=\f IPs + A(T)] 2 dT + IP (tr - ti) , (7.77) 

k 

with det(iS" ) = [i(t r — t| J *)] 3 / 2 (see also Eq. (7.71)). Just as in the frequency 
domain, up to a global phase factor the dipole can be written as a product of three 
amplitudes: 

D 0) (t r ) = o rec (P s . M«pr°p(Ps’ tr, tj J )a ion (p s , tj J> ) . (7.78) 

The ionization and the propagation amplitudes entering this expression are giv¬ 
en by Eqs. (7.67) and (7.72). The recombination amplitude is simply equal to the 
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recombination matrix element d* ( p s + A(t r )), as we have not performed the Fouri¬ 
er transform yet. Equation (7.78) is the natural mathematical formulation of the 
three-step model, which is intrinsically subcycle. 

If we ignore multiple returns, that is, very long trajectories, then for each f there 
is only one ionization burst to deal with. As opposed to the frequency domain, the 
contributions of the long and the short trajectories from this ionization burst are 
not yet mixed - they are separated in time. This is very convenient if you need to 
look at the contribution of only the short, or only the long trajectories: it is straight¬ 
forward to add a time-domain filter that would filter out the unwanted contribu¬ 
tions. Essentially, this would correspond to making a window Fourier transform of 
the time-domain harmonic dipole. The inclusion of the contribution of multiple 
returns is rarely required for typical experimental conditions. 

To model the full D(t r ) one needs to model ionization, recombination and prop¬ 
agation separately for each half-cycle, and then collect the contributions from each 
half-cycle (each ionization burst): 

£>(t r ) = £><%). (7.79) 

j 

To obtain the harmonic spectrum, we have to perform the Fourier transform, 
which is convenient to do numerically using a FFT routine. There are two possible 
approaches to implement the Fourier transform. 


Integration along Lewenstein’s contour In this approach, the Fourier transform is 
performed along the time contour in the complex plane t r = t' + it". In this case 
the argument of the recombination dipole p s + A(t r ) remains real and so does the 
recollision energy £ rec (t r ). Since it is difficult to numerically perform an integration 
along a complex contour 

D(Non) = J dtr e~ Nwt "D(t r )e iNmt *, (7.80) 

one can use variable substitution and integrate over the real return times t' r : 


D(Na>) 


[ dt' 

e -|iw(M + IPlt." 

J 1 



D(t')e iNo>t r, 


(7.81) 


Na> = E rec (tr) + IP - 


(7.82) 


free ( b) — 


IPs + A M 2 


(7.83) 


The derivative in the square bracket is associated with the variable substitution. 

Note that Eq. (7.81) contains one approximation: the term e (Nco)t r j g moc £fi ec i 
according to the energy conservation Net) = E lec (t r ) + IP. However, the integration 
of Eq. (7.81) is not very convenient due to the additional effort associated with the 
need to avoid the divergence of dt T /dt' r in the cutoff region (see Figure 7.4). 
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HHC dipole on the real time axis To keep things simple, one can keep the half¬ 
cycle harmonic dipole on the real time axis: 

= a lec (p s , t)a p[op ( Ps , t, tf J )a ion (p s , tj J ) , (7.84) 

where the saddle points p s and tj J * are given by Eq. (7.76) and the index j labels 
different laser half-cycles. 

In this “real-time axis” approach, the return time t is a parameter: we have to find 
ti and p s for each t. This can be done using a procedure similar to that described 
in the previous section, only simpler. Specifically, we introduce the dimensionless 
variables cp = a>t and p/(F/a>) = p i + ip 2 . For a linearly polarized field p Si ± = 0. 
For each real (p we use Eqs. (7.43) and (7.44) with rj>" — 0 and <p[ = rp: 

= P\{4> ~ <P[) + Pi4>” ~ cos (<p[) cosh (0") + cos (cp) = 0 , (7.85) 

F 2 (<P) = -Pi4>i + P2(<P ~ <P[) + sin(r/;') sinh(0") = 0 . (7.86) 

We can now use Eqs. (7.47) and (7.48) to express p\ andp 2 in terms of <p[ and rp”. 
Then, we build the surface F(rp) = Ff + F| for each rp. Next, we find the minima 
on this surface. Alternatively, we can use p\ and p 2 as our variables, expressing <p[ 
and (p " viapi,|> 2 . then the minima on the surface Ff + Fj will yield the real, pi, and 
the imaginary, p 2 , components of the canonical momentum, and then Eqs. (7.49) 
and (7.50) yield the corresponding ionization times. 

In this approach the divergence at the cutoff is avoided, since the divergence oc¬ 
curs in the complex plane of the return times when calculating the Fourier trans¬ 
form analytically using the saddle point method. The price to pay is that the re¬ 
combination dipole has to be taken at the complex arguments p s + A(t) and the 
recollision energy E rec (t) has an imaginary part. In practice, one can use the real 
part of the recollision energy as the argument of the recombination dipole. If one 
wants to avoid this approximation, one has to extend the recombination dipoles 
into the complex plane of the electron momenta. 

Thus, one can formally factorize the harmonic dipole in the time domain, over¬ 
coming the technical problems associated with the factorization. However, one has 
to keep in mind that the ionization amplitude has to be modified to include com¬ 
plex canonical momenta and slightly different ionization times. Fortunately, this 
does not lead to changes in angular factors, because T n (p s + A(fi)) remains the 
same. Indeed, both p s and h are different in the case of HHG and ionization, but 
the term p s + A(fi) = iptc (see Eq. (7.61)) is the same in both cases. The changes 
appear in the phase S(p s , t r , t\) and the subcycle core effects, that is, everywhere 
where p s and h contribute separately. 

The conceptual problem associated with understanding the physical meaning of 
the complex electron momenta, especially in the context of the “ionization step,” 
still remains. The next section shows how, and to what extent, this problem can be 
circumvented. It introduces the photoelectron model of HHG, where the electron 
canonical momentum is restricted to the real axis. 


7.7 The Photoelectron Model of HHC: The Improved Simple Man | 227 

7.7 

The Photoelectron Model of HHG: The Improved Simple Man 

In the standard simple man model, the electron motion between ionization and re¬ 
combination is modeled using classical trajectories. Naturally, the electron velocity, 
the ionization time, and the recombination time are all real-valued quantities. In 
the quantum description, the rigorous approach based on the saddle point method 
leads to trajectories with complex-valued momenta and complex-valued ionization 
and recombination times. The presence of complex canonical momenta makes it 
difficult to identify the ionization step. 

The complex-valued canonical momenta and recombination times arise from 
the requirement that the electron returns exactly to its original position. Since the 
tunneling electron accumulates an imaginary displacement during its motion in 
the classically forbidden region, the complex-valued momenta and return times 
must compensate for this displacement. 

This section shows that if we relax the return condition and neglect the imaginary 
displacement between f and its real part 9i(ti), we can obtain the same recollision 
energy for real-valued canonical momenta and for real-valued return times. We 
shall call this approach the photoelectron model, since it allows one to incorporate 
standard strong-field ionization concepts in a natural manner. The ionization am¬ 
plitude would then correspond to creating an electron with a real-valued canonical 
momentum, and the imaginary part of the action integral would only be accumu¬ 
lated between h and Sli(ti). 

In the classical model, one assumes that the electron trajectory is launched at the 
real “time of birth” t B with zero instantaneous velocity. The electron instantaneous 
momentum at t B can be written as fc(t B ) = p + A(t B ) = 0, where the canoni¬ 
cal momentum p is a constant of motion (neglecting the core potential). The link 
between t B and p, p — —A(t B ), links t B via [p + A(t{)] 2 = —2IP to the complex¬ 
valued ionization time k- In particular, for a linearly polarized laser field we have 
[^(hph) — A(t B )] 2 = —2IP. Note that this tj p h is in general different from the ion¬ 
ization time ti introduced in the previous section, since now the electron canoni¬ 
cal momentum is forced to be real. The notation t iiP h stresses that this ionization 
time corresponds to photoelectrons, that is, to electrons with real canonical mo¬ 
menta. Figure 7.7 shows the mapping between the time of birth and the complex 
time t i>p h. 

The photoelectron exits the tunneling barrier at the real time, itl(t, iP h), and since 
9t(tp p h) turns out to be smaller than t B , the electron velocity at itt(ti >p h) is directed 
towards the core. It gradually decreases until becoming equal to zero at t B . The 
difference between ^(hph) and t B is small near the peak of the oscillating electric 
field, but increases as the field approaches zero. While the times t B are always 
spread within one quarter-cycle, as in the classical model, the times iR(t i>p h) are 
limited to a shorter fraction of the quarter-cycle, see Figure 7.7. 
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Figure 7.7 Complex ionization time for 
photoelectrons tj iP h vs. time of birth for 
IP = 15.6 eV, / = 1.3 x 10 14 W/cm 2 , 
hco = 1.5 eV (a). Cartoon illustrating the 
connection between tj p h and (b): the elec¬ 


tron exits the barrier with a negative velocity 
v(tj lP h) = fe(tj, p h) (directed towards the 
core). Its velocity gradually decreases and be¬ 
comes zero at the classical ionization time 
(v(t B ) = fe(*B) = 0) - the time of birth t B . 


We now turn to the classical return time £r. In the original classical model, it is 
defined by the condition 


tR *R 

J[p + A(r)]dr — J [-A(t B ) + A(r)]dr = 0 . 

*B *B 


(7.87) 


However, since the electron is already offset from the origin at t B , 


Az = 


tB 

j [A(r) - A(t B )]dr , 


l i,ph 


(7.88) 


it does not return to the origin at t R , see Figure 7.8. 

The energy f:(t R ) = [A(t R ) — A(t B )] 2 /2 in the classical model is shown in Fig¬ 
ure 7.8b, with the cutoff at 3.17 Up + IP. This cutoff is lower than in the quantum 
treatment, precisely because the electron has not yet returned to the core. The ex¬ 
tra 0.32 IP in the quantum cutoff law, 3.17 U p + 1.32IP, is due to the extra energy 
accumulated by the electron while covering the extra distance Az. 6) 

Can we improve these results if we allow the photoelectrons to travel a bit longer 
and allow them to return to the core? Why do not we continue to monitor the 
electron trajectory at times t > t R and register their energy at the time of return to 
the origin t r p h, ignoring whatever imaginary displacement they might have? There 
is just one problem with this plan: not all trajectories return to the core since we 
have limited the canonical momentum p p h = — A(t B ) to be no more than A 0 . With 
this in mind, we shall take the energy at the closest approach to the origin as the 

6) Interestingly, if one defines the experimental cutoff using the classical model, then the classical 
time-energy mapping is very similar to the quantum: t R is very close to the real part of tr. Since in 
the experiment the intensity is rarely known exactly, it is very difficult to differentiate between the 
classical (red) and the quantum (blue) return energies in Figure 7.8. 
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(a) 



Figure 7.8 Physical picture of high harmonic 
generation in coordinate space and the mean¬ 
ing of different times (a). The electron enters 
the barrier at a complex time t\ and exits the 
barrier at the real time t' = 9*1 1\. Its veloc¬ 
ity goes through zero at a (later) time t%. At 
the moment Jr the electron returns to the 


position it had at t^, and at the moment t it 
returns to the origin. The blue curve shows 
the electron return energy at the moment t 
in the Lewenstein model, while the red curve 
shows the electron return energy in the classi¬ 
cal three-step model (b). 


return energy. We shall call this an improved three-step model or the photoelectron 
model. 

The model implies the neglect of the imaginary displacement and the minimiza¬ 
tion of the real displacement between ti fP h and t rjP h- The imaginary displacement 
has to be neglected since we do not have imaginary canonical momenta and imag¬ 
inary return times to cover for it. 

The photon energy resulting from the photoelectron model is E^(t) + IP = 
dS/dt Ti p h, where S(p p h, t r ,ph» h.ph) is given by Eq. (7.21). It is in excellent agree¬ 
ment with the quantum photon energy (see Figure 7.9a) for all those trajectories 
for which the real part of the electron displacement from the origin passes through 
zero. This is the case for the long trajectories and for most of the short trajectories, 
except for the shortest ones. These latter ones are “born” at the end of the ion- 




(a) Real time of return, units of laser cycle 


(b) Real time of return, units of laser cycle 


Figure 7.9 Energy of return for the Lewenstein model (red) and for the photoelectron model 
(green) vs. real return time for IP = 15.6eV, / = 1.3 x 10 14 W/cm 2 , hco = 1.5 eV (a). Real part 
of the electron displacement in the photoelectron model (b). 
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ization window and contribute to the lowest harmonics, just above the ionization 
threshold. 

For short trajectories, the electron is decelerated by the laser field while returning 
to the core. Therefore, it needs a sufficiently high drift momentum to reach the 
origin. Since we have limited the canonical momentum p = —A(t B ) below A 0 , 
the shortest trajectories cannot quite make it to the core. For them, the time t r>p h 
corresponds to the closest approach to the core. A nonzero real displacement yields 
a deviation of the approximate action S (p p h, t r , p h. fi.ph) from the real part of the exact 
action defined in the previous section, see Figure 7.9b. 

The action in this model is reproduced very well, since it is the time integral 
from the photon energy. Once the electron return energy is well reproduced, so is 
the action, even if the end points t[, t' are shifted. 

From the mathematical perspective, the photoelectron model implies that when 
we perform the integrals, we expand the action not at the exact saddle point, but 
in its vicinity. In particular, we shift the center of the expansion for the canoni¬ 
cal momentum from the complex plane to the real axis. The error introduced in 
the integral by this procedure is minimized if the new expansion point lies with¬ 
in the saddle point region of the exact complex saddle point of the multidimen¬ 
sional integral. Thus, the difference A p = p q — p p h between the stationary point 
solution for quantum orbits p q and the canonical momentum in the improved 
three-step model p p h should be less than the size of the stationary point region: 
| Ap| < |3 2 S/3p 2 | _ h 2 = (t r — ti) 1 / 2 . We can estimate | Ap| as | Ap| = | Az/(t r — h)|, 
where | Az| includes the neglected imaginary displacement. This estimate yields 
I Az| < (t r - ti) 1/2 . 

Figure 7.10a illustrates this condition for typical experimental parameters (co = 
0.057 a.u., IP = 15.6 eV, I = 1.3 x 10 14 W/cm 2 ): the improved three-step model 
cannot be applied for very short trajectories returning earlier than co t r> p h/2jt = 0.36 
or for harmonics lower than N = 11. Thus, for this particular set of parameters, all 
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Figure 7.10 Applicability region of the 
photoelectron model (a). The condition 
| Az| < (t r — ti) 1 / 2 specifies the region of 
return times (filled) where the photoelectron 
model can be used. The calculation is shown 
for IP = 15.6eV, / = 1.3 x 10 14 W/cm 2 , 


tico = 1.5 eV. Real and imaginary ionization 
times for the Lewenstein model (red), the 
photoelectron model with canonical momen¬ 
tum less than Aq (green), and for the canon¬ 
ical momentum not limited by this condition 
(blue) (b). 
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above-threshold harmonics are within the applicability conditions of the improved 
three-step model. 

Figure 7.10b compares the ionization times resulting from the Lewenstein mod¬ 
el and the photoelectron model of HHG. The ionization times coincide for the 
long trajectories. In this sense, the long trajectories indeed correspond to photo¬ 
electrons. The difference between the ionization times for the short trajectories is 
associated with the presence of imaginary canonical momenta in the Lewenstein 
model. For the shortest trajectories, the difference in the real ionization times is 
about 100 as for the chosen laser parameters: the ionization window is wider for 
the photoelectron model. As for the imaginary component of the ionization times, 
they are smaller in the photoelectron model. Therefore, short trajectories are less 
suppressed in this model than in the full Lewenstein model. 

Mathematically, implementing the photoelectron model requires only one ap¬ 
proximation - relaxing the return condition. Note that the requirement of perfect 
return to the origin is an artifact of neglecting the size of the ground state in the 
saddle point analysis. If we take into account the size of the ground state, then the 
return condition will naturally be relaxed: to be able to recombine, the electron has 
to return to the core within the size of the ground state. From this perspective, the 
extension of the Lewenstein model to real systems, including molecules, should go 
hand in hand with relaxing the return condition for its real part. 

Measurement of ionization times might allow one to differentiate between these 
two models and to pin down the nature of the electron trajectories responsible for 
HHG. A particularly interesting question is whether the complex momenta are an 
artifact of the (5 -like initial state, or are indeed relevant for real systems. 

The accuracy of the first measurement [33] was sufficient to distinguish between 
t B and tf, but not high enough to distinguish delays between t[ (red curve, Fig¬ 
ure 7.10b) and tf h (green curve, Figure 7.10b). 


7.8 

The Multichannel Model of HHG: Tackling Multielectron Systems 

In multielectron systems, there are multiple ways of energy sharing between the 
liberated electron and the ion. The ion can be left in its ground or in one of its 
excited electronic states. These options are referred to as different ionization chan¬ 
nels. Multiple ionization channels lead to multiple HHG channels: the returning 
electron can recombine with the ion in its ground or in one of its excited states. 

Multiple HHG channels present different pathways connecting the same ini¬ 
tial and final state - the ground state of the neutral system - via different inter¬ 
mediate electronic states of the ion. Thus, high harmonic emission in multielec¬ 
tron systems results from multichannel interference, see [13], that is, the interfer¬ 
ence of the harmonic light emitted in each channel. This interference naturally 
records multielectron dynamics excited upon ionization and probed by recombina¬ 
tion, see [13]. How important are these multiple channels? How hard is it to excite 
the ion during strong-field ionization? 
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Strong-field ionization is exponentially sensitive to the ionization potential IP, 
suggesting that after ionization the molecular ion is typically left in its ground 
electronic state. In the Hartree-Fock picture, this corresponds to electron removal 
from the highest occupied molecular orbital (HOMO). However, multiple ioniza¬ 
tion channels can be very important in molecules due to the geometry of the molec¬ 
ular orbitals and the proximity of the excited electronic states in the ion to the 
ground state. 

The formalism described above, in the Sections 7.1-7.7, is essentially a single¬ 
channel picture of HHG. It can be extended to multiple channels. 

First, we introduce the Hamiltonian of an N-electron neutral molecule interact¬ 
ing with a laser field: 


h n = jN + yN + yN + yN _ 





(7.89) 


Here, the nuclei are frozen at their equilibrium positions R m , the index m enu¬ 
merates the nuclei with charges Q^,, the superscript N indicates the number of 
electrons involved, T e N is the electron kinetic energy operator, V C N describes the 
Coulomb potential of the nuclei, V e ^ describes the electron-electron interaction, 
and V l n describes the interaction with the laser field. Hats on top of operators are 
omitted. 

We will also use the Hamiltonian of the ion in the laser field, H ^ N ~ 1 ), and the 
Hamiltonian of an electron interacting with the laser field, the nuclei, and the (N — 
1) electrons of the ion, H e = H N — H ^ N ~ 1 k 

The Schrodinger equation for the N-electron wavefunction of the molecule, ini¬ 
tially in its ground electronic state W g (r), is 


0 

i—V N (r,t) = H N W N (r, t) , 
ot 

W N (r,t=t 0 ) = V g N (r). 


(7.90) 


Similar to the single-electron case, its exact solution can be written as 


|¥' N (t)) =-if dt'U N (t,t')V?(t')U%(t',t 0 )'P g N (r) + U$(t,t 0 )\V g N ) . 


(7.91) 
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Here the U 0 N and U N are the N-electron propagators. The former is determined by 


■ dU 0 N 

dt 


H n N U? 


(7.92) 


U N (t 0 , t 0 ) = 1 , 


(7.93) 


where H 0 N is the field-free Hamiltonian of the molecule: H 0 N = H N — V L N . The 
latter is the full propagator determined by id U N /dt = H N U N . 

The harmonic dipole reads 

t 

D(t) = -i(U$(t,t 0 )'P?(r)\d\ j dt'U N (t, t') 

to 

x V l n (t') Uq (t', t 0 )W g N (r)) + c.c. (7.94) 

Just as in the one-electron case (Eq. (7.13)), propagation without the laser field 
is simple as long as the energy E g and the wavefunction of the initial state of the 
neutral molecule or atom are known: 


U 0 N (t', to)V g N (r) = >W g N (r) . (7.95) 

Finding the full propagator U N (t,t') is just as hard as solving the multielectron 
TDSE. 

To simplify the analysis, we will make the following two approximations. First, 
we shall neglect the correlations between the electrons in the ion and the liberated 
electron after ionization. In this case, the full propagator factorizes into two inde¬ 
pendent parts, describing the evolution of the continuum electron and the evolu¬ 
tion of the ion in the laser field between ionization and recombination: U N (t, t') ~ 
U( N ~ r>(t, t') U e (t, t'). Second, we will derive the results for short-range potentials, 
just like we did in the single-electron case considered above: U e (t, t') ~ Uy(t, t'), 
and supply the corrections due to Coulomb effects. 

One can improve upon these two approximations by including the electron- 
electron correlations during ionization perturbatively [49], and by using the eikonal- 
Volkov states [50] for the continuum electron instead of the plane wave Volkov 
states. The eikonal-Volkov states include the laser field fully, the interaction of the 
continuum electron with the core in the eikonal approximation, and also take into 
account the interplay between these two interactions (the so-called Coulomb-laser 
coupling [51]). 

A consistent approach, which includes both electron-electron correlations and 
long-range effects in strong-field ionization can be developed within the time- 
dependent analytical R-matrix (ARM) method [52]. This method (1) splits the 
configuration space into the inner and outer region and uses quantum chemistry 
in the inner region, (2) uses the eikonal-Volkov propagation in the outer region [50], 
and (3) uses the Bloch operator [40] to match the solutions in the two regions. 

Moreover, if we can factorize the dipole response into the usual steps - ioniza¬ 
tion, propagation, recombination, we can think of improving each of the three steps 
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Population of ionic states 




Figure 7.11 Subcycle dynamics in the N 2 ^ ion aligned at 9 = 50° to the laser field 
polarization: populations of the field-free ionic states X (blue), A (red), and B (green) in a 
/ = 0.8 x 10 14 W/cm 2 , 800 nm laser field (a). Electronic states of the N 2 ~*~ ion (b). 

separately, for example, by using improved ionization and recombination ampli¬ 
tudes that include the electron-electron correlation beyond the perturbation theo¬ 
ry. 

Just like in the one-electron formalism considered above, we will introduce the 
identity resolved on the momentum states of the continuum electron, but now we 
also have to include the electronic states of the ion, 7) 

1= f dp ^ A|n* N—x > (g> jp")(n* N ~ 1 * <8> p"|A , (7.96) 

* n 

where A denotes the antisymmetrizing operator. 

The harmonic dipole becomes 

t 

D(t) = -i(V g N \d\ J dt'e *') J dpU* N_1 >(t,t')|n< N_1 )) 

to 

x U^(t,Oll>?)<K'" ( * _ W(Ol^ + c.c. (7.97) 

Note a crucial change compared to the single-channel case (Eq. (7.18)): the ap¬ 
pearance of the laser-induced dynamics between the bound states of the ion, de¬ 
scribed by the propagator U^ N ~^(t, t')\n^ N ~ 9). These dynamics can be calculated 
if the dipole couplings, d mn , between all essential states, as well as their eigenener- 
gies E n , are known. 

Consider, for example, the case of an N 2 molecule with three essential states in 
the N 2 + ion, denoted as X, A and B, see Figure 7.11. The time-dependent transition 
amplitudes a mn (t, t') between the state rt* N— 9 populated at the moment t' and the 
state m* N— 9 at the moment t are given by a mn (t, t') = (m^ N ~ 9| t')\n( N — 9). 

7) Here we use the field-free states of the ion. If the limited amount of basis states is used, then one 
should try to find the optimal “laser-dressed” basis. 
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It is a solution of the following system of differential equations: 

= [H + V(t)] A< n >, (7.98) 

where, for our three ionic states, the Hamiltonian of the ion is 


/Ei 0 0\ 

H = 0 £ 2 0 , 

\ 0 0 eJ 

with the energies £„ of the three states. The interaction between these three states 
is described by the matrix of the laser-induced couplings, V mn (t) = —d mn ■ F(t), 
that is 


V(t) 


Finally, 


A<"> 


0 

V 12 (t) 

V 2 i(t) 

0 

Vji (t) 

V 32 (t) 

Ol n(t, t'] 


a 2n (t, t'] 

> 

a 3n (t, t'\ 

1/ 


Vi3(t)\ 

V 23 (t) I 


is the vector describing the population amplitudes of all essential ionic states, start¬ 
ing from the state n< N— 9 at time t'. 

Let us introduce channel-specific Dyson orbitals l F^(r) = -v/iV(nf N—1 >|¥ / g N (r)). 
These are the overlaps between the JV-electron wavefunction of the ground state of 
the neutral and the (N — l)-electron wavefunction of the ionic state | n< N_ 9 ). In the 
Hartree-Fock picture they coincide with the Hartree-Fock orbitals. Let us assume 
that the dipole operator that starts ionization at the moment t' in Eq. (7.97) acts 
only on the electron that will be liberated (i.e., we neglect the exchange-like effects 
in ionization). In this case, the multielectron dipole D^ mn \ which corresponds to 
leaving the ion in the state n< N— 9 after ionization and then recombination with the 
ion in the state m^ N ~ 1 \ can be rewritten in a form very similar to the one-electron 
case (Eq. (7.24)): 

t 

D {mn \t) = i J dt' J dpd* m (p + A(t))a mn (t,t')e~ iS,,{p ' ty) 

to 

x F(t')d n (p + A(t')) , (7.99) 

d n (p + A(t)) = (p + A(t)|d|¥'„ D ) , 
d m (p + A(t)) = (p + A(t)\(n^\d\W g N ) , 

t 

S n (P, *') = \ JlP + A( T )] 2dr + h,n(t ~ t'). 

t' 
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This expression is remarkably similar to a one-electron dipole (7.24). The transfor¬ 
mation similar to (7.22) is also valid in this case, yielding 

t 

D {mn) (t)=i J dt' J dpd* m (p + A(t))a mn (t, t')e~ ,s{p ’ t ’ t ' ) T n (p + A(t')) , 

o 

(7.100) 


r n (p + A(t)) = 


[.v + 

2 


H - Ip,n 


(p + A(t) |*0 , 


where I p?n is the ionization potential to the state n of the ion and the matrix 
a mn (t, t') is calculated while setting E n to zero. 

The total harmonic signal results from the coherent superposition of the dipoles 
D* m ") associated with each ionization-recombination channel: 


D(t) = ^D {mn \t) . 

m,n 


(7.101) 


Substantial subcycle transitions, such as those shown in Figure 7.11 for the N 2 + 
ion in typical experimental conditions, have a crucial impact on the harmonic radi¬ 
ation. They lead to the appearance of the cross-channels in HHG (the off-diagonal 
elements D* mn * for m / n in Eq. (7.101)) since the state of the ion changes be¬ 
tween the ionization and the recombination, see Figure 7.12. These channels can 
indeed be substantial in high harmonic generation, as is the case for N 2 molecules, 
see [53], as illustrated in Figure 7.11. 

In the recent literature on high harmonic generation one can often come across a 
rather loose language, which refers to different ionization and recombination chan¬ 
nels as associated with different Hartree-Fock molecular orbitals. This language 
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Figure 7.12 (a) Cross-channel in HHG asso¬ 
ciated with ionization from and recombina¬ 
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to real excitations induced by the laser field 
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should not be taken literally as a statement on the applicability of the Hartree- 
Fock picture and on the physical reality of the Hartree-Fock orbitals as observable 
physical quantities. Loosely speaking, removing an electron from the highest oc¬ 
cupied molecular orbital (HOMO) creates the ion in the ground state. Removing 
an electron from one of the lower lying orbitals (e.g., HOMO-1, HOMO-2) creates 
the ion in one of its excited states. Thus, the reference to the orbitals should only 
be understood as a language for describing ionization and recombination channels 
associated with different multielectron states of the ion - and those are physically 
relevant and observable. In the orbital language, electron removal from an orbital 
creates a hole in this orbital. The laser-induced dynamics in the ion, moves the 
hole between the orbitals in the time window between ionization and recombina¬ 
tion, see Figure 7.12. 

Application of the saddle point method in each channel leads to the following 
half-cycle dipole for the given ionization-recombination channel: 


D U ’ mn) (t) = a™ c (p s , t)a^"(p s , t, tj A )a" on (p s , tj A ) 


<n(P S ’ h) = 


2 Jt 

c" 


-lV2 


e -iS(P s ^ i) 4 i) ) Tn(Ps + A(tf 


U h 




rec m 


C(Ps + A (t)) ■ 


(7.102) 

(7.103) 

(7.104) 

(7.105) 


Neglecting the subcycle dynamics in the prefactor of a" on (p s , k), we can substitute 
Eq. (7.103) by the following expression, which includes the Coulomb effects in 
ionization (to learn about sub-cycle Coulomb effects, see [28, 32, 42]): 

3 ? /- 1 - 

<n(P s . h) = 2 ‘ J —^==e- is ^ t >’ ti) r n (p s + A(k)) . (7.106) 

A term similar to T„ also arises within the time-dependent analytical R-matrix ap¬ 
proach, applied to multichannel strong-field ionization [52]. However, in [52] the 
radial integration is removed due to the use of the Bloch operator. Thus, in [52] the 
pole in T„ does not arise, even when the long-range potential is taken into account. 
Function T n (p s + A(t;)) encodes the angular structure of the Dyson orbital in the 
asymptotic region, which is more complex than the one arising in the asymptotic 
of the atomic wavefunction (7.56), leading to Eq. (7.58). The simple expressions for 
the asymptotic of the Dyson orbital for small molecules can be found in [54]. 

Here, we have considered the harmonic dipole on the real time axis. Note that 
the propagation amplitude is modified compared to the one in the one-electron case 
(Eq. (7.72)) to include the laser-induced dynamics in the ion a mn (t). The full dipole 
for each ionization-recombination channel is the sum over the different half-cycles 
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and the harmonic spectrum results from the FFT of the full dipole D mn (Na>): 


Dl“)(t) = D {j,mn) (t) , 

j 

(7.107) 

mn \Nu>) = J dtD^{t)e iNu,t . 

(7.108) 


The complete harmonic response is obtained by adding coherently the contribu¬ 
tions of all ionization-recombination channels. 


7.9 

Outlook 

Having factorized the dipole, we can use improved amplitudes for each step. These 
are the key components of the current theoretical work in high harmonic spec¬ 
troscopy of molecules. 

Improving ionization Improved ionization amplitudes can be taken from semian- 
alytical and/or numerical approaches. The task is to define the function T(p + A(t)) 
for a realistic system and include long-range and polarization [55] effects. For exam¬ 
ple, one can use the results of [54], where the ionization amplitude is represented 
as: 


<n(JV ti) = Rim(IP, F)e~ ls <*"<* i) . (7.109) 

The exponent describes the subcycle dynamics of strong-field ionization, that is, 
it is the same as for the atomic case and a short-range potential. The prefactor 
®tm(IP> F) accounts for the influence of the core potential and the shape of the 
initial state on the ionization rate. For atoms, this prefactor has been derived in 
the seminal papers of Perelomov, Popov and Terentev (see [34-37]) and improved 
in [56]. A simple recipe for incorporating their results into the subcycle ionization 
amplitudes can be found in [57] correction for the pre-factor R in molecules is dis¬ 
cussed in [54]. Fully consistent treatment of long-range, polarization and orbital 
effects can be developed within the time-dependent analytical R-matrix (ARM) ap¬ 
proach, see [28, 52]. 

Improving propagation In addition to the dynamics in the molecular ion, that is 
the laser-induced transitions between different ionic states, the second most im¬ 
portant modification of the propagation amplitudes is the incorporation of possi¬ 
ble transverse nodal structure in the continuum wave packets. The nodal planes in 
the continuum wave packet arise during tunneling from bound states. For exam¬ 
ple, in the C0 2 molecule, the HOMO and the corresponding Dyson orbital have 
nodal planes parallel and perpendicular to the molecular axis. Consequently, in the 
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case of tunnel ionization with the molecular axis aligned parallel to the polarization 
of the ionizing field, the nodal plane will not only reduce the ionization rate, but 
will also be imprinted on the shape of the electronic wave packet that emerges af¬ 
ter ionization. Propagation between ionization and recombination will lead to the 
spreading of the wave packet, but it will not remove the presence of the node as 
the wave packet returns to the core [13, 47, 58]. Clearly, this aspect of propagation 
is important for the recombination amplitude. 

Consider, for example, ionization from a state with angular momentum 1 = 1. 

Its projection on the laser polarization is either L z = 0 (no nodal plane along the 
electric field) or L z = ±1 (nodal plane along the electric field). After tunneling, in 
the plane orthogonal to the laser polarization, in the momentum space the contin¬ 
uum wave packets are proportional to (p±/x) m , (see Eq. (7.62) or (7.66)): 


V / l z =o(P±) oc e * T , 

2 

'P Lz =i(p±) oc ^e i ^e- E ^ r , (7.110) 

where r = 3(h) is the imaginary part of t;, k = VTfP, and (p v is the angle between 
p_i and the x axis. As we can see, the presence of the nodal plane for L z = ±1 
leads to the additional term p±/x. We now propagate these wave packets until the 
recombination time h- Fourier transforming back into the coordinate space, in the 
plane orthogonal to the laser polarization, we get 

y Lz =o(p) oc e 2 (k — *i) 

V Lz =i(P) oc P jte-ifco (7.111) 

K[t r q) 

where p is the transverse radial coordinate and <p is the angle between the radial 
vector and the x axis. Recalling that x = p cos <f>, we see that if we combine the 
1 2 = ±1 states to form the real-valued spherical harmonic p x , the presence of the 
nodal plane effectively changes the dipole operator d to d ■ x/(/c(t r — t,)). In [13, 47, 
58] such modifications of recombination operators have been used to account for 
the appearance of nodal planes. 

In most experiments with molecular HHG to date, the alignment distribution 
is rather broad. Even if the molecular ensemble is, on average, aligned parallel to 
the laser polarization, for most molecules the characteristic alignment angle would 
be sufficiently different from that associated with the nodal plane. In this case, the 
relative importance of the nodal planes in recombination is reduced. However, for 
well-aligned molecular ensembles this would become a significant factor. 

Improving recombination The recombination step can be significantly improved 
beyond the SFA, if one uses the recombination dipoles d* (p s + A(t )) calculat¬ 
ed using ah initio approaches. For example, the quantitative rescattering theory 
(see [59]) relies on using the Schwinger variational method to calculate the field-free 
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recombination matrix elements. Alternatively, one can use the R-matrix approach 
(see [60, 61]). Both allow one to incorporate the full complexity of the recombination 
process, including the channel coupling due to the electron-electron correlation 
and automatically include the exchange effects in recombination [55, 62, 63]. The 
drawback of these methods, at the moment, is the absence of the laser field in the 
calculations of the recombination amplitudes. This approximation breaks down in 
the case of a sharply structured continuum [48], common for many molecules. The 
impact of the IR field on such continuum states has been recently demonstrated ex¬ 
perimentally [64], substantiating the prediction of [48]. In the approach described 
in [13], the eikonal-Volkov approximation for the continuum states was used to 
obtain improved dipoles in the single-channel approximation with exchange. The 
eikonal-Volkov approximation fully includes the interaction of the continuum elec¬ 
tron with the laser field, but the interaction with the core potential is only included 
in the eikonal approximation, and the correlation-induced channel coupling is ne¬ 
glected. Improving the recombination amplitudes to account for all these effects - 
the channel coupling due to the electron-electron correlation, the core potential, 
and the laser field, is one of the key theoretical challenges today. 

With each of the three steps in the harmonic response improved, the original 
SFA-based theory turns from purely qualitative into more realistic. The separation 
of the three steps, crucial for our ability to improve each of them separately, bene¬ 
fits from the high intensity of the driving field and the large oscillation amplitude 
of the active electron. The high field intensity also lies at the heart of the main 
difficulties in building an adequate theoretical description. Nevertheless, the effort 
is worth the investment: the combination of attosecond temporal and angstrom 
spatial resolution is extremely valuable. High harmonic spectroscopy appears to 
be well suited for tracking the multielectron dynamics induced by the ionization 
process. 

It is very attractive to replace the ionization step induced by the IR field with the 
one-photon ionization induced by a controlled attosecond XUV pulse, phase locked 
to the strong IR field (see [65]). The latter would drive the continuum electron. Such 
an arrangement should allow one to move from dealing with outer valence elec¬ 
trons to dealing with inner valence and deeper lying electrons. This appears to be 
an exciting regime for tracking the hole dynamics [66] initiated by inner valence or 
deeper ionization. Importantly, for deeply bound orbitals, the effect of the IR driv¬ 
ing field on the core rearrangement and the hole dynamics should be substantially 
less than for the outer valence electrons. 

High harmonic spectroscopy helps to record the relative phases between differ¬ 
ent ionization channels, which provide information about electron rearrangement 
during ionization and define the initial conditions for the hole migration both in 
the inner valence [66] and outer valence [13] shells. These initial conditions are 
sensitive to the frequency, intensity and duration of the ionizing pulse, opening 
opportunities for controlling hole migration and, possibly, related chemical reac¬ 
tions [67]. 
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7.10 

Appendix A: Supplementary Derivations 

In this section we prove that the transformation in Eq. (7.22) 


t t 


f dt'e~ is{p - ty '>F(t')d(p + A(t')) = 

[ dt'e- is ^ t ^T(p + A(t')) , 

(7.112) 

to 

to 


T( P + A(t')) = 

\(p + Mt')) 2 Ip l 
2 

(p + A(T)|g) , 

(7.113) 


is applicable to the case of high harmonic generation. By definition 

t t 

j dt'e- is ^F(t')d(p + A(t')) = e~ iwt J 1)| - V L |g(t')) . 

to to 

(7.114) 


Adding and subtracting the kinetic energy operator p 2 /2 [21, 22] we obtain: 
j dt'{W^(t'\ t)| - y — V L + y |g(t')) 


= J dt' l i 

to 


A.(dV p v (t';t)\ 


dt' 


W)) + 


(p + A(t')) 2 


<%V;t)l g(t')>! 


(7.115) 
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Here we have used that (t'\ t)\/dt' = [p 2 / 2 + Vy\(W^ (t'\ t)|. Integrating 

by parts the first term in Eq. (7.115) we obtain: 


; 

J dt' 

to 


W)) 


= ~if dt'<y^(t';t)|^|^ + («^ v (t';t)|g(t'))ll 0 . 

to 


(7.116) 


The transformation Eq. (7.112) can be recovered using id\g(t'))/dt' = — IP|g(t')) 
and taking into account that the boundary term {t'; t)|g(t'))|[ o does not con¬ 
tribute to the high harmonic dipole. Indeed the contribution of the boundary term 


to high harmonic dipole is: 


J dpd*(p + A(t)) [(«Pp V (t; t)|g(t)) - (*Pp V (to: t)lg(to))] 

(7.117) 

= J dp{g(t)\d\Wp (t; t))(Wp(t; t)|g(t)) 

(7.118) 

~ j dp(g{t)\d\Wj(t;t))(W^(t 0 \t)\g(t 0 )) . 

(7.119) 

The term Eq. (7.118) is equal to zero, the term Eq. (7.119) tends to 
t 0 —>• —oo. Indeed, 

zero when 

j dp{g(t)\d\W^(t;t)){W^(t;t)\g(t)) = (g(t)\d\g{t)) = 0 , 

(7.120) 

while the second term Eq. (7.119) is: 


J dp(g{t)\d\^{f,t)){^(0\t)\g(0)) 


= J dpe~ l i f ‘(g(t)\d\p + A(t))(p\g) . 

(7.121) 


This term corresponds to the projection of the ground state onto the basis of plane 
waves at t 0 -*■ —oo followed by recombination of the resulting oscillating wave 
packet back to the ground state at time t. Spreading of the free-electron wave packet 
over infinite time (t — t 0 ) —»■ +oo makes this projection negligible. 


7.11 

Appendix B: The Saddle Point Method 

The saddle point method is one of the key techniques in the analytical strong-field 
theory. It is an asymptotic method, which allows one to analytically evaluate the 
integrals from highly oscillating functions, such as the integral in Eq. (7.19). 
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7.11.1 

Integrals on the Real Axis 

How would one calculate the following integral, 

b 

I = J f(x)e lh(x) dx (7.122) 

a 

for some smooth functions f(x) and h(x), without knowing much about them, or 
if they look ugly and complicated? All we know is that they are real-valued functions 
on the real axis x. 

In general, one could think that there is not much one can do. Fortunately, this 
is not the case if the positive and real X is large, X » 1 - then, the integral can be 
calculated. 


7.11.1.1 Contribution of the End Points 

The first idea that comes to my mind when looking at such an integral is to try 
integration by parts. This approach works just fine under certain circumstances, 
see below. The first stumbling block meets you right at the gate: how does one 
integrate by parts if both h(x) and f(x) are unknown? 

The trick is simple: 

b 

I = J f(x)e xh ^dx 

a 

h 

= f dx-£^-Xh'(x)e xh W 

J Xh'(x) [ 1 

a 

b 

= _ I f dxe xh{x 

X h'(x) a X J 


d 

dx 


f f( x ) y 

\h'(x)J_ ' 


(7.123) 


We started with an integral that did not have a small parameter 1/2 in front. Now 
we have two terms: the first comes from the contributions at the end points. The 
second term is another integral, now with a small parameter in front. Dealing with 
it in the same way as with the original integral, we will get terms proportional to 
1/2 2 , and so on. 

Thus, we conclude that the main contribution to the integral comes from the end 
points, and is given by the first term: 


b 



a 


_ 1 f f(b) Ihjb) _ f ( a ) Ma) 
X h'(a) 


+ 0(X~ 2 ) . 


(7.124) 
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This result is applicable unless there is a problem with the second term in 
Eq. (7.123) - the integral 


h 



a 



(7.125) 


The problem arises if h'(x) = 0 somewhere between the two end points of the 
integral. What do we do then? Obviously, the points where [f(x)/h'(x)] diverges 
can bring major contributions to the integral. 

Given that 1 » 1, the way the exponential function changes between a and h is 
most important. The first possibility is h! / 0 in the integration interval. Then, the 
integral is accumulated at the end points, and the end point where h(x) is larger 
dominates. In general, for an exponential function the main contribution to 
the integral will come from the region where it reaches its maximum value - and 
hence where h'(x) = 0. 

Suppose that, somewhere between a and h, the derivative h' = 0. If the func¬ 
tion h(x) has a minimum, the contribution of this minimum will not be competi¬ 
tive with the contributions from the end points (remember that 2 is large and pos¬ 
itive). But if it has a maximum, then the main contribution to the integral comes 
from the region near the maximum. The way to handle this situation is described 
in the next section. 


7.11.1.2 The Laplace Method 

Let us consider an integral from a function f(x) shown in Figure 7.13. The func¬ 
tion is bell-shaped, has a maximum at the point x 0 , where its first derivative is, of 
course, equal to zero, and quickly falls off to each side of x 0 . 

Back-of-the-envelope evaluation of this integral is very simple - all we need is to 
find the effective width Ax of the bell-shaped curve, and then the integral is 

OO 

/ = f /(*)<(* = /MA* - (7.126) 

—OO 



Figure 7.13 Integral from a bell-shaped curve with a maximum atxo and a width of Ax. 
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Let us first try some simple estimates of the width Ax. In order to do it, we expand 
f(x) around x 0 in a Taylor series, remembering that the first derivative is zero at 
this point: 

f(x) ss f(x 0 ) + jf"(x 0 )(x - x 0 ) 2 = f(x 0 ) - ^\f"(x 0 )\(x - x 0 ) 2 . (7.127) 

We have explicitly used the fact that the second derivative at the local maximum is 
negative. 

A potential candidate for the width Ax is the full width at half maximum 
(FWHM). The half-width Ax/2 at each side is given by 


1, 


f( x o)-^\f"( x o)\ ( — 


(¥)’ 


f( X o) 


(7.128) 


This gives us Ax = \A/o/l/"l- 

A more accurate calculation of the required width comes from the following 
trick, which will also smoothly bring us into the saddle point method 


1 = J f( x ) dx = J 


= / e lnf l x) dx . 


(7.129) 


This transformation allows us to reduce the integral to a familiar Gaussian form. 
We proceed by expanding In f(x) in a Taylor series, remembering that f'(x 0 ) = 0 
and f"(x 0 ) = -|/"(*b)|: 


J e^SMdx ~ J 


In flx,.\ 11 1,011 , 

e ln -»*<>) fix 0 ) 2 fa . 


I = J e^f^dx 

Recalling that the integral from a Gaussian is 


(7.130) 


J 


dx = — 


(7.131) 


and setting the limits of our integral to ±oo, we get the final answer 


(7 - 152) 

As you can see, the width Ax turned out to be pretty close to the FWHM. 

7.11.1.3 Saddle Point Method: The Steepest Descent in a Complex Plane 

We now move to the saddle point method which is used for integrals of complex¬ 
valued functions, 



c 


(7.133) 
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where X is large and positive, and the rest is hidden in f(z). The integral is to be 
taken over a contour C, and the only good thing about this contour is that its ends, 
somewhere far away from the place of action, and its ends do not contribute to the 
value of the integral. 

There are assumed to be no poles, so that we are allowed to deform the con¬ 
tour C as we wish. The key to the steepest descent is a clever modification of the 
integration contour. 

First, note that a complex function f(z) has a real part and an imaginary part, 
f(z) = u(z) + iv(z) = u(x, y) + iv(x, y), where x and y are the real and the 
imaginary parts of z, z — x + i y. 

Let us now look at the integral more closely and recall the previous section, where 
the integration was based on expanding the function around a maximum and re¬ 
ducing the integrand to a Gaussian. In our case we have a function exp(lw + iXv) 
that changes its absolute value very rapidly due to the Xu part. It also oscillates 
rapidly due to the Xv part. The trick of the steepest descent is to modify the con¬ 
tour of integration in such a way that it will go through a place where the real part u 
climbs to a maximum along the contour and then quickly falls, while the imaginary 
part v stays constant along the same contour, freezing any fast oscillations. 

It may not be obvious that such a modification of the contour is possible. But it 
is. 

We start in a manner entirely analogous to the previous section. Let us assume 
that the function f(z ) has a zero derivative at the point z 0 = x 0 , yo, where x 0 and 
yo are coordinates in the complex plane; the point z 0 lies somewhere between the 
left and the right ends of the contour C. 

If fz(zo) = 0, then both the real and the imaginary parts of/must have zero 
derivatives there: 

Uj = V x = 0 , Vy = Uy = 0 . (7.134) 

Thus, not only at z 0 does the absolute magnitude of our function go through an 
extremum, but also the oscillating part is stationary. Another important observation 
is that the gradients of the two functions, V u and V v, are always orthogonal to each 
other: 

Vv • Vu = u x v x + UyVy = 0 . (7.135) 

This is the consequence of the Cauchy-Riemann conditions: 

U X — Vy , V X — — Uy . (7.136) 

The gradient points in the direction in which the function changes. If we move 
along the gradient of u, following the path of its steepest rise and fall through 
the point z 0 , we are also moving orthogonal to the gradient of v. Thus, v will stay 
constant, and fast oscillations are frozen. We see that the desired modification of 
the contour is indeed possible. 

How should the landscape of u(x, y) look like? Due to the same Cauchy- 
Riemann conditions the functions u and v can only have saddle points at z 0 : 

U xx + U yy = 0 , V xx + Vyy = 0 . 


(7.137) 
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Figure 7.14 Saddle point method. The landscape of u(x, y) = St /(z) around the point zo where 

/' = o. 

Real mountain peaks, which go down in all directions, only happen at singularities, 
and we decided that there would be no singularities in f(z). 

Therefore, the landscape of the function w around the point z 0 must look some¬ 
thing like that shown in Figure 7.14. 

All we have to do now is to find the correct path of the steepest descent through 
the saddle point, such that u will rise as quickly as possible as we approach the 
saddle point and then decrease as quickly as possible as we leave the saddle point. 
The Cauchy-Riemann conditions promise us that, while we are at it, v will stay 
constant. 

Let us expand f(z) in a Taylor series around z 0 , remembering that f'(z 0 ) = 0: 

f(z) k /(z 0 ) + X - f"(zo)(z - z 0 ) 2 . (7.138) 

Of course, /"(z 0 ) is a complex number, which we will denote as f"(zo) = 
a exp(iO). If our path traverses the saddle point at some angle /, then z — z 0 = 
pexp(itp) and 

i/"(zo)(z - Z 0 ) 2 = . (7.139) 

Now, the trick is to choose the angle <j> properly - we set 

g i(0 + 20) = _ x (7.140) 

and keep the angle (j> given by the above condition fixed, changing only p, so that 
dz = d(z — zo) — exp (icp)dp. 

If we do this, the integral along such a path will look like 

I = e^We 1 * J e~ ka idp , (7.141) 

a 

where the deformed contour C' is going through the saddle point as a straight line 
at an angle <j>. Note that, indeed, there are no oscillations along such path, and the 
real integrand decays as a Gaussian. 
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The integration limits are now extended to plus and minus infinity and the inte¬ 
gral is done: 


j = e A/(zo) / (7. 14 2) 

V la ' ’ 

Recall that a = \f"(z 0 )\. 

At this point we are almost done, but three important remarks are still in order. 

First, there is ambiguity in the definition of the direction (j> from exp(i(0 + 
2 cp)) = —1. Indeed, the total angle 0 + 2<p could be both plus and minus Jt. Thus, 
formally, without looking at the landscape shown in Figure 7.14, we have a choice 
of two rf >: 

8 jt 8 Jt 

*' = -2 + 2 ’ * = - 2 " 2 - (7 ' 143) 

The whole idea of the method is to choose such a direction that you never have to 
cross the “mountains” in the landscapes of u(x, y) and v(x, y). You should choose 
the direction (deforming the contour C) that takes you from the valley, through 
the saddle point, into another valley. Otherwise, you will also have to include the 
contributions of the “mountains” into the integral. Usually, it is the first choice that 
works, but one should take a look at the landscape and check. The wrong option 
will go in an obviously wrong way, crossing into the tops of the mountains rather 
than staying all the way in the valley and smoothly climbing to the saddle. We shall 
see an example of it in the next section. 

Second, if there are several saddle points, that is, f(z) has many points where its 
derivative is zero, the integral will be the sum of the contributions from all these 
points. Then the individual phases (j> for each saddle point become very important. 

Third, there is a modification of the prefactor when dealing with multidimen¬ 
sional integrals: 


I = J e Wdz , 

c 

1 fizo) 1 ( 

y-s o) ’ 



(7.144) 


(7.145) 


where f zz is the Hessian matrix (the matrix of the second derivatives of the func¬ 
tion j}. 


7.11.2 

Stationary Phase Method 

The stationary phase method is a simple application of the saddle point method to 
a function with a purely imaginary phase, 



(7.146) 
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f(x) 



I 


stationary 
phase point 


x 


Figure 7.15 Stationary phase method. The integral comes from the area where the integrand 
does not oscillate as much. 

where g(x) is a benign, very slowly changing function which does not do much - 
just makes sure that the integrand goes to zero at infinity. The constant A is again 
real and positive, the integral is supposed to be performed along the real axis and 
the function f(x) is purely real on the real axis. Intuitively, it is clear that if the 
function exp(tA/(x)) is oscillating very quickly, its integral averages to zero unless 
there are some points where the oscillations freeze. These areas are the regions 
where the phase of the oscillation, f(x), stays nearly constant, that is, areas around 
the point where the derivative turns to zero, f' = 0, see Figure 7.15. 

The problem can be turned into that studied in the previous section. Again, sup¬ 
pose that the derivative f' = 0 at some point x 0 . We use the same Taylor expansion 
around this point and denote x — x 0 as, say, §. The integral is approximated as 



(7.147) 


and we will assume that f"= a > 0 (f is a real-valued function and x 0 is on the 
real axis, hence /" is real). The case f” < 0 is handled in an identical manner. 
Calculation of the integral 



(7.148) 


follows the exact prescription of the saddle point method. The phase 6 of the sec¬ 
ond derivative (see previous section) is 0 = nil (i.e., ia = a exp(iit/2)) and 
the contour of integration has to be turned at an angle (j> to the real axis, such 
that 6 +2 <p = ±jt. This yields the two possible choices of <p‘. 4> = +it/4 and 
<p = —3 jt/4. The answer for the integral is: 



(7.149) 
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* y=Im z 



Landscape of 

'X u(x,y)=Re iz 2 = -2xy 


<f)=7t/4 - correct 
direction of descent 


x=Re z 


4>=—37C/4 - wrong 
direction of descent 


Figure 7.16 Stationary phase method. Correct and incorrect paths of the steepest descent for 


/(*) 


To find the correct choice of (/>, one has to look at the landscape of u(x, y) — 
SR(iz 2 ) = — 2xy. The landscape is shown in Figure 7.16. The correct choice is 
obviously the first one, (f> = +jt/4, the second would mean that the contour has 
to be deformed as shown in Figure 7.16 with the dashed line, going through high 
mountains on the way to the saddle to cross it in the opposite direction of (j> = 
—3 jt/4. 

So, the final answer is 



(7.150) 


7.12 

Appendix C: Treating the Cutoff Region: Regularization of Divergent Stationary 
Phase Solutions 

In this section we briefly outline the idea of the so-called uniform approximation - 
one of the approaches for handling the merging stationary points. The regulariza¬ 
tion involves two steps. First, we need to find a specific real return time t r = t r0 and 
the associated t, = t i0 , p s = p s o, such that d 2 S(t l0 , t i0 , p s0 )/dt 2 = 0. In practice, 
one can simply pick the real return time corresponding to the cutoff energy. The 
next step requires the expansion of the total action in Eq. (7.21) around t = t r0 in a 
Taylor series up to the third order, 


S(t,ko,Pso) = S(t l0 ) + (t- tr o) S' + (t * r0>2 S" + (t ^ S"' , (7.151) 

Z b 


where all the derivatives of S(t, t i0 , p s o) are taken at t r0 (and the second derivative is 
equal to zero). Finally, one substitutes the expansion Eq. (7.151) into the harmonic 
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dipole, 

oo 

D(Na>) ex J dte iNmt e~ is{t ’ ti0 ‘ Ps0)+iNmt + c.c. , (7.152) 

— OO 

and uses the Airy function, 


OO 

J dt cos (at 3 ± xt) = 

— OO 


JT 

(30)V3 Al 


(3fl)!/3 


(7.153) 


Now we introduce the “cutoff harmonic number” No and the distance from the 
cutoff N = N — N 0 : 


N 0 o) = F rec (t r0 ) + IP , (7.154) 

here F rec (t r0 ) = p s o + A(t r0 ) is the recollision energy at time t r o, and N 0 does not 
have to be an integer. The dipole near the cutoff is expressed via the Airy function, 


OO 

/ . .+ 

—oo 


oo 

J df, cos ± AN(»^j 


(7.155) 


so that 


D(Ncj) oc 


2jt 

-Tn Al 

(f ) 1/3 


ANcu 

w 


(7.156) 


where % = — S^h-o) and can be estimated as x = v(t r o)fo«. given that F t '(/) ^ 
F 0 ft) and F(%) ^ 0. Using the asymptotic expansion of the Airy functions, we 
obtain simple expressions for the dipole just before and after the cutoff. Before 
the cutoff of the harmonic spectra (for AN < 0), the dipole oscillates, Ai ~ 
cos(— (ANft)) 3 / 2 (8/9%)b 2 ), after the cutoff, the harmonic dipole exponentially de¬ 
creases, Ai ~ exp(— (ANft)) 3 / 2 (8/9%)b 2 ). The oscillations of the harmonic dipole 
before the cutoff are due to the interference of the short and the long trajectories. 


7.13 

Appendix D: Finding Saddle Points for the Lewenstein Model 

In Sections 7.4 and 7.5 we have described how one can find all saddle point solu¬ 
tions in the Lewenstein model for a fixed harmonic number N. Here we present an 
alternative and equivalent approach of finding the saddle point solutions. In this 
approach, we solve Eqs. (7.36)—(7.38). This alternative can be used in all cases, but 
is particularly convenient if the Fourier transform is performed numerically. The 
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idea is to solve Eqs. (7.36)—(7.38) “forward,” that is, to fix the grid of real recom¬ 
bination times and then find all the other remaining saddle point solutions and 
the corresponding harmonic number N. The recombination condition Eq. (7.38) 


(.Ps.ii — p' + ip”) can be rewritten as follows: 

(A p' + iAp") 2 = 2 (Noj - IP) , (7.157) 

A p' = p' — A 0 sin(0') cosh(0") , (7.158) 

A p" = p" — A 0 sinh(</>") cos(0') , (7.159) 

yielding 

(Ap') 2 - (A p") 2 + HAp'Ap" = 2 (No - IP) . (7.160) 

Since the right-hand side of this equation is real, we obtain that Ap' Ap" = 0. For 
above-threshold harmonics ( Na> — IP) > 0 and Ap' / 0, A p" = 0. For below- 


threshold harmonics (No) — IP) < 0 and Ap' = 0, Ap" / 0. Separating the 
imaginary and the real parts in Eqs. (7.36) and (7.37), we obtain the four equations 
quoted in the main text, see Eqs. (7.43), (7.44), (7.47) and (7.48). Supplementing 
these equations for above-threshold harmonics with Ap" = 0 yields 

P 2 = sinh(0") cos(<p' r ) , (7.161) 

and for below-threshold harmonics with Ap' — 0, yielding 

pi = sin(0') cosh(0") , (7.162) 

we obtain five equations. 

Above-threshold harmonics For each fixed <p' t we use Eqs. (7.47) and (7.48) to ex¬ 
press rp" , <p" via p 2 and pi and then we use Eq. (7.161) to exclude p 2 and substitute 
<p[(pi, (/>"), <P”(Pi, 4>”) an d PiiPi* <t>i) into Eqs. (7.43) and (7.44). Using the gra¬ 
dient method, we can now find the minima of the function F = Ff + in the 
plane ofp 2 and (/>" for each fixed $>'. The minima define the saddle point solutions 
for pi and (j>" . Knowing pi and rp" , we find (j>[, rj>" , p 2 from Eqs. (7.47), (7.48) 
and (7.161). Finally, the corresponding harmonic number can be calculated from 
(Ap') 2 = 2(No) — IP), yielding Nm = A 2 0 (pi — sin (j>' r cosh cp") 2 /2 + IP. Naturally, 
the harmonic number defined this way does not have to be an integer. 

Below-threshold harmonics The procedure for below-threshold harmonics is es¬ 
sentially the same. For each fixed <p ' r , we use the Eqs. (7.47) and (7.48) to express 
(p[, cp" via p 2 and p 1 and then we use Eq. (7.162) to exclude pi and substitute 
(p[(pi, (p"), <P”(P 2 , <P”) an d Pi(P 2 , <P”) into Eqs. (7.43) and (7.44). Using the gra¬ 
dient method, we can now find the minima of the function F = Ff + in the 
plane ofp 2 and cp" for each fixed (p' r . The minima define the saddle point solutions 
for p 2 and rp". Knowing p 2 and cp” we find <p[, <p ", pi from Eqs. (7.47), (7.48), 
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and (7.162). Finally, the corresponding harmonic number can be calculated from 
(A p") 2 = 2(IP — Nco), yielding Nut — IP — A 2 0 (p 2 — sinh 0" cos <p' r ) 2 / 2. 

In this method, it is convenient to determine the return time corresponding 
to the threshold harmonic number N t = IP/ at. This can be done easily, since, at 
the threshold, p 2 = sinh(</>") cos((p' T ) and p i = sin(i/>') cosh(0"). Thus, we can 
use these equations together with Eqs. (7.47) and (7.48) to express </>', $>" via (f>' r 
and 0" and then use Eqs. (7.43) and (7.44) to find a minimum of the function 
F = F 2 + F 2 in the plane of </>' and <fi", representing the threshold values of <p' t 
and </>". Once the threshold value (p' n of <p' r is known, one can separately implement 
the procedures described above for below, </>' < rp' n , and above, </>' > (p ' ti , threshold 
harmonics. 
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8 

Time-Dependent Schrodinger Equation 

Armin Scrinzi 


Solving the time-dependent Schrodinger equation (TDSE) for typical problems in 
attosecond physics usually requires numerical approaches. A notable exception is 
the case when Keldysh-type approximations are valid, like in the strong-field ap¬ 
proximation (SFA) discussed elsewhere in this book (see Chapter 6). When moder¬ 
ately strong IR laser fields with intensities > 10 14 W/cm 2 are involved, numerical 
solutions of the TDSE are far from trivial. Before devising any elaborate numerical 
model, one therefore must carefully consider the reasons for such an enterprise. In 
particular, as for the basic processes in attosecond physics - high harmonic spectra 
and photoelectron emission - rather clear physical pictures have emerged, most¬ 
ly based on SFA and the recollision idea (see Chapters 6, 7 and 10). The need to 
go beyond those simple models arises when we want to verify them. For example, 
recollision describes the generation of very high harmonics with amazing accura¬ 
cy, but is utterly unable to correctly reproduce lower harmonics. In this case the 
limitations of the model are well understood, however in other cases, model limi¬ 
tations are less obvious and need to be checked numerically. We can also turn the 
sequence of reasoning around and perform “numerical experiments” from which 
we gain physical insight. The most striking result of this kind is the numerical 
observation of the IP + 3.2 U p high harmonic cutoff in numerical simulations by 
Kulander and Krause [1] and its ingenious explanation by the recollision model by 
Corkum [2]. Similarly, we routinely use realistic descriptions or simplifying mod¬ 
els, for example, with restricted dimensionality, to study possible mechanisms in 
ultrafast electronic dynamics. A second very important reason to numerically solve 
the TDSE is to get the numbers right: all models necessarily are approximate, yet 
experimentalists need to rely on data from theory, for example, ionization rates, 
or they need to interpret details of photoelectron spectra. Neither can be reliably 
deduced from simplifying models. Of course, ultimately, we would like to fully re¬ 
produce experimental findings by theory to make sure all relevant mechanisms 
are included. This is in general very hard to achieve considering the complexity 
of a typical attosecond experiment. Here, in addition to the quantum mechanical 
effects captured in the TDSE, macroscopic effects also play a role, such as propa¬ 
gation of harmonics or space-charge; also experimental uncertainties, for example, 
about the exact pulse profiles or target densities, must be taken into account. 
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Once the need to solve the TDSE is established, there is a broad range of tech¬ 
niques available and several specific features of the TDSE for laser-matter interac¬ 
tions must be taken into account. In this chapter, we will review several approaches 
to numerically solving the TDSE for atomic and molecular systems in strong laser 
fields. 


8.1 

Atoms and Molecules in Laser Fields 

The atomic and molecular dimensions of typically ~0.1 nm are small as compared 
to wavelengths between some 10 nm and several micrometers. This justifies the 
use of the dipole-approximation for all calculations. Further, we will treat the fields 
classically, as we are usually dealing with very large photon numbers where fluc¬ 
tuations of photon number and quantum phase can be neglected. Using length 
gauge, the TDSE for a single electron moving in the potential of fixed nuclei V(r) 
and experiencing a dipole interaction with the field £(t) is 

i Tt Wx[r ’ t] = H A + V(r) -r ' £(f) | %(r ’ t} ■ f 8 - 1 ) 

Here, and throughout, we use atomic units with m e = fi = e — 1, where m e 
is the electron mass, and e is the (positive) proton charge. Atomic units for other 
quantities are summarized in Table 8.1. 

An alternative representation of the TDSE is the velocity gauge form 

d (1 ) 

i-'Fvir.t) = - A(t)] 2 + V(r)l W v (r,t) , (8.2) 

with 

t 

A(t ) = - J dt'S(t') . (8.3) 

—OO 


Table 8.1 A few important quantities for the description of laser-atom interactions and their 
relation to atomic units (au): m e = h = e = 1. Vacuum polarizability and speed of light are 
denoted by cq and c, respectively. 


Unit 

Definition 

Numerical value 

Length 

a 0 = [(4m e 0 )h 2 ]/(m e e 2 ) 

0.052 917 nm 

Energy 

2R y = e 2 /[(4me 0 )flo] 

27.211 eV 

Velocity 

v 0 = e 2 /[(4jte 0 )£c] 

c/137.035 

Time 

to = oo/vo 

24.188 x 10“ 18 s 

Field strength 

So = e 2 /[(43te 0 )a§] 

5.1422 X 10 n V/m 

Intensity 

Io = Sl/2 

3.50944 X 10 1S W/cm 2 

Wavelength at 2Ry 

2jCflo a 

45.563 nm 

Optical cycle at 800 nm 

800nm/c 

110.32 au 
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Note that A(t) is just the laser vector potential in the Coulomb gauge, where a 
factor e/c is absorbed into the definition. The term ~ A(t) 2 in (8.2) is often omit¬ 
ted, as it only leads to an additional time-dependent, but space-independent phase 
exp[— i /_ A 2 (t')dt'/ 2] on the wavefunction, with no effect on observables. Note 

further that, as no laser pulse can have a zero-frequency component, A before and 
after the pulse must be equal 

OO 

0 = - J dt'£(t') = A(oo) - A(- 00) . (8.4) 

— OO 


Often, the dipole field is written as the product of an envelop and a carrier £ (t) = 
£o(t) cos(ait + 0ceo)- For very short pulses, condition (8.4) can be easily violated, 
which may lead to artifacts, for example, create spurious dependencies on the car¬ 
rier envelope phase (peso- When needed, such artifacts can be rigorously excluded, 
by defining the pulse shape in terms of the vector potential 


£ 0 (t) 

A(t) =-- s m(at + cpcEo) 


(8.5) 


with A(oo) = A(—oo) = 0 and deriving the field from it as £(t) = —d/dtA(t). 

The velocity gauge form of the TDSE (8.2) is related to the length form (8.1) by 
the simple unitary transformation of the wavefunction 


W v (r, t) = e iA <‘>' r W l (r,t) . 


( 8 . 6 ) 


The two forms are obviously completely equivalent on a mathematical level, how¬ 
ever, they can have quite different numerical properties, as the gauge transforma¬ 
tion imprints a space-dependent phase on the wavefunction: numerically, a less 
oscillatory solution is easier to approximate. For example, in polar coordinates, ve¬ 
locity gauge usually requires fewer partial waves and is therefore to be preferred [3]. 
Note, that this is a very technical, coordinate-dependent statement: in linear polar¬ 
ization and cylinder coordinates, there is essentially no computational advantage 
of either gauge. 

In atomic units, A(t) can be interpreted as the momentum given to a free elec¬ 
tron by the field up to time t. The gauge transform then corresponds to a time- 
dependent boost in momentum space by A(t). Similarly, the so-called Kramers- 
Henneberger frame of reference is a time-dependent shift in position space by 
«(t) = dt'A{t'), that is, a frame of reference moving with the electron, where 

the nucleus instead of the electron appears to oscillate with the field. As the rapidly 
moving singularity of the Coulomb potential causes many numerical difficulties, 
the Kramers-Henneberger frame is rarely used in direct solutions of the TDSE [4]. 


8.2 

Solving the TDSE 

For solving the TDSE of systems in laser fields, all techniques available for gen¬ 
eral quantum dynamics are applied. For discretization, one uses grids with finite 
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difference representation of the differential operator [5, 6], discrete-variable (DVR) 
[7, 8] and pseudo-spectral methods [9], local basis sets, like finite elements and El- 
splines [3,10,11], essential state approaches [12], time-dependent Cl [13], and mul¬ 
ticonfiguration time-dependent Hartree-Fock [14]. Unfortunately, time-dependent 
density functional theory (TDDFT) has so far not been able to produce satisfactory 
results, except very close to the ground state [15, 16]. TDDFT appears to produce 
similar artifacts as single-configuration time-dependent Elartree-Fock, whose in¬ 
applicability was recognized when it was first tried in the late 1980s [17]. 

Before discussing a few of these approaches in more detail, we give a very general 
outline of numerical methods for the TDSE. 

8 . 2.1 

Discretization of the TDSE 

For numerically solving the TDSE, we need to discretize the wavefunction W, that 

is, parameterize it by a finite set of complex numbers c — (ci, c 2 . c N ) and find 

the dynamical equations for c. 

Discretization on a grid means that we identify c; with the wavefunction value 
at some point q i in space c;(t) := W(q i ,t). Cartesian coordinates q = (x,y,z) 
are often used, but grid methods can be formulated for any coordinate system. 
DVR methods use the base points of some quadrature rule for the q t [18]. In grid 
methods, TDSE is reduced to a system of coupled ordinary differential equations 
for the Ci 



(8.7) 


where the matrix D approximates the second derivative on the grid. Grid meth¬ 
ods are “local,” that is, determining the time-derivative d/dtCi requires only a few 
neighboring c;. For the second-order finite difference scheme, the action of the sec¬ 
ond derivative operator at one site involves only the nearest neighbors to its left and 
its right. In matrix language, matrix D is narrowly banded. Grids can be adapted 
to the particular problem by coordinate transformation and nonequidistant choice 
of the grid points. Grid methods scale very well to massively parallel computers, 
which has boosted their importance in recent years. 

The second large class of methods uses expansions into basis functions 


N 



( 8 . 8 ) 


where the basis {11), 12),... | N)} should be complete in the limit N —»• oo. The 
dynamical equations take the general form 



(8.9) 
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with the overlap and Hamiltonian matrices 

:= <i|j> , H(t)ij := (i\H(t)\j) . (8.10) 

For solving, the equation is brought to the standard form in matrix-vector notation 

d , 

i — c = S _1 H(t)c . (8.11) 

at 

Due to their compactness, basis methods have produced many of the early nu¬ 
merical results for strong-field phenomena [19, 20] and are still in use. However, 
they do not scale well to large N: in general, they are highly nonlocal, that is, the 
time-derivative id/dtCi depends on all other Cj. Mathematically, this is still a good 
deal, as smartly chosen basis sets can be exceedingly more accurate than grid ap¬ 
proximations with the same number of coefficients c;. Technically, full matrices 
can cause big problems: they require large storage and, in the case of parallel com¬ 
puting, communication between all computer nodes is needed at every time step. 

In addition, a frequent problem of global basis functions is ill-conditioning of the 
matrix S, which prevents the numerically accurate computation of S —1 and sets an 
effective limit to the maximal basis size. Gaussian basis sets and Slater-type basis 
sets (~ r n exp(— a r)) are most strongly affected by ill-conditioning problems. 

A special class of basis functions are the eigenstates of some time-independent 
operator. In that case, one speaks of a pseudo-spectral method. We may choose 
eigenstates of the field-free Hamiltonian [13, 21], which allows selection of the ba¬ 
sis functions within some preset energy range. One will usually need to determine 
the basis itself by numerical methods before solving the TDSE. This approach al¬ 
lows highly efficient solutions for c, if the time-independent problem can be solved 
efficiently. Note, however, that a rather dense set of functions must be selected in 
the continuous spectrum, if spatial reflections are to be avoided (see also the re¬ 
marks on effective box size below). Another pseudo-spectral basis are plane waves, 
that is, eigenstates of the momentum operator p, which is equivalent to working 
in the p- (momentum-)space [9] rather than r-space. 

The use of basis sets has the general advantage that one can easily build known 
behavior of the solution into the basis, which further speeds up convergence. This 
may be the behavior near a singularity, exponential tails, well-defined oscillatory 
behavior, or specific symmetries like rotational, reflection, or exchange symmetry. 

An intermediate discretization strategy between grids and basis sets are found 
in local basis sets, which unite locality, numerical stability, and high flexibility of 
grid methods with the rapid convergence and the possibility to build desired prop¬ 
erties into the basis. Strictly speaking, they are basis sets in their own right, with 
the special condition that each basis function | i) is spatially localized and overlaps 
with only a few neighbors. The order of the local basis set is given by the number 
of overlapping neighbor basis functions and can range from one (similar to the 
lowest-order finite difference method) to all functions. The latter would be the lim¬ 
iting case of a global basis. With the correct choice of local basis sets, exponential 
convergence with the order of the basis can be achieved (see, e.g., [22]). The general 
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Figure 8.1 The first few B-spline basis functions 1 1), |2),... on an interval starting from 0. 

form of the dynamical equations for a local basis is the same as (8.11), but the ma¬ 
trices S and H(t) are banded in the one-dimensional case and generally sparse for 
more than one dimension. As a rule, S is well conditioned and the whole scheme 
is numerically robust. 

A very transparent example of a local basis are B-splines, which are polynomials 
where each function is restricted to its own compact support (Figure 8.1). The or¬ 
der of the polynomials is related to the number p of overlapping neighbors. The S 
and H matrices for the B-spline basis are banded with bandwidth 2p + 1 (Fig¬ 
ure 8.2). B-splines of order five and higher are used as an auxiliary basis by several 
groups in attosecond and strong-held physics [13, 23-25]. Mathematically speak¬ 
ing, B-splines are a scheme to obtain piecewise polynomial approximations to the 
solution. 

Other examples of local basis methods are wavelets (not used in the Held at the 
time of writing) and finite elements, which will be discussed below in some detail. 

In real applications, grids, global, and local bases are often combined. If any 
preference for rotational symmetry is given, like in laser-atom interaction up to 
moderate intensities, polar coordinates are the coordinate system of choice, where 


P 



N 


Figure 8.2 Banded matrix structure for N functions on each element. The overlapping 

B-splines of order p (dashed line, hatched comers belong to the continuously connected 

area). Squares show the matrix structure for fi- boundary functions of neighboring elements, 
nite element bases of 7 elements, each with p 
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approximate angular symmetries are well represented using spherical harmonics: 
this is the case of partial wave expansions, that is, writing 

V(r) = J 2 y im(f)*]m(r) , (8.12) 

lm 

where Y|m(f) denote the spherical harmonics on the unit sphere. For discretization 
of the radial functions %i m (r), the methods mentioned above have been implement¬ 
ed by different groups. 

8 . 2.2 

Finite Elements 


Finite elements are mathematically, and in computational practice, very similar to 
B-splines. Flowever, they are not restricted to polynomials, but can be built com¬ 
bining any set of sufficiently linearly independent functions. We now elaborate in 
some detail on how to setup the TDSE in a finite element basis. 

We follow the implementation strategy laid out in [22] and [26]: each coordi¬ 
nate axis is divided into N elements [x n — i, x n ], n = 1 N, see Figure 8.3. On 
each element with number n, we choose a set of p n linearly independent functions 
fj n \ i = 1,..., p n that can be transformed such that all functions are = 0 at x n —\ 
and x n , except for the first and last functions, which have values = 1 at the lower 
and upper element boundaries, respectively: 


= f\ n \x n ) = 0 , 
except f[ n) (x n - 1 ) = fpl } (x n ) = 1 . 


(8.13) 


We will call p n the “rank” of the finite element. In principle any set of functions that 
obeys (8.13) can be used in a finite element scheme. In practice, we use real-valued 
polynomials which, for enhancing numerical stability, we transform to 


X n 

J f} n) (x)fj n) (x)dx = m^dij V(i,j)jL(l,p n ),(p n ,l), (8.14) 

X n 1 


with normalization constants m[ n \ 



Figure 8.3 Finite element discretization combining 5 elements with different discretizations: 
polynomials up to degree 2 in the first two elements, then degree 1, and polynomials x exp(—x) 
on the last infinite element [8, oo). 
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Figure 8.4 Placement of the element-wise block in the overall Hamiltonian matrix H. 

For the element functions (8.13) Dirichlet boundary conditions are implemented 
by omitting the first and last functions /|' 1 and on the first and last elements 
of the simulation box, respectively. On the leftmost and rightmost intervals, we 
may also use polynomials times an exponential with + and — signs on the 
intervals (—oo, xy] and [x N — i, oo), respectively. The conditions on the end element 
functions are 


= 0 except f$(x i) = 1 
f! N) ( x N-i) = 0 except fi N) (x N -i) = 1 . 

The exponent a can be optimized for a specific physical situation. 
The finite element ansatz for the total wavefunction is 


(8.15) 


(8.16) 


By construction of the of (8.13), continuity across element boundaries is as¬ 
sured by demanding 


>-i) 

U Pn-l 


n = 2,...,N . 


(8.17) 


Element-wise overlap and Hamiltonian matrices are 

X n 

Stf= I J(*)[f! n) (*)]* f] n \*)dx (8.18) 

X n -1 


x n 

Hl- ] = f J(x)[fl n \x)]* H(t)f] n \x)dx, 

X n -1 


(8.1.9) 
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where J(x) denotes the Jacobian function for integration over x. The element-wise 
matrices are added into the overall discretized matrices H and S, such that the 
last row and column of each element-wise matrix overlaps with the first row and 
column of the following element (see Figure 8.4), which is equivalent to setting 
the corresponding coefficients equal, (8.17). As always in finite element meth¬ 
ods, continuity of the first derivative does not need to be imposed (see [22] for 
a more detailed discussion). The total dimension of H and S is M x M with 

M = J2n=lPn~N-l. 

8.2.3 

Scaling with Laser Parameters 

The numerical effort for solving the TDSE scales very unfavorably with laser wave¬ 
length. The reason can be easily explained. Assume that during its evolution, the 
wavefunction reaches maximal momentum P max and a maximal distance X max . If 
we want to avoid unphysical reflections from the grid boundaries, any discretiza¬ 
tion grid must extend to at least X m3x . At the same time, for resolving all wavefunc¬ 
tion momenta up to P max , we need a grid spacing of at most 

fi 

AX < 2jt-. (8.20) 

Imax 

As a rule of thumb, the total number of grid points needed will be the classical 
phase space volume covered by the solution divided by 2it h. This applies in the 
ideal case of a perfect representation of the differential operators on the grid (e.g., 
by discrete Fourier transform), which is equivalent to using a global basis of plane 
waves and doing all integrals exactly in that basis. This rule of thumb sets a lower 
limit for any discretization. In practice, usually many more discretization points 
are needed. For example, low-order finite difference schemes miss that limit by a 
factor ~ 10, depending on the accuracy requirements for the solution. Global and 
local basis sets can perform much better. 

Note that this estimate applies only when we have no further structural knowl¬ 
edge of our solution. In reality, the solution may not cover the rectangle P max x X max 
evenly, but there may be a strong correlation between momentum and position. A 
trivial example for such a case is single-photon ionization by a long pulse: while 
the electron remains in the bound state, it is located near the nucleus but covers a 
broad range of momenta. After single-photon ionization, the wavefunction rapidly 
spreads over the whole space, but it covers a very narrow range of momenta. Actual¬ 
ly, we know that we have a good approximation for the wavefunction of the process 
by just two parameters: c 0 , the amplitude of the initial state, and the amplitude 
of the scattering solution at the final photoelectron energy. All we need is a simple 
perturbative formula for c 0 and ck- 

In strong-field IR ionization, we have no such insight: a wide range of photo¬ 
electron momenta from 0 to P max (~ yj2 x 10 U p with U p = £p eak /4a> 2 ) is gene- 
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rated with sizable amplitudes in the whole range. At the near-IR wavelength of 
X = 800 nm (corresponding to photon energy a> = 0.057 au) and peak intensity 
I = 2 x 10 14 W/cm 2 (resulting in £ pea ]j = 0.075 au), we have P max m 2.9 au. As a 
single field oscillation takes ~ 110 au (cf. Table. 8.1), these fast electrons travel to a 
distance of X max = 2.9 x 110 rs 300 au. To correctly describe the motion for only 
a single optical cycle, we need at least N = 300 x 2.9/2it sa 140 coefficients c;. We 
readily see that this number scales as £ 2 eak x X 3 , and this is only considering a single 
spatial dimension. In three dimensions and with linear polarization, the momenta 
in the perpendicular direction also grow as ~ P_L imax oc X due to elastic scattering 
from the nucleus and the wavefunctions grow to dimensions ~ X± nax oc. X 2 , lead¬ 
ing to a scaling ~ X 6 . Only the cylindrical symmetry for linear polarization saves 
us from worse. This extremely unfavorable scaling of the problem size with laser 
wavelength is the reason why one sees far fewer calculations at X = 800 nm com¬ 
pared to X = 400 nm: such calculations are 64 times as hard. Here we have taken 
into consideration only the spatial discretization. In addition, pulse duration and 
with it the time interval over which we need to solve the equations also tends to 
grow linearly with X. 

If, unlike the trivial example of single-photon ionization, we cannot exploit extra 
information about the wavefunction, there is no way of escaping this basic scal¬ 
ing. This scaling appears in momentum space as well as in configuration space, 
it appears with grids as well as with basis functions. However, we do have valu¬ 
able additional knowledge about our solution at large distances: the wavefunction 
behaves like a wave packet of Volkov solutions (see Chapter 6) except for, possi¬ 
bly, the long-range action of the Coulomb potential. Once we know the amplitudes 
in the wave packet, we can predict its further evolution. Unfortunately, it is not 
easy to exploit that knowledge. One approach that capitalizes on that fact is “time- 
dependent coordinate scaling,” introduced for IR photoionization problems in [27] 
and [25]. In that approach, the coordinate space is allowed to expand with the evo¬ 
lution of the wave packet. At the same time, the predictable phase oscillations due 
to the free time-evolution are extracted from the wavefunction. The number of dis¬ 
cretization points can be kept approximately constant while the grid expands, as 
the wavefunction becomes increasingly smooth. Yet another way of taking advan¬ 
tage of the known asymptotic time-evolution, the “time-dependent surface flux” 
(t-SURFF) method [28], will be briefly introduced below. 


8.3 

Time Propagation 

Like in the case of spatial discretization, a wide range of standard methods are used 
for integrating the systems of ordinary differential equations (8.11): explicit and 
implicit Runge-Kutta schemes, predictor-corrector schemes [25], Krylov subspace 
methods [8, 29], and split step methods. We present a brief summary of the most 
wide-spread of these methods. 
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8 . 3.1 

Runge-Kutta Methods 

A single Runge-Kutta time-step is made as 


c{t + At) = At , (8.21) 

j=i 


where 


kj 


S -1 H(t + Yj At) 


c(t) + J^ajiki 
i = 1 


( 8 . 22 ) 


The Runge-Kutta method is fully defined by the coefficients aji,/5j and yj. The 
error in a single step is ~ (At) p+1 . A large variety of Runge-Kutta methods with 
different s andp are available, described by their “Butcher tableaus,” see Figure 8.2. 

There is an important distinction between “explicit” Runge-Kutta methods, 
which are subjected to the constraint a ji = 0 for i > j , and “implicit” methods 
without such a constraint. Explicit methods have the great technical advantage that 
for constructing any fc;, we only need the kj , j < i that have been constructed in 
the preceding steps. For time-independent Hamiltonians, the solution c(t + At) is 
just a linear combination of vectors (S -1 H) J c(t), j = 0,..., s, the “Krylov” vectors. 
When H is time-dependent, products of H(t;) at different times t; = t + yj At are 
taken. 

In implicit methods, on the other hand, the kj are only given by an implicit 
equation and must be obtained as the solution of a usually large linear system 
of equations. In practice, this can be achieved by using standard iterative linear 
equation solvers. 

Table 8.2 gives the Butcher tableaus of two frequently used Runge-Kutta meth¬ 
ods: probably most popular is the “classical” explicit Runge-Kutta scheme with 
s = 4 and p = 4. This only requires keeping a single additional vector in mem¬ 
ory, which can be an advantage for very large systems. It is also the highest order 
where we can have p = s. A frequently used implicit Runge-Kutta method with 
consistency order p = 2 is the Crank-Nicholson method, which for the TDSE can 


Table 8.2 General Butcher tableau of a Runge-Kutta method (left) and tableaus of the classical 
fourth-order Runge-Kutta method (center) and the Crank-Nicolson method (right). 
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be written as 


c(t + At) — 


r / At> 


-l 

( A t\ . 

H t+ — 

+ iS 


H t + — - iS 

. V 2 J 



. V 2 


(8.23) 


Its application is particularly efficient, when the matrices H and S are narrowly 
banded, as is often the case in low-order finite difference methods. The low consis¬ 
tency order, however, makes it costly to achieve high accuracies in the time propa¬ 
gation. 


8.3.1.1 Discretization and Stability 

In spite of their more complex implementation, implicit methods can be of advan¬ 
tage, as all implicit Runge-Kutta methods are unconditionally stable, that is, small 
errors remain small. In contrast, all explicit Runge-Kutta methods become unsta¬ 
ble for large step sizes At, meaning that small errors are amplified exponentially. 
For the TDSE, the maximal At for stable solutions is inversely proportional to the 
maximal energy E max in the discretization. If that energy is related to the maxi¬ 
mal energy that we are interested in, the corresponding step size is acceptable: our 
solution will have physically relevant time-structure, for example, quantum beats, 
on the scale At. Unfortunately, it is not always easy to adjust the discretization 
such that only the relevant energies are represented. In a grid discretization with 
spacing Ax, peak energy grows like £ max ~ (2it/Ax) 2 . Over-ambitiously fine dis¬ 
cretizations lead to dramatic slowdown of explicit solvers and even to breakdown of 
the calculation. Near the nucleus, large kinetic energies require small grid spacing 
Ax, but actually, the kinetic energies are compensated by a large negative potential 
energy. However, if the same spacing is used at large distances, there is no poten¬ 
tial to compensate the kinetic energy and E max rises to high values. Locally adjusted 
discretization, like variable grids, not only reduce the total number of discretization 
points, they also allow larger time steps A t, if an explicit method is used. 


8.3.2 

Krylov Subspace Methods 

When the laser field oscillations, and therefore the time-dependence of H(t), are 
slow compared to the internal time scale (which is governed by the relevant energy 
range of the field-free system) approximations with constant Hamiltonian H(t 0 ) 
for some f 0 e [t, t + A f] can be efficient, for example, 

c[t + At) S 3 e -iA‘S- 1 H(t+At/ 2 ) c ^j _ (8.24) 

Note that the Crank-Nicolson method could be understood as one particular, non¬ 
polynomial approximation to the exponential up to second order. Any polynomial 
approximation of the exponential leads to a Krylov subspace method, where the 
right-hand side of (8.24) is replaced by a linear combination of the Krylov vectors 
(S _1 H) J c(t). The short iterative Lanczos method [30] used in [8] and the Arnoldi 
scheme used in [29] both fall into that category. For constant Hamiltonians, also the 
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explicit Runge-Kutta methods are reduced to particular variants of Krylov subspace 
methods. 

8.3.3 

Split-Step Methods 

A special form of exponentiation can be used, when the Hamiltonian can be split 
into two parts H = A + B and exponentials for the two operators A and B can be 
formed easily: 

g —iAtH _ g -iAtA/2 e -iAtB e -iAtA/2 + £)(At 3 ) , (8.25) 

where the error also depends on the commutator [A, Bj. The exponentials can be 
calculated by bringing the matrices to diagonal form. The most common applica¬ 
tion of the split-step idea is when we have a discretization on an equidistant grid. In 
this case the potential is simply a multiplication operator, that is, a diagonal matrix 
which can be directly exponentiated. The transition to the momentum represen¬ 
tation, where kinetic energy and velocity gauge field-interaction are diagonal, can 
be done by Fast Fourier Transform (FFT) with an operations count ~ N log(N). 

The favorable operations count is the key to efficient use of the split step method. 
Unfortunately, FFT is tied to the use of equidistant grids and Cartesian coordinates. 

A different version of the split step method was introduced in [21], where the 
Hamiltonian is split into the field-free Hamiltonian H 0 and time-dependent dipole 
interaction. The transformation between the diagonal representations of the two 
operator parts can be done efficiently as H 0 can be decomposed into moderate size 
angular momentum blocks. 


8.4 

Absorption of Outgoing Flux 

For many observables, we do not need to know the complete wavefunction: ioniza¬ 
tion can be determined from the residual population of well-localized bound states, 
high harmonics are only created from wavefunction parts near the nucleus, and in 
favorable circumstances even photoelectron spectra can be calculated without ever 
computing the wavefunction at large distances. However, for all theses processes 
it is important to avoid contamination of the wavefunction by electron flux that is 
reflected from the artificial boundaries of the simulation volume. 

The most obvious method for keeping the wavefunction from reaching the box 
boundary is multiplying it at preset times t; by a differentiably smooth mask func¬ 
tion W(r, ti) —r M(r) W(r, t;) with the properties 

M(r) = ^ for | r | < R max — A 
(0 for |r| = R max 


(8.26) 
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where R max designates the simulation volume boundary and A is the “absorption 
range.” Closely related are complex absorbing potentials (CAPs), where one adds 
to the Hamiltonian a potential VcAp(r) with a negative imaginary component for 
| r\ > R | max | — A. Closer inspection shows that strictly imaginary V C ap can be inter¬ 
preted as a differential version of absorption by mask. Choosing particular shapes 
for M(r) or VcAp(r) allows tuning the absorption to particular physical situations. 
However, fundamentally, no finite range of A can fully suppress reflections and in 
practice it is difficult to suppress reflection to levels below ~ 10“ 3 for photoioniza¬ 
tion processes. 

In a recent publication [26] it was shown that for the velocity gauge TDSE (8.2) 
absorption to machine precision 10“ 14 can be achieved by a technique dubbed 
“infinite range exterior complex scaling” (irECS) using only very few (~ 20) dis¬ 
cretization points in the absorption range. irECS is based on the time-honored 
technique of exterior complex scaling (for an extensive discussion and literature 
see [22]), where the coordinates beyond the “scaling radius” R 0 are continued into 
the complex plane 


r 





for |r| < 2?o 
else 


(8.27) 


Ro can be chosen anywhere, including R 0 = 0 and the scaling angle (f> can be 
anywhere in the interval (0, jt/4). The coordinate transformation induces an ana¬ 
lytical continuation of velocity gauge Hamiltonian H v (t) (8.2) to a complex scaled 
Hamiltonian H<p(t), for which the exterior complex scaled wavefunction (t) is 
obtained according to 

. (8.28) 


It was found in [26] that 


Wv{r, t) = 'I J v (r, t) for |r| < R 0 ■ (8.29) 

Rigorous mathematical proof for this fact is absent, but the numerical evidence 
with its accuracies of 10“ 14 is overwhelming. Note that this is by no means a trivial 
fact, as, for example, it does not hold for the length gauge TDSE (8.1). 

In the infinite range [R 0 >°o), (t) becomes exponentially damped and can 

be well approximated by a few basis functions of the form r m exp(— ar),m = 
1 M. It was found in [26] that scaling angles <p ~ 0.6 are most efficient with 
complete absorption for a = 0.4 and only M ss 20. 


8.4.1 

Absorption for a One-Dimensional TDSE 

As an example, we show the absorption by irECS for the simple, one-dimensional 
TDSE 

i TJ [x ’ t) = j \ [ - id * - A{t)]1 - ! W(x ’ 


(8.30) 
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Figure 8.5 Evolution of the relative error 
| Wq (x) — W(x)\/\W(x)\ during a 10-cycle 
pulse. The denominator is averaged over 5 
grid points to avoid spurious spikes. For the 
pulse parameters and discretization (see text). 
The sharp rise of error marks the boundaries 


of the inner region. A plane is drawn at error 
level 10 7 ; only a few error peaks in the inner 
region are above 10 —6 . Away from the center, 
relative errors are enhanced initially as the 
wavefunction is nearly zero. (Copyright 2010 
by The American Physical Society [26].) 


with the vector potential 


(£)* 


A(t) = — cos ( — ] sin(ftit) 


(8.31) 


with a total pulse duration of 10 optical cycles. A more extensive discussion of 
this and other applications of irECS can be found in [26]. We choose co = 0.06 
(~ 760 nm) and a peak field of S = 0.0755 au corresponding to 2 x 10 14 W/cm 2 . 
For avoiding reflections in the unsealed TDSE, we had to use a box size of 
[%i,x N -i] = [—1180,1180] with a total of M = 4801 discretization points dis¬ 
tributed over 120 finite elements with constant rank p n = 41. At both ends, 
infinite elements x 0 = —oo and x N = oo were added with exponent a = 0.5. 

For comparison, we computed the irECS wavefunction Wg ( x , t) with parameters 
0 = 0.5 and Rq = 40 and finite elements that up to Ro are the same as in the un¬ 
sealed calculation. In the scaled ranges on either end of the axis, we use infinite 
elements (oo, — R 0 ] and [Ro, oo) with p 1 — p N — 41 and exponent a — 0.5, result¬ 
ing in a total of 301 discretization points. Here, no attempt was made to minimize 
the number of coefficients used for absorption. 

Figure 8.5 shows the relative difference of the unsealed and complex scaled so¬ 
lutions 


AW = \ Ve(x,t)- W(x,t)\ 
\W[x,t)\ 


(8.32) 


In the unsealed region the agreement is ~ 10“ 7 throughout the time propagation, 
with only a few places where the error increases to ~ 10“ s . The error control of 
the Runge-Kutta scheme used is based on a measure of the square-integral of the 
wavefunction. The overlap error, in fact, remains on the level of 10“ 14 , that is, full 
machine precision. 
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That high of accuracies will rarely be needed, but they can be achieved with a total 
of only 321 discretization points, out of which only 80 are used for absorption. This 
must be compared to the 4801 points needed without absorption. A comparison 
with standard complex absorbing potentials shows that with much larger efforts, 
only moderate accuracies of 10“ 5 for the square of the wavefunction, or > 10“ 3 for 
the amplitude can be reached. Inaccuracies on that level will compromise results 
for delicate observables, like photoelectron spectra. 


8.5 

Observables 

Once we have obtained an accurate approximation to the wavefunction W(r, t), 
we can extract the main experimental observables: ionization, excitation, harmonic 
response, and photoelectron spectra. The list is in order of increasing difficulty. 

8.5.1 

Ionization and Excitation 

If the complete bound state spectrum of the field-free system is known, ioniza¬ 
tion is simply the probability of finding the system not in a bound state after the 
pulse is over. Let | n) denote the bound states of the field-free system, then the total 
ionization yield is 

Y ion =l-J2('P(T)\n)(n\W(T)) := 1 - (W(T)\ P b | W(T)) , (8.33) 


where T is any time after the end of the pulse. The rightmost term defines the pro¬ 
jector onto all bound states P\>. We can also model the definition of ionization by 
how it is measured in experiment: let the system evolve for a long time and then 
measure the percentage of the system that does not have their electrons attached, 
without reference to any eigenstates. Computationally, this means that we choose 
a sufficiently large area around the system and define the ionization yield as the 
probability for the electron to be outside this area. Let 0 R (r) be the function 


0 R ( r ) = 


1 

0 


for | r| < R 

else 


(8.34) 


then 


1-<IF(T)|0r|«F(T)) • (8.35) 

The area diameter R must be chosen large enough to accommodate all relevant 
bound states and the time T must be long after the end of the pulse to let slow, 
unbound electrons move beyond R. An approximate size of the bound state region 
R can be obtained by estimating the maximal extension of the bound states as 
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R > 1/ v /2| Emin |, where |£mi n | is the smallest binding energy in the system. Clearly, 
if Rydberg states with large spatial extension get excited, we may need to use very 
large R and wait for long times T. 

Computing the probability of excitation into a single bound state is simple: given 
the bound state wavefunction | n), the yield in that state is 


Y n = (V{T)\n){n\V(T)) . 


(8.36) 


8.5. 1.1 Ionization Rates 

For defining an ionization rate, we must be able to tell which fraction Ybn(i) of the 
electrons is unbound at any moment in time. The rate then simply would be T (t) = 
d/dt Yi on (t)/ Yi on (t). Unfortunately, this idea is hard to apply in many attosecond 
experiments of interest. The difficulty is not due to numerical problems in solving 
the TDSE, but it is related to the very concept of ionization: ionization is not defined 
as an instantaneous process, but it is only defined in the limit of large times. 

Our habit of thinking in terms of ionization rates is mostly derived from per¬ 
turbative processes, where we can justifiably assume that the system is in some 
state that gets slowly depleted, but is not significantly distorted. Unfortunately, this 
is not the situation in most present day attosecond experiments. In fact, it is not 
possible to define an instantaneous photoionization rate in general terms, as we 
cannot decide, in general, whether an electron is “bound” or “detached” while a 
field is present. 

What is measured in the experiment is the arrival of some charged particle, a 
long time after it has left the vicinity of the atom or molecule. The time of mea¬ 
surement is related to the particle momentum, not to its time of release. If we were 
to define Yi on (t) as in (8.35), we would observe a strong dependence of the rates 
on R. So what about defining the yield by projecting onto some bound or quasi¬ 
bound states? If we pick the bound states of the field-free Hamiltonian, we will 
in general see severe artifacts. There are significant polarization effects that dis¬ 
tort the wavefunction and create temporary virtual population in the continuum, 
which later adiabatically relapses into bound states (see Figure 8.6). In addition 
to just “polarization,” we may also think of “true” detachment and recapture lat- 



-1 OS 0 OS I 


0 5 


Time (optical cycles) 
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er during the pulse, which, in general, leads to the population of excited states. 
The situation can only be saved, if we can define some “adiabatic” time-dependent 
Hamiltonian, whose eigenstates at a fixed time describe polarization, and if excita¬ 
tion is unimportant. Such adiabatic states may be the eigenstates in the presence 
of a static electric field. However, such states will always have a finite probability for 
tunneling, which must be suppressed, for example, by truncating the basis at the 
end of the tunneling barrier. If we can find such an adiabatic Hamiltonian H a (t) 
with an adiabatic eigenstate 

H a (t)0 a (t) = W a (t)<£ a (t) (8.37) 

and initial condition <2> a (t = —oo) = W(t = — oo), then we can define the instan¬ 
taneous yield 

Y ion (t) « 1 - (^(t)|0 a (t))(0 a (t)|^(t)) . (8.38) 

This is the case for weak, slowly varying fields. Note that “weak” and “slowly vary¬ 
ing” relates to the binding forces and characteristic time scales of the state to be 
ionized. The same field that is weak and slow for the ground state, can be already 
strong and fast for the first excited state of a system. 

At the time of writing, these conceptual problems remain unresolved. It may 
be that we need to abandon the idea of “ionization at some time t” and interpret 
attosecond experiments more in terms of the actual measurement setup. A discus¬ 
sion of various “adiabatic states” and their limitations for strong-field ionization 
problems can be found in [31]. 


8.5.2 

Harmonic Response 


When the laser pulse propagates through a medium, the medium responds by the 
polarization of individual atoms or molecules and radiates a field proportional to 
the acceleration of the dipole moment 

J^ d{t) = ^ {V/{t)lrlW{t)) ■ (8 ' 39) 

Using the TDSE, we can write this response also in velocity form 

and acceleration form 


d 2 
dt 2 


d(t) = (V'(t)l - [H(t), [H(t), r]]| W(t)) + <«F(t)|i 


dH(t) 
dt 


r |«F(t)). 


(8.41) 


For our Hamiltonians (8.1) and (8.2), the commutators and the derivative dH(t)/dt 
are easy to evaluate. In length gauge, we obtain 

[H(t),r] = -^ v -V,r] = -lv 


(8.42) 
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and 


-[H(t),V] = VV(r) + f((), 


'dH(t) 

dt 



(8.43) 


The direct evaluation of the dipole acceleration using (8.43) is best suited for nu¬ 
merical calculations, because contributions to the matrix elements dominantly 
come from small distances |r|, where usually also the numerical solution is most 
accurate. This advantage far outweighs the little extra programming effort for 
computing matrix elements of the gradient of the potential. 

The harmonic power spectrum is then obtained as the modulus square of the 
Fourier transform of d 2 d(t)/dt 2 over a sufficiently large time interval [—To, T], A 
note of caution is needed here: excited states formed in response to the laser will 
keep ringing indefinitely, as radiative decay is not part of our TDSE. Propagating 
to long times T invariably produces spikes in the spectrum at the system’s excita¬ 
tion energies. In some cases, radiative decay rates may be added “by hand,” that 
is, adding small imaginary parts to the excited state energies. In practice this may 
be difficult and not required: it is simpler to terminate the signal at not too large 
times T. Note that this turn-off should be done smoothly, as a sudden turnoff gen¬ 
erates a broad spurious spectrum. The interval for smooth turn-off must be larger 
than the period for the lowest frequency we want to resolve. 


8.5.3 

Photoelectron Spectra 

Photoelectron spectra are certainly the hardest observable to compute. This has two 
reasons: first of all, while for ionization and high harmonics we only need to know 
the wavefunction at small distances, for photoelectron spectra we need informa¬ 
tion from the complete wavefunction. The resulting large expansion of the simula¬ 
tion volume requires very large computational resources. Secondly, even when we 
do know the complete wavefunction after the end of the pulse, we also need the 
asymptotic spectral information about the system at large times and distances for 
the extraction spectra. 

As for the ionization yield, time information can be obtained by solving the sta¬ 
tionary problem. Let |fc) be an eigenfunction of H(T) with asymptotic momentum 
k. Then the photoelectron yield at that momentum will be 

Y k = \('P(T)\k)\ 2 , (8.44) 

assuming <5-normalization (fc|fc / ) = d^(k — k'). However, for any system except 
hydrogen-like atoms, obtaining a large set of |fc) is a formidable task in itself. 

If only energy spectra are needed, the k do not need to be evaluated. The yield 
integrated over all states with energy E can be formally computed as 

Y e = (W(T)\d(H 0 -E)\W(T)) (8.45) 

where the <5-function of the field-free Hamiltonian H 0 is defined through its spec¬ 
tral representation. Numerical approximations to the <5-function can be obtained 
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in different ways. One way is to use the approximation d(x) at c/(x 2 + e 2 ) with 
x = Ho — E, for which a linear system of equations needs to be solved. Note, how¬ 
ever, that the resolution is limited by e, which cannot be smaller than the separation 
of discretized continuum states. Using too small e produces severe discretization 
artifacts. 

A very powerful way to evaluate (8.45) is by the exterior complex scaling method 
discussed above. It is based on the rigorous identity 


3 lim(V'(T)\(H 0 -E-ie)- l \V / (T)) = (W(T)\nd(H 0 -E)\W(T)) . 
<4o 


(8.46) 


One finds that the resolvent matrix element on the left-hand side can be evaluated 
for the complex scaled Hamiltonian H 0 replacing H 0 , if the scaling radius R 0 is 
chosen outside the simulation volume used for W(T): 


(^(T)|(Ho - E - ie)~ l \W(T)) = (^(T)|(H 0 - E - ie)~ l \W (T)) . (8.47) 


The advantage is that the complex scaled H,p has no real-valued continuum eigen¬ 
values (see discussion in [22]) and for the right-hand side of (8.47), e —*■ 0 can be 
taken without producing any numerical artifacts [32, 33]. 

Alternatively, if the asymptotic form |fc) a of the scattering states is known, one 
can perform the spectral decomposition only to parts of the wavefunction outside 
some finite volume. For that, like for Yi on , one must propagate to times T large 
enough such that the continuum parts have left a finite region defined by 0 R (r) (cf. 
(8.34)). For high-energy electrons, this may be at short times after the pulse. Then 


Yk = |('/ / (T)|1- 0 R |fc ) a | 2 . 


(8.48) 


This approach is used in many cases, especially to determine double ionization [ 8 , 
34]. Note, however, that for two electrons even the asymptotic form |fci,fc 2 )a of 
the two-electron scattering function cannot be given in closed form. The merits of 
various approximations to |ki, k 2 )a are being discussed intensively. 

Even when the exact scattering solutions are available, the methods described so 
far require us to know the complete wavefunction W (T) at the end of the pulse, re¬ 
quiring a great number of discretization coefficients c;. But, if we know asymptotic 
time-dependent scattering wavefunctions \k, i) a with the same time dependence 
and asymptotics as the solutions of the full time-dependent problem, the problem 
size can be greatly reduced. For our problem, we have the Volkov solutions with ex¬ 
actly this property. This is the basis for the time-dependent surface flux (t-SURFF) 
method [28]. There we only need to keep W (r, t) in the comparatively small region 
defined by 0 R and can absorb it outside. The photoelectron amplitude of (8.48) can 
be written as the time-integral 


T 



(8.49) 


— OO 
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Figure 8.7 Photoelectron energy spectra for 
the hydrogen atom (a) obtained with surface 
radius R = 110 (black) and R = 140 (gray). 
On the log scale, the two lines are barely dis¬ 
tinguishable. Also shown is the estimate of 


the relative error by comparing the two spec¬ 
tra (b). Blow-up of the spectra from part (a) 
on a linear scale (c). (Copyright 1998 by The 
American Physical Society [28].) 


which has nonzero contributions only on the surface | r| = R. A detailed discussion 
of this approach can be found in [28]. 

As one application, we show the photoelectron spectrum emitted from a hydro¬ 
gen atom exposed to a 800 nm pulse with peak intensity 10 14 W/cm 2 , cos 2 pulse 
shape, and a duration of 40 optical cycles. In a real calculation, a three-dimensional 
box with radius ~ 9000 au would he needed to avoid reflection of the 10 U p ~ 60 eV 
electrons from the box boundaries before the end of the pulse after 40 optical cycles 
« 4400 au. The radial coordinate must be discretized by ~ 3000 points to be able 
to represent the momenta ~ 2 au corresponding to 10 U p . In contrast, for the calcu¬ 
lation of spectra by (8.49), as shown in Figure 8.7, we need only a box size of 110 au 
and ~ 200 discretization points and obtain ~ 5% accuracy for the spectrum up to 
10Up. Only at lower energies, the errors are larger because Coulomb scattering is 
not correctly taken into account beyond the box boundary (a detailed explanation is 
given in [28]). 
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8.6 

Two-Electron Systems 

The discretization methods outlined above can be directly extended to two-electron 
problems, however the problem size squares: instead of a three-dimensional prob¬ 
lem, we are dealing with a six-dimensional one. If we were able to solve the single¬ 
electron problem with a few thousand discretization coefficients, solving the two- 
electron problem on the same level of accuracy will require some 10 million coeffi¬ 
cients. Clearly, we quickly reach the limits of feasibility. 

8 . 6.1 

Very Large-Scale Grid-Based Approaches 

The only project to date that fully solves the strong-field two-electron problem at 
optical and infrared wavelength is a supercomputing approach. The approach was 
first introduced in 1996 [35], with application to the helium atom. It uses an ex¬ 
pansion with respect to the electron coordinates iq and r 2 . The angular degrees of 
freedom are discretized by angular eigenfunctions | l lt l 2 , 1), while the radial func¬ 
tions fhfo.L on the ri, r 2 -plane are grid-discretized [34] 

'P(r l ,d l ,(p 1 ,r 2 ,e 2 ,<p 2 ) = \k, l 2 , I)// 1 ,i 2 ,i(»' 1 , r 2 ) , (8.50) 

L,l i,h 

where A indicates anti-symmetrization. Note that in linear polarization, the M- 
component of total angular momentum is conserved and the problem reduces to 
“only” five dimensions. Differential operators are implemented by the finite dif¬ 
ference method and an Arnoldi scheme is used for time propagation. In a heroic 
effort, the approach was pushed also to the 780 nm wavelength. For this, a max¬ 
imum of 3800 angular factors and up to 1000 au were used for each radius [34], 
resulting in hundreds of millions linear coefficients. The approach was extended 
also to the hydrogen molecule [36]. One remarkable numerical finding is a cutoff 
in the two-electron photoelectron spectrum produced by a 390 nm pulse [37], see 
Figure 8.8. 

A similar approach of very high numerical quality, which uses a finite element 
DVR grid with about 600 grid points on each radial coordinate, was applied in the 
shorter wavelength regime [8]. 

Also the t-SURFF method has been extended to the two-particle case [38], which 
may finally allow a full calculation of double-ionization in IR fields with acceptable 
computational effort. 

8 . 6.2 

Basis and Pseudospectral Approaches 

Clearly, even at shorter wavelengths, full discretization of the problem takes us 
very close to the limits of present day computers. For specific situations, basis set 
approaches can produce quite accurate results with moderate effort. The three-body 
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p, (au) 



Figure 8.8 Joint-probability distribution in 
momentum space of doubly ionizing elec¬ 
trons at the end of a seven-period pulse with 
a wavelength of 390 nm and an intensity of 
10 15 W/cm 2 . Along the vertical line, elec¬ 


tron 1 is constrained to kinetic energy 1.9U p 
Along the white circular arc, total kinetic en¬ 
ergy equals 5.3 Up. (Copyright 2006 by The 
American Physical Society [37].) 


Coulomb problem is special, as it allows the use of various coordinate systems for 
which very compact discretization is possible. Early benchmark calculations for 
ionization, and single- and double-excitation of helium [20] combine Euler angles, 
interparticle coordinates rr, r* 2 , 7*3 = \r\ — r 21 , complex scaling, and an explicitly 
correlated basis of Slater-type functions 

|i) = r T r 2 r 3 ‘ exp(—ari -/?r 2 ) . (8.51) 

For this basis, absorption was performed by complex scaling with R 0 = 0. 

Figure 8.9 shows excitation and ionization of helium by a short, intense pulse 
at photon energies from 0.2 au (wavelength ~ 230 nm) to 1.2 au (wavelength ~ 
30nm). The total ionization yield is defined as 

Yion = 1 - \{<P* g (ri,r 2 )\Wg(ri,r 2 \ t = oo ))| 2 , (8.52) 


where &i,g is the bound state eigenfunction of the complex scaled atomic Hamil¬ 
tonian 


Ho,8 ®i,8 = Ei0i,g . 


(8.53) 


Within the same approach, highly accurate ionization rates for helium were com¬ 
puted [39] that cover field strengths deep into the regime where the barrier for elec¬ 
tron binding is suppressed by the field (see Table 8.3). While the ADK type formula 
for static fields is confirmed in the tunneling regime, there is no reliable analytic 
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Figure 8.9 Excitation and ionization of He 
by a cos 2 -shaped pulse of duration 3.8 fs and 
peak intensity 2.97 x 10 14 W/cm 2 , as a func¬ 
tion of frequency. Shown is the ionization 
(solid line) and ionization plus bound state 


excitation (dashed line). The arrows labeled by 
n = 1,2, 3, and 4 indicate rj-photon ionization 
thresholds. The dip at frequency 0.72 is due 
to a Rabi oscillation. (Copyright 1998 by The 
American Physical Society [20].) 


Table 8.3 Field ionization rates from the ground state of the helium atom in atomic units. The 
numerical data is accurate to at least two digits. (Copyright 1999 by The American Physical Soci¬ 
ety [39].) 
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Figure 8.10 Interparticle coordinates n,r 2 ,r 3 

formula available beyond barrier suppression. Also, note that these are results for 
static electric fields. For typical laser pulses, the quasi-static description of ioniza¬ 
tion is often not applicable, see also the discussion in Section 8.5.1.1. 

Another efficient representation is in “perimetric coordinates” 

u = -r i + r 2 + r 3 
v = n-r 2 + r 3 
w = ri + r 2 - r 3 , 

with Sturmian functions for discretization [40]. These coordinates are technically 
convenient, as all integrals are easy to compute and matrices can be made sparse 
(interparticle coordinates shown in Figure 8.10). 

Special coordinates can also be used for the H 2 molecule or any diatomic sys¬ 
tem with fixed nuclei. The prolate-spheroidal coordinates (see Figure 8.11) allow 
collapsing the Coulomb singularities at the two protons into a single point in co¬ 
ordinate space, which constitutes a significant advantage for discretization. The 
complexity of the resulting Schrodinger equation is not much larger than for he¬ 
lium. Of course, with laser fields not parallel to the molecular axis, the cylindrical 
symmetry is lost and one has to deal with a truly six-dimensional problem. Using 
this approach, benchmark results for ionization of H 2 were produced [41]. 

Special coordinate systems can give good results for specific two-electron situ¬ 
ations. Neither interparticle nor perimetric coordinates are well suited to describe 
important processes like single ionization. In addition, these coordinates cannot be 
extended beyond two-electron systems. Therefore, single-electron coordinates, us¬ 
ing pseudo-spectral representations with respect to the single-electron operators, 
have been also used for two-electron systems [23, 24]. To control the growth of 
problems size, pseudo-spectral discretizations (cf. Section 8.2.1) with respect to the 
single-electron operators are used in that approach. 



n in (0-) 


{ in [0,2n] 


Figure 8.11 Prolate-spheroidal coordinates for diatomic molecules. Points in the plane are 
defined the intersection of an ellipsis £ with a hyperbola ly, both have their foci on the nuclei. 
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8.7 

Few-Electron Systems 

The problem size grows exponentially with the number of particles. From the dis¬ 
cussion above, it is obvious that computation of strong-field effects involving more 
than two electrons requires severe approximations and new methods. Fortunately, 
we are hardly ever interested in more than two unbound electrons. Bound states, 
even if somewhat distorted, are much easier to compute than the violent motion 
of unbound electrons in a strong field. In fact, all few-electron calculations to date 
admit only a single continuum electron. This is dictated by the sheer size of the 
problem. Also, most attosecond experiments aim at understanding electronic dy¬ 
namics inside the atom or molecule, with the photoelectron serving as the messen¬ 
ger telling us about the inner dynamics. 

“Essential states” type of approaches select a basis of ground, singly, and dou¬ 
bly excited states that, we believe, participate in the reaction. It is possible to give 
one electron the freedom to become ionized, and solve the TDSE in this strongly 
constrained basis. This closely models our conventional idea of “internal” electron 
dynamics. The complexity of the calculation does not much exceed a single-electron 
calculation. Where applicable, this provides the most transparent and efficient way 
of solving the TDSE. 

The next step of approximation, which is less biased by physical intuition, is 
given in time-dependent configuration-interaction methods (TDCI). These can be 
understood as pseudo-spectral methods for the few-electron case, where (approx¬ 
imate) eigenstates of the neutral or ionic few-electron system are used, including 
pseudo-continuum states of the important ionization channels. If we want to dis¬ 
tinguish TDCI from essential state methods, we can do so by the basis constraint: 
the states are selected by energy, symmetry consideration, and possibly by the con¬ 
tinuum channels included, not by an a priori idea of the physical process. In the 
limit of infinitely many states, these methods become exact. In practice, such cal¬ 
culations remain far from a regime where one can simply observe convergence of 
the method with respect to all parameters of the constraint. Good physical intuition 
is also needed in these methods. 

A key problem for any bound state-based approximation is the importance of vir¬ 
tual continuum states in strong fields. Even when, after the end of the pulse, all 
population relapses into bound states, the correct description of intermediate dy¬ 
namics, like polarization, may require the inclusion of continuum states. This was 
discussed in the section about ionization rates Section 8.5.1.1. We do not know 
the role of continuum states in advance and it is difficult to include them into an 
already large calculation. In view of this fact, it is unfortunate that the (in prin¬ 
ciple) ah initio method time-dependent TDDFT appears not to be applicable for 
strong-field phenomena: studies of very simple systems where comparison with 
exact results is possible, have shown failure of TDDFT [15, 42]. The reason for this 
failure is not fully understood, but it may be related to the difficulty of representing 
excited states in DFT. 
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Time-dependent Hartree-Fock (TDHF) is another approximate method that was 
applied to strong-field phenomena. The only, but severe, bias of TDHF is that the 
few-electron wavefunction is written as a single determinant of time-dependent 
single-electron functions 


M 



(8.54) 


j =i 


where A again indicates anti-symmetrization and spin is included as part of the 
coordinates q j = ( rj, Sj). The orbitals <Pj(q\ t) are optimized by some minimal 
principle, whose exact choice is not essential for the method. The usual choice is 
the so-called Dirac-Frenkel variational principle, which is local in time. Any mini¬ 
mal principle leads to a set of M coupled nonlinear Schrodinger equations for the 
<t>j (q;t). This particular method has no problem to model the virtually excited con¬ 
tinuum states arising in polarization processes, as the single-electron wavefunc- 
tions are fully flexible. Unfortunately, it soon became clear that TDHF cannot work 
as soon as significant ionization occurs in a strong-field process [17]. Hartree-Fock 
methods approximate the wavefunction as a single determinant. This can work 
well for the ground state <Po(qi, qi), and also for an ionized state <Pi(q\, qj), of a 
two electron system 

‘Z’ofgi, <? 2 ) « A[<pz(qi)(p 3 (q 2 )\, <t>i(qi, q 2 ) « A [<Pi(q\)(p c (q 2 )] ■ (8.55) 

However, there is no single determinant that can approximate a superposition of 
two determinants 

c 0 (i)-4. [0 a (gi)0a(g2)] + c f (t)A [cp ;(qi) 4>Mi)] A[£ {qi) q (q 2 )] , (8.56) 

when both determinants contribute on a comparable level |c 0 | ~ |c;|. 

8.7.1 

MCTDHF: Multiconfiguration Time-Dependent Hartree-Fock 

The left-hand side of (8.56) indicates an obvious extension from single- to multide¬ 
terminant or “multiconfiguration time-dependent Hartree-Fock” (MCTDHF). Tak¬ 
ing a few (this may also mean a few thousand) determinants, one can hope to ob¬ 
tain a good approximation of the solution. In this method, the single-particle func¬ 
tions can be highly accurate and no significant truncations of the single-particle 
Hilbert space must be made. This allows, in particular, to fully include the single¬ 
electron response to the external field. The only constraint is the total number of 
determinants, which limits the amount of “correlation” that is included in the cal¬ 
culation. 
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The MCTDHF Ansatz for an/particle wavefunction is a linear combination of 
determinants of N single-particle functions <p j(q,t) 


^mctdhf^i. ■ ■ ■ ?/! t) 


1 

V J ' h-jf=i 

(8.57) 


where q = ( r , s) combine the spatial coordinates and spin. Anti-symmetric deter¬ 
minant character is ensured by demanding anti-symmetry of the Bj 1 _j f (t) under 
exchange of any two of its indices. It is important to note that both, the expansion 
coefficients Bj 1 _j J (t) and the single-particle functions 4> jAq /; t) are time depen¬ 
dent and evolve according to dynamical equations of the form 


d 


^ ' (0ji • • • 0j/l ^I0fei • • • 0fc/) Bki...kf 




Tt <pj = (i-j’iEErtw 


k l 


Here, pji denotes the single-particle reduced density matrix 


PJ l X/ 


(8.58) 

(8.59) 


(8.60) 


and Hik[B, </)] is a matrix of mean field operators that itself depends on all = 

(/1 ./n) and P is the projector onto the space spanned by the time- 

dependent orbitals <p j (q: t), 

N 

p = £|0 j)(0jI ■ (8-61) 

i=i 

The spatial part of the single-particle functions (pj(q) can be discretized by any of 
the methods discussed above, in our implementation [14], we use finite elements 
with 


S 

<P(qA) = ^2\s)\i)ci(t) . (8.62) 

;=i 

A more detailed discussion of the method can be found in [14, 43]. 

The method can be efficient, because the time-evolution of the single-particle 
functions follows the evolution of the multiparticle system: in a sense, the 
( pj(q,t ) form an optimally self-adaptive time-dependent basis. The price to pay 
for self-adaptivity is the nonlinearity brought into the evolution equations (8.58) 
and (8.59) by the density p[B], the projector P[(j)} and the mean field operators 
Hii[B,0]. 
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It is easy to see that, if the number of discretization coefficients c;(t) equals 
the total number of single-particle functions Q = N, the projector in (8.59) be¬ 
comes zero (1 — P = 0). In this case there is no time-evolution of the cpj and 
MCTDHF reduces to an ordinary basis set calculation with antisymmetrized linear 
coefficients We see that the method is asymptotically exact, but that limit 

requires (^) ~ Qf coefficients generally an absurdly large number. 

Note that the number of expansion coefficients Bj,j ( grows rapidly with the 
number of orbital as (j). The method is only useful, when N = 10 to 30 single¬ 
particle functions are sufficient. The number of determinants needed is related to 
the correlation in the system, that is, just how far the solutions is from a single¬ 
determinant, Hartree-Fock wavefunction. Limiting the number of Bj 1 _j f to a few 
thousand means that we can describe moderately correlated few-electron systems. 

This case is of interest in attosecond physics: we want to describe processes that 
involve a few (2-4) active electrons in the valence shell of some atom or molecule. 
When we speak about these individual electrons as being in single-particle “states,” 
we implicitly use the Hartree-Fock picture. If we want to form useful physical 
pictures, the investigated dynamics of the system should not be too far from this 
situation. MCTDHF offers a practical computational scheme for those cases. 

Time-evolution of the single-particle function allows correct inclusion of polar¬ 
ization, as discussed above. We will show now that polarization of core electrons 
can dramatically change the harmonic response of few-electron systems [43]. 


8.7.2 

Dynamical Multielectron Effects in High Harmonic Generation 


“Molecular orbital tomography” [44] tries to extract information about some single¬ 
electron part of the wavefunction from a high harmonic signal. For the original 
illustration in [44], the Hartree-Fock HOMO was used, but the exact nature of the 
orbital is not important: the high harmonic response is actually a true multielectron 
effect [43]. For a mathematical description, we start by obtaining the high harmonic 
response for a diatomic model molecule with four active electrons in a potential of 
the form 


V(r) = Vi 


R 

\ l 

R 

r - 

) + v,( 

r + T 

2 

2 


(8.63) 


with the potential for one nucleus being 


Z e~P r 

Vj(r) = — + a —— . (8.64) 

The charge Z on each nucleus is equal to half the number of active electrons and 
the internuclear distance is | i?| = 2.8. The screening parameters a and /3 have 
been adjusted such as to yield an ionization potential IP = 0.58 (the same as N 2 ). 
The active electrons are in two doubly occupied orbitals with gerade and ungerade 
symmetry and Hartree-Fock energies of —0.781 (gerade) and —0.595 (ungerade), 
composing a fairly realistic molecular model. High harmonic spectra for an 800 nm 
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Harmonic order 

Figure 8.12 Comparison of harmonic spectra iy below SFA). The few-electron calculation 
obtained with four active electron (lowest yield differs qualitatively from the single-electron 
at high harmonic orders), in the SFA (highest) results. (From [43].) 
and from a single active electron TDSE (slight- 

single-cycle infrared laser pulse with peak intensity 3 x 10 14 W/cm 2 and linear po¬ 
larization parallel to the molecular axis were calculated by MCTDHF. Convergence 
was checked by using up to N = 8 orbitals. 

Surprisingly, one finds very large discrepancies between the four-electron numer¬ 
ical result and the strong-field approximation (see Figure 8.12). The discrepancy is 
not only in magnitude, but in the peak structure of the highest harmonics: while 
SFA shows pronounced peaks, the four-electron calculation has a rather broad, 
featureless high harmonic spectrum. In contrast, using the same techniques for 
two-electron systems (atom or molecule) gave good agreement of the numerical re¬ 
sult and SFA. Solutions of the single-electron TDSE using various models always 
give results close to the SFA. 

The energy dependence and phases contain the main information for extracting 
structural information from high harmonics, therefore it is essential to understand 
the reason for the discrepancy between SFA and MCTDHF calculations. Including 
the exchange corrections, as proposed in [45], changes the harmonic amplitudes 
but has only a small effect on the energy dependence of the response. Note that 
these corrections only appear when at least two different spatial orbitals are in¬ 
volved, as in the four active electron calculation. 

The discrepancy is actually due to a truly multielectron effect and this effect is 
dynamical, that is, cannot be deduced from the field-free structure. To show this, we 
compute the time-dependent ionic wavefunction W+ (t) with three active electrons. 
Due to the stronger binding, the amplitude of the ionic harmonic response is two 
orders of magnitude smaller than that of the neutral. Using W+ (t), we define the 
static and dynamic time-dependent “Dyson orbitals” as 

|0r(?;t)) = 2(y / +(O)|^o(t)) (8.65) 

and 

\^(q;t)) = 2(V + (t)m(t)) . 


( 8 . 66 ) 
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0 10 20 30 40 50 60 


Harmonic order 

Figure 8.13 Comparison of harmonic spectra obtained by MCTDHF (wiggly line, lowest yield) 
and from the static (8.66) (highest yield) and dynamic (8.66) Dyson orbitals (near MCTDHF). 
(Reproduced from [43].) 

In Figure 8.13, the high harmonic responses for and tp^ n are compared to 
the MCTDHF result. Surprisingly, although there is almost no harmonic response 
of the ion, the dynamic Dyson response is very close to the four active electron re¬ 
sponse. The static Dyson response, in turn, is very similar to the SFA and single 
active electron responses. This shows that the harmonic response is a collective 
effect of the motion of several atoms in the laser field. Note that, although we can 
easily obtain <p^ n from W 0 (t) and W+ (t), we cannot give single-particle equations 
for the time-evolution of (p^, as it invariably includes exchange effects. As ob¬ 
served in [45], these effects are strong. If they are time-dependent, they will modify 
the frequency dependence of the high harmonics. Similar findings were reported 
later in [46]. 


8.8 

Nuclear Motion 

The inclusion of nuclear motion adds further challenges to numerical calculations, 
beyond the simple fact that we add more degrees of freedom. The reason lies in the 
strong correlation of electronic and nuclear motion: most of the electronic wave- 
function just follows the nuclear motion. Even when we treat the nuclei classically, 
the Coulomb-singularities of the nuclear potentials move with time and require 
adjustment of the discretization for the electronic degrees of freedom. In addition, 
the scientifically most interesting processes in nuclear-electronic dynamics, such 
as deexcitation through conical intersections [47] or control of branching into dif¬ 
ferent dissociation channels, are inherently quantum-mechanical in nature. This 
limits the usefulness of classical simulations. 

The Born-Oppenheimer approximation of molecular physics uses the strong 
correlation to its advantage by assuming that the electrons adiabatically follow the 
nuclear motion. The multisurface Born-Oppenheimer approach relaxes this as- 
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sumption and becomes exact in the limit of infinitely many surfaces: when a suf¬ 
ficiently large number of Born-Oppenheimer potentials are used and couplings 
between the corresponding excited electronic states near avoided crossings and by 
the laser field, are included, electronic and nuclear motion can be approximated to 
any accuracy. This is just one particular time-dependent, complete, and hopefully 
efficient basis for discretizing the TDSE. 

Here we want to present the principles of the methods, but we refer to [10] for a 
more detailed discussion. The TDSE for a diatomic molecule is 


d 

i—W(r, R,t) = H(r, R,t) l I / {r, R,t) , 


(8.67) 


where all electronic coordinates are summarized as r. By using only the interparti¬ 
cle distance R, but no angles, we indicate that rotations of the molecular axis were 
neglected in the calculation. On the field-free part of the Hamiltonian, the usual 
Born-Oppenheimer procedure is applied, that is, the kinetic energy of the nuclei 
is split off: 


H 0 (r, R) = T(R) + H e (r, R) , 


1 1 

TIR) :=- dlR 

'' 2 MR r 


( 8 . 68 ) 


where M is the reduced mass of nuclear relative motion. The eigenfunctions of the 
electronic Hamiltonian form a complete basis for any fixed R 


H e (r, R)& s (r, R) = E s (R)& s (r, R) . (8.69) 

A B-spline representation is used for the radial parts of 0 s (r, R). Note that for com¬ 
pleteness, all eigenfunctions, bound, single continuum, and multiple continuum 
states must be included. Very important is a suitable truncation of the basis accord¬ 
ing to energy, symmetries, and expected physical mechanisms. Considering phys¬ 
ical mechanisms, it was found that doubly excited resonances, which are resonant 
states in the single continuum, play an important role in H 2 laser dissociation [48], 
In [10], the nuclear part of the wavefunction is expanded in a time-independent 
basis of vibrational nuclear functions % V(R)> which is computed for each potential 
energy curve E S (R) as 

[ T(R) + E S (R)]/: ] (R) = W vX l s) (R) , (8.70) 

where v labels bound as well as continuous functions. That differs from the usu¬ 
al time-dependent Born-Oppenheimer method, where no intermediate spectral 
eigenfunctions of nuclear motion are calculated, but rather the time-dependent 
equation for the nuclear motion is computed on a grid. 

In a somewhat simplifying notation, the ansatz for the total wavefunction in [10] 
is 


V(r, R,t) = J2J2 cl s] (t)x[ s) (R)0s(r, R) . 


( 8 . 71 ) 
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Figure 8.14 Kinetic energy release (KER) as 
a function of photon energy for dissociative 
ionization of H2 and D2 ( 8 . 1 ). Theory (a) and 
experiment (b) for D2. Regions I, II, and III 
show three distinct clusters of data formed by 


photoionization. Magnification of the low-KER 
region of (a) and (b) for H2 (c, d), and D2 (e, 
f); theory (a-c) and experiment (e, f). (Figure 
reproduced from [ 48 ].) 


All labels cover discrete (bound) as well as continuous (scattering) parts of the spec¬ 
trum and s must correctly label symmetries and degeneracies of the electronic 
states [10]. Using the terminology of Section 8.2.1, we see that the method is a 
rather complex version of a pseudo-spectral approach. 

The ansatz (8.71) does not fully define the approach. When inserting it in¬ 
to the full TDSE, 3 R -dependent terms appear that are neglected in the Born- 
Oppenheimer approximation. These terms are particularly important near “avoid¬ 
ed crossings,” that is, when potential energy surfaces get close to each other. In the 
continuum, there is an infinite number of such avoided crossings. To cope with 
this situation the “diabatic representation” was used in [10], implying that this type 
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of transition at avoided crossings to and from continuum states can be neglected. 
The interaction with the laser field occurs primarily through the electrons and 
the direct action of the laser field on the nuclei is neglected because of the large 
nuclear mass. 

This approach has delivered the most impressive results on doubly differential 
electron and nuclear dissociation spectra. As an example, Figure 8.14 shows the 
kinetic energy release for dissociative ionization of H 2 and D 2 [48]. The reader will 
hardly be surprised that these are among the largest numerical calculations in the 
field so far. 
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Angular Distributions in Molecular Photoionization 

Robert R. Lucchese and Danielle Dowek 


Photoelectron angular distributions (PADs) in molecular photoionization can pro¬ 
vide detailed information about the geometry of a molecule, the initial electronic 
state and the electronic state of the product molecular ion. In general, the molec¬ 
ular frame photoelectron angular distribution (MFPAD) can be a function of four 
angles for linearly and circularly polarized light and five angles for elliptically polar¬ 
ized light. In this chapter, we show how, for dipole transitions, these multidimen¬ 
sional distributions can be reduced to a limited number of one-dimensional func¬ 
tions. PADs must be determined relative to the molecular frame of reference and 
we consider experimental distributions that can be obtained with post-ionization 
analysis of the molecular frame orientation, using coincidence detection of the 
photoelectron and at least one ionic fragment. We also consider concurrent ori¬ 
entation, where a multiphoton process modifies the alignment of the molecule, 
helping the analysis of the PAD. And finally, we consider the form of the PAD 
when the molecule is preoriented, as can be achieved with impulsive alignment by 
intense infrared lasers. 


9.1 

Introduction 

The ionization of molecules by absorption of light is significantly different from 
absorption where the final state is a bound state. In the case of ionization, the con¬ 
tinuous nature of the final state leads to a lack of quantization for the total energy of 
the system. The infinite degeneracy of the continuum allows ejection of the photo¬ 
electron in any direction relative to the molecular frame (MF), that is, in any direc¬ 
tion in the coordinate system of the molecule. The differential cross-section for this 
photoemission process is the molecular frame photoelectron angular distribution 
(MFPAD). This observable results from the coherent superposition of all partial 
waves contributing to the continuum electronic wavefunction: it therefore provides 
a very sensitive probe of the potentials and interactions governing the quantum dy¬ 
namics of the emitted photoelectrons. In molecules, the MFPAD is a function of 
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the molecular frame electron emission direction, as well as the relative orienta¬ 
tion of the light polarization axis to the molecular frame. Dill recognized that the 
measurement of the MFPAD provides the maximum information available from a 
one-photon photoionization experiment and he derived the first general expression 
for their description [1]. More than fifteen years after this theoretical statement, pi¬ 
oneering experiments resolved MFPADs experimentally: Golovin et al. observed 
PADs in valence shell ionization of O 2 [2] and Shigemasa et al. in K-shell ioniza¬ 
tion of N 2 [3]. Since then, molecular frame photoemission has been determined for 
one-photon photoionization induced by valence and inner valence shell [4]—[16] or 
inner shell [17]—[33] excitation of a number of mainly diatomic or linear molecules, 
thereby probing fundamental processes such as electronic correlation [11], circular 
dichroism in molecular frame photoemission [8, 11, 16, 20, 24], quantum interfer¬ 
ences [14, 15, 26] (which may induce symmetry breaking in dissociative ionization 
of symmetric molecules [12, 16, 27, 31, 32]), core hole localization, and entangle¬ 
ment [28, 29]. 

When there is no information about the orientation of a molecule, the only 
quantities that can be measured in photoionization, at a given energy are the to¬ 
tal photoionization cross-section and the photoelectron asymmetry parameter. The 
latter describes the photoelectron angular distribution (PAD) relative to the polar¬ 
ization direction of linearly polarized light or the propagation of circularly polarized 
light [34]: 

S = ^[l + ^ P 2(cos 6 )]. (9.1) 

where 0 is the angle between the polarization axis of the light and the emission 
direction of the photoelectron. Given that the angular distribution in Eq. (9.1) has 
been averaged over all orientations of the molecule, it contains limited information 
about the MFPAD. 

To extract more information about the MFPAD of isolated molecules, there are 
three general experimental approaches. The first approach is to consider disso¬ 
ciative photoionization (DPI) by coincident detection of the photoelectron and at 
least one fragment. In the simple case of a diatomic molecule, and by using the 
axial recoil approximation [35, 36], the recoil direction of the atomic fragment ion 
gives the direction of the molecular axis at the time of ionization. Together with 
the measured direction of photoelectron emission and the known orientation of 
the light polarization, the MFPAD can be directly measured [2]. Such a measure¬ 
ment constitutes a post-orientation, that is, the orientation of the molecule is de¬ 
termined after the ionization event. The main limitation of this approach is that 
only dissociative states of the molecular ion can be studied and the lifetime of the 
dissociative state must be short with respect to rotation and geometry changes (in 
the case of polyatomic molecules). For nonlinear molecules, when only two frag¬ 
ments are produced, the orientation about the recoil axis cannot be observed, so 
that only the recoil frame angular distribution (RFPAD) can be observed and not 
the full MFPAD. When the axial recoil approximation breaks down, one cannot di¬ 
rectly measure the MFPAD, but only the RFPAD since the recoil direction then no 
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Figure 9.1 MFPADs for photoionization of 
NO from [11], as described in the text. The 
arrows indicate the propagation axis of circu¬ 
larly polarized light. The experimental (a) and 
computed (b) parallel, magic angle, and per¬ 
pendicular MFPADs are shown for left-hand 


circularly (LHC) polarized light (from left to 
right in first three columns); the perpendic¬ 
ular MFPAD for right-hand circularly (RHC) 
polarized light is shown for comparison (last 
column). 


longer corresponds to the original molecular orientation. A detailed discussion of 
both experimental and theoretical aspects of the post-alignment approach has been 
presented elsewhere [37]. 

A second approach to obtain MFPAD information is concurrent orientation. By 
this, we mean the alignment, which occurs in n + 1 multiphoton ionization. Here, 
the first n photons involve transitions to bound states. Such transitions usually 
show an alignment dependence, therefore the last photon leads to ionization of a 
partially aligned sample. In this case the first n photons provide a partial orienta¬ 
tion of the molecule. In combination with a coincidence measurement of a dis¬ 
sociative ionization fragment, it is possible to obtain additional information about 
the MFPAD beyond what is available from a measured one-photon RFPAD [38] for 
a nonlinear molecule. The multiphoton ionization process can also provide infor¬ 
mation about the photoionization of excited states, which is otherwise difficult to 
obtain. 

Finally, it is possible to employ pre-orientation of a molecular target and study 
photoionization under field-free conditions [39-41] after impulsive alignment us¬ 
ing short infrared laser pulses [42—44-]. Here we will consider the form of the mea¬ 
sured photoelectron angular distributions in each of these cases and consider the 
connection to the underlying complex-valued photoionization dipole matrix ele¬ 
ments. Some of these issues have also been discussed in an earlier review of pho¬ 
toelectron angular distributions [45]. 

In general, the molecular frame photoelectron angular distribution can be a func¬ 
tion of four angles for linearly and circularly polarized light and five angles for 
elliptically polarized light. In this chapter, we show how these many-dimensional 
distributions can be reduced to a limited number of one-dimensional functions for 
dipole transitions. For example, in Figure 9.1 we give the computed and measured 
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Figure 9.2 Experimental and computed one-dimensional functions that describe the MFPAD for 
the photoionization of NO as given in Figure 1 from [11], 

MFPAD for ionization of NO leading to the c 3 n state of NO“*“, measured using 
coincidence detection of the photoelectron and N + fragment ion after irradiation 
with circularly polarized light at a photon energy of 23.65 eV [11]. In Figure 9.2, we 
give the corresponding five one-dimensional functions, which can be used to de¬ 
termine the MFPAD for any orientation of the field in the molecular frame. These 
one-dimensional functions can be useful for analysis of experimental data, as well 
as for the comparison of computed and measured data. The ability to make accurate 
predictions of MFPADs can be very useful since comparisons between computed 
and measured MFPADs can then be used to determine the structure and electronic 
state of the molecule that is ionized. We will give a brief survey of the theoretical 
methods that can be used to compute such angular distributions. 

There are several mechanisms by which a measured MFPAD can be used to de¬ 
termine the structure of a molecular system. The MFPAD contains information 
both about the initial state, and its geometry dependence, as well as the final con¬ 
tinuum state of the photoelectron [46]. At low energy, features in the scattering con- 

















9.2 One-Photon Photoionization in the Molecular Frame 

tinuum, such as shape resonances, will dramatically change the MFPAD and are 
sensitive to the geometry of the system [47]. At high energy, when the wavelength of 
the photoelectron becomes comparable to the interatomic distances, interference 
effects such as the Cohen-Fano interference [48, 49] will reveal information about 
molecular structure. 


9.2 

One-Photon Photoionization in the Molecular Frame 


The differential cross-section, Tij, for one-photon photoionization in the molecu¬ 
lar frame (MF) is proportional to the absolute square of the transition matrix ele¬ 
ments giving 


?i.f = 


4jt 2 E 


kfi*f 


(9.2) 


where E is the photon energy and c is the speed of light. In the dipole approxima¬ 
tion, the photoionization matrix element, Itj, can be written in the form 

I U f = [w i \r-A\W ( - ) ) , (9.3) 


where Wi is the wavefunction representing the initial unionized state, is the 
ionized final state with the continuum electron leaving the system with asymptotic 
momentum fc, and A is the field. The MFPAD can then be written as 


Ti,f = 


4 it 2 E 


Wi\r ■ A\W ( A 


(9.4) 


For light of arbitrary elliptical polarization within the rotating wave approxima¬ 
tion (RWA) [50] and in the dipole approximation, the field can be represented by 

A = 5f F cos 2 + y FF sin/lexp(id) , (9.5) 

where the light is propagating in the z direction in the field frame (FF), also com¬ 
monly referred to as the laboratory frame, that is, in the Zff direction, and where 
Xff, y FF , and zp F form a mutually orthogonal set of vectors. The parameters 1 and 
<5 are related to the Stokes parameters by [51] 

So = 1 
Sj = cos(2/l) 

(9.6) 

s 2 = sin(22) cos(<5) 
s 3 = sin(2l) sin(d) . 
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Then the dipole operator can be written as 

r ■ A = (r ■ £ff) cos X + (r • y FF ) sin 2 exp(id) . 


(9.7) 
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Figure 9.3 Schematic of the angles and di¬ 
rections used to describe the MFPAD dis¬ 
tributions. In the schematics, the molecular 
axis is assumed to be in the z directions, n 
is either the direction of light propagation for 
elliptically polarized light or the direction of 
polarization for linearly polarized light, and 


the photoelectron is emitted in direction k. 
The angle a represents the rotation of the 
molecular about the z axis and, for elliptical¬ 
ly polarized light, the angle fi represents the 
rotation of the %ff direction away from the 
plane containing the z axis and the h vector. 


In the case of linearly polarized light, Eq. (9.7) can be simplified, so that Eq. (9.3) 
becomes 

</ P) = ( y/ ‘l r ' n l ¥/ /;f) ’ (9 - 8) 

where h is the direction of the linear polarization. Defining the spherical tensor 
operator e^ as 




// 


rY lifl (6» e , 0 e ) 



I z 

x + iy 

s/2 

x—iy 

~VT 


for fi = 0 
for fi = 1 
for fi = —1 


and writing the partial-wave expansion of the ionized state as [52] 


(9.9) 


V l St(r) = /|■ (9-10) 

V Jl 

l,m 

where the angles (6k, (pk) define the direction of emission of the photoelectron in 
the MF as illustrated in Figure 9.3, the complex-valued partial-wave dipole matrix 
elements can then be given by 



so that the dipole matrix element for linearly polarized light, defined in Eq. (9.8), 
can be written in a partial-wave expanded form as 

J -./ = E Y *m (0*. <Pk) Y£ tel*. 7lp) . 


(9.12) 
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In the case of arbitrary polarization, the field can be expressed using A -|_, defined 
as 


A± = cos /l ± i sin! exp(id) 
so that the interaction operator can be written as 


(9.13) 


1 1 

A + E e F D ^-i(Y'X’P)~ a - E e ^ D i! ) i (Y’X’P) 

pi= —l pi= —l 

(9.14) 

where D^ M ,(y,X>P) are the rotation matrices and (y,%,/3) are the Euler angles 
that rotate the molecular frame into the field frame [53]. 

Using this notation, the dipole matrix element given in Eq. (9.3) can be written 
in a partial-wave expanded form as 


r ■ A = 


V2 


kf=J 2 h mfl Yr m (e k ,^ k )^[A + D^l l ( Y ,X,P)-A-D^(y, X ^)] - 

(9.15) 


In the case of linearly polarized light or circularly polarized light, Eqs. (9.12) 
and (9.15) can be combined into a single form 

Iuf = E ^ <Pk) <Eo (Y.X.P) ■ (9-16) 


Applying Eq. (9.16) to linearly polarized light, we take /jlq = 0, y = y LP , x = Xw, 
and /3 = 0, where (% LP , Y lp) gives the direction of polarization in the molecular 
frame. For circularly polarized light, / 1 0 = —s 3 so that for left-hand circularly po¬ 
larized light we have fi 0 = 1 and (x, y) gives the direction of propagation of the 
light. 

The MFPAD T; j, as given in Eq. (9.4), is then, a priori, a function of five angles: 
the electron emission direction in the MF (6 k , cp k ) and the (y,X’P) Euler angles 
that rotate the molecular frame into the field frame. The differential cross-section 
can be written in terms of a set of one-dimensional functions F^\,(6 k ) multiplied 
by low-order functions of the other angles [9]. The F^\(6 k ) functions contain all 
the dynamical information and they can be expanded as 


v_ i! (-l) 

^N,v\^k) — 


i+n+ 1n+v1±n±x 


2 JT 1 -T d n o 

(L'-\N+v\)\ 


( L~N)\ 
(L+N)\ 


E 


(1/ + \N+ v|)!. 


P^+ 1 ' 1 (cos 0 k ) G UiL , n , v 
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(9.17) 
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where the Gl',l,n,v terms are defined as combinations of products of the partial- 
wave dipole matrix elements: 


Gl'.l, N,v 


4-k 2 E ^ ( 

--— 2 ^ ' 1 l,mji\ll',m+N+vji—N) 

l,V ,m,fi 

x [(21 + 1)(2 V + 1)]* (1, 1, ju, N — fi \ L, N) (1,1,1,-1| 1,0) 
x (I, V, m, — (m + N + v) \ L' , - (N + v)) (I, V, 0,0| L', 0) , 

(9.18) 


and the (Ij, I 2 , mi, m 2 |L, M) are the usual Clebsch-Gordon coefficients. The three 
indices, L, N, and v, which define the F^\,(6k) functions, are constrained by the 
geometry of the system and the assumptions made in deriving Eq. (9.17). Thus, in 
the one-photon dipole approximation, L comes from the expansion of the square 
of the field, so that it satisfies 0 < I < 2, as can be seen in the Clebsch-Gordon 
coefficients in Eq. (9.18). Likewise, N is constrained by L such that 0 < N < I. 
Note that the F^ v (6k) have been defined so that only nonnegative values of N are 
used. In principle, the range for L' needed in Eq. (9.17) is 0 < L' < oo. However, 
in practice, the maximum value of L' needed is limited by the size of the molecular 
system, represented by the radius R max , and by the momentum of the photoelec¬ 
tron, p. Thus, the maximum value of l needed to describe the asymptotic state of 
the continuum electron in Eq. (9.10) can be estimated from hL max = R m3X x p, 
leading to the range of L' being given by 0 < L' < 2L max . Finally, the index v is 
connected to the amount of asymptotic angular momentum about the z axis in the 
molecular frame. As can be seen in Eq. (9.18), the range of v is constrained by the 
values of L' and N leading to the constraint — L' — 2 < v < L' . Then the practical 
limits on v are given by —2 L max — 2 < v < 2 L max . For systems that have a smaller 
moment of inertia about the z axis, as compared to the other two axes, that is, for 
prolate molecules, the practical limits on the range of v may be much smaller in 
absolute magnitude. 

With the definition of the J, functions given in Eq. (9.17), we obtain the follow¬ 

ing expression T y j for the differential cross-section in the molecular frame [11, 54] 


Tij(6k,(pk,y,X,l3) = 

^ Re fexp (ivy) j F^ v (Qk) exp [iv (<pk - y)] 


+ J2 iSiF^^Ok) (cosx) exp [i(N + v){4> k -y)] 


N =0 
2 




~ 2 P 2 (cosy) + h (P) Q+ (x) - it 2 (P) Q n (x) 


x exp [i(N + v) (rp k - y)\ 


(9.19) 
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where t\ and t 2 are defined by 

ti (/3) = Si cos (2/3) — s 2 sin (2/3) 
h (/?) = si sin (2/3) + s 2 cos (2/3) 


and the Qp (%) are defined as 


QnM = 


(2 — N)\ 


»"h(f)] 1+ "h(f)]‘ 


[«(!)]”[-(!)] 


2+N 


(9.20) 


(9.21) 


If the molecule under consideration has a reflection symmetry plane containing the 
z axis, the are real valued functions, which leads to further simplification of the 
expansion. In particular, using the phase convention for the associated Legendre 
polynomials as given in [55], Eq. (9.19) can then be written as 


Tij [Ok, <pk, Y>X’P) = E ( F o°v (Sfc)cos (vcp k ) 

V ' 

1 

- E s 3 F N,t {8k) p i (cosx)sin[N{(p k -y)+ vcpk] 

N =0 

~l P 2 ( C0S X) + h(P)Qti (X) 

x cos [N (0 k - y) + v(p k ] 

+ t 2 (/3) 0.N sin [AT (0k — y) + V0k]|^ . 

(9.22) 


+ E F St( e ‘){ 


Analyzing the multidimensional T;j differential cross-section in the molecular 
frame according to the general expression given in Eq. (9.22), where the depen¬ 
dence on x, y, and <pk is only through low-order trigonometric functions, enables 
us to determine the one-dimensional functions F p \,(0k) giving access to the dipole 
matrix elements, their magnitudes and phases, as well as the Stokes parameters 
characterizing the ionizing light. Equation (9.22) can be simplified for particular 
choices of the polarization of the light. For linearly polarized light, we have 

i 

(6k, <Pk,Xu>, n.p) = E E E F n!v P l ( C0S Xlp) 

v 1=0,2 N =0 

x cos [N {(pk - y L p) + vcpk] 


(9.23) 
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and for circularly polarized light 

T£f(9k,<Pk,X’Y) = XI j F o°v ( 0 fe) cos ( v 0it) 

V ( 

1 

± J2 F n!v ( 0 k) Pk (cos x) sin [N {(p k - y) + 

N =0 

i 2 

- ~ X F Kv( 6 k) p i ( cos x) c °s[ N (<Pk-y) 

1 N=0 

where the upper sign is for left-handed circularly polarized light or helicity of + 1. 


v<t> k] 

+ v<Pk] 

(9.24) 


9.3 

Methods for Computing Cross-Sections 

Any method capable of computing photoionization matrix elements [56] given in 
Eq. (9.3) can be used to study MFPADs. By extension, any method that can com¬ 
pute electron-molecular ion scattering wavefunctions can, in principle, be used to 
compute photoionization matrix elements. In addition to computing the electronic 
wavefunctions, one must also consider how to treat the vibrational motion in the 
photoionization process. When explicit treatment of the nuclear motion is needed, 
one can usually employ the Born-Oppenheimer approximation and compute the 
photoionization matrix elements at a series of different geometries, with the final 
matrix elements being obtained as integrals of the fixed-nuclei results integrated 
with the product of the appropriate vibrational wavefunctions. In the context of 
electron-molecule collisions, this is also known as the Chase approximation [57]. 
An alternative, the simpler fixed-nuclei approximation, is to compute the cross- 
section only at a single geometry, usually the equilibrium geometry of the initial 
state. For transitions involving bound vibrational states, the fixed-nuclei approxi¬ 
mation is usually adequate, unless there is a scattering resonance that is sensitive 
to the geometry [58] or one is interested in specific vibrational cross-sections [59]. 

One common approach for computing the photoionization matrix elements is 
to separately compute the wavefunctions for the initial and final electronic state, 
as found in Eq. (9.3), at a particular geometry. Then, the appropriate dipole matrix 
integral is computed using the explicit functions for the initial and final states. The 
initial state, W\, can be treated with traditional Hartree-Fock (HF) or configuration 
interaction (Cl) methods appropriate for such a bound state wavefunction. The 
final state, x Pf k \ must be treated differently, since the final state is part of the 
continuum and the wavefunction does not go to zero when one of the electrons is 
far from the molecule. Instead, the appropriate boundary condition for the ionized 
state has a flux of electrons leaving the system with asymptotic momentum fc. The 
final state is often expanded in terms of a close-coupling expansion, that is, a finite 
sum of products of N — 1 electron target states, <P p , times one-electron continuum 
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functions, 'Aj k 1 . In some formulations, additional purely bound N electron terms, 

Wq h \ are also added to the expansion, leading to the form 

N c N b 

+ < 9 - 25 ) 

p =1 q=l 

where A is the antisymmetrization operator. Such an expansion can be character¬ 
ized by the number of terms included in the expansions and the form of the target 
states used in the expansion. Thus, one can have single-channel (SC) and mul¬ 
tichannel (MC) expansions, depending on the value of N c as given in Eq. (9.25). 
Additionally, if the target states are described using single-configuration state func¬ 
tions where the orbitals are the same as in an initial state Hartree-Fock calculation, 
then this is referred to as a frozen-core Hartree-Fock calculation (FCHF) [52]. Al¬ 
ternatively, one can use some type of Cl wavefunction in the target states. 

The close-coupling approach has been extensively used to study molecular pho¬ 
toionization within the multichannel Schwinger configuration interaction (MC- 
SCI) method [60-62]. Two additional methods based on the wavefunction expan¬ 
sion given in Eq. (9.25) have been extensively applied to electron-molecule colli¬ 
sions but have been only applied to electron-molecular ion collisions in a limit¬ 
ed number of cases: the complex Kohn variational method [63], and the R-matrix 
method [64]. Numerical solutions of the close-coupling equations have also been 
obtained using methods based on B spline basis sets [65]. 

One of the difficulties with direct wavefunction-based approach is that the ini¬ 
tial and final states are computed using separate calculations. A balanced treat¬ 
ment of these two parts of the calculation cannot be uniquely defined. An alterna¬ 
tive approach for obtaining photoionization cross-sections is to use linear-response 
theories of electronic structure theory. In general, response theories for the elec¬ 
tronic structure of a molecule solve the appropriate equations for the response 
of the electronic wavefunction to an oscillating external field. The simplest linear 
response theory for molecular calculations assumes that the wavefunction of the 
unperturbed state is represented by a HF wavefunction. With this assumption, the 
resulting equations are usually referred to as the random phase approximation 
(RPA), or as the time-dependent Hartree-Fock (TDHF) approximation [66, 67]. 

Beyond traditional ah initio type methods, molecular photoionization can be 
treated using density functional theory (DFT) formulations. The simplest appli¬ 
cation of the DFT uses a form of the one-electron Kohn-Sham (KS) Hamiltonian 
to describe the one-electron continuum states [68]. A more accurate DFT method 
for treating molecular photoionization is based on the time-dependent density 
functional theory (TDDFT) method [69]. This approach is the DFT analog of the 
RPA method discussed above since it is based on the linear response of a HF like 
wavefunction to a slowly time-varying external electric field. 

One of the first computational methods that was used to study molecular pho¬ 
toionization is the multiple scattering method (MSM) [70]. This approach assumes 
a very simplified electron-molecule interaction potential for which the correspond¬ 
ing scattering equation can be easily solved. This approach has been applied to 
many photoionization systems with significant success in describing nonresonant 
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scattering and various one-electron resonances. The advantage of this approach is 
that it can be applied to large systems without significant computational effort. 

Of the methods for computing molecular photoionization matrix elements men¬ 
tioned above, most have been used to compute MFPADs. Here, we will give a rep¬ 
resentative publication for each approach. The MCSCI method has been used for 
many studies. One particularly interesting study considered the valence ionization 
of NO, where the effects of using different close-coupling expansion on the MF- 
PAD were considered in some detail [11]. The simpler SC type calculations have 
also been used to study MFPADs in Cls ionization of C0 2 [22]. The complex Kohn 
method has also been used to study the MFPADs in Cls ionization of C0 2 [71]. The 
TDDFT method was used to study the full MFPAD of H 2 0 [33]. The RPA was used 
to study the inner shell ionization of N 2 [21]. MSM was used to study the RFPADs 
of valence ionization of CH 3 F and CH 3 C1 [7]. The B spline method has been used 
to study PADs in both single and double ionization of H 2 [27, 72]. Finally, although 
the R-matrix method has not yet been applied to MFPAD type calculations, promis¬ 
ing results on the total photoionization cross-sections of N 2 and NO [73] indicate 
that this could also be a good approach for computing MFPADs. 

Beyond molecular photoionization, similar theoretical techniques can be used to 
study electron continuum processes encountered in high-field physics. Such pro¬ 
cesses include high harmonic generation and rescattering phenomena [74, 75]. 


9.4 

Post-orientation MFPADs 

The most extensively employed experimental method for studying MFPADs uses 
dissociative ionization and coincidence detection of the ejected photoelectron and 
one or more of the molecular fragments produced in the ionization event. This 
approach then constitutes a post-orientation method, since the orientation is only 
determined after the ionization has occurred. The direct analysis of such measured 
angle resolved coincidence data is possible when the axial recoil approximation 
is valid. In the axial recoil approximation one assumes that the direction of the 
fragments produced in dissociative ionization is the same as the orientation of the 
bond that breaks at the time of the ionization process [35, 36]. Thus, for linear 
molecules in the axial recoil approximation, the recoil direction is taken to be the 
same as the z axis in the molecular frame. 

9.4.1 

MFPADs for Linear Molecules in the Axial Recoil Approximation 

For linear molecules, we can modify the expressions of the MFPADs in Eqs. (9.22)- 
(9.24) to explicitly include the effects of degeneracy in the initial and final ion states. 
That is, we must sum over all degenerate final states and average over the degen¬ 
erate initial states. Here, we will not include spin-orbit interactions, in which case 
the degenerate electronic states can be identified by the angular momentum about 
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the molecular axis. We will write M; for the electronic angular momentum about 
the molecular axis of the initial state, which has a degeneracy of g;, and Mf for the 
corresponding angular momentum of the ion state. Thus, for an electronic 77 state, 
the values for M will be ±1 and g = 2. With the sum and average over degenerate 
states in linear molecules, the only nonzero terms remaining in the MFPAD as 
given in Eq. (9.19) are those with v = 0. Therefore, the number of F^j, functions 
describing the MF differential cross-section is reduced to 4 and 5 for linearly and 
elliptically polarized light, respectively, and the Gl',l,n ,o can be written in terms of 
the partial-wave dipole matrix elements as 


Gl'.l, n,o 


4jt 2 F 
gi c 


Mi.Mf l,V.m,n 


[ AMuMf) 1* 
ImfA, —Nj 


x [(21 + 1) (21' + l)] 5 -fi\L,N) (1,1,1,- 

x (I, V, m,— (m+ N)\L',-N)[l,l',0,0\ L',0) . 


1|I,0) 

(9.26) 


The corresponding differential cross-sections can then be obtained from 
Eqs. (9.22)-(9.24) by limiting the sums to include only v = 0 terms, thus leading 
to explicit equations for the MFPADs as presented previously for linear molecular 
systems for ionization by linearly [9], circularly [10], and elliptically [11] polarized 
light, respectively. It is noteworthy that, out of the five F^ 0 functions containing 
the information extracted from a photoionization experiment performed with el¬ 
liptically polarized light, four are identical to those obtained from an experiment 
using linearly polarized light. Therefore, a single measurement using elliptically 
(or circularly) polarized light results in a complete experiment. f[q is the additional 
function obtained when the incoming light has a nonzero helicity and characterizes 
the molecular frame circular dichroism [8, 11, 16, 20, 24]. It constitutes a sensitive 
probe of the relative phases of the partial-wave dipole matrix elements describ¬ 
ing the parallel and perpendicular components of the photoionization transition, 
which involve molecular states of different symmetries in the ionization continu¬ 
um. Considering the issue of the experimental determination of MFPADs, we also 
stress that once the set of F^ 0 functions is obtained from the measured angular 
distribution T(y, y , 4>u ), based on the general form of Eqs. (9.22)-(9.24), one 
is able to plot the T(6k, cpk) MFPADs for any well-defined orientation % of the 
molecular axis with respect to the polarization axis of linearly polarized light, or 
the propagation axis of circularly polarized light and is performed by inserting the 
chosen orientation in Eqs. (9.23) or (9.24), and taking advantage of the statistics 
of the complete set of data. (Note that in the previously published equations [11] 
for elliptically polarized light, expressions involving /? had the wrong sign in front 
of this angle.) For the PI of linear molecules from an initial neutral state of 2' + 
symmetry to an ionic state of the same symmetry, which is often met in K-shell 
ionization of diatomic molecules such as CO or N 2 , the number of independent 
F ( n L) 0 functions reduces further to 3 for linearly polarized light [76] and to 4 for 
elliptically polarized light. The same is true for a 2i~ —> transition. 



B06 | 9 Angular Distributions in Molecular Photoionization 

9.4.2 

MFPADs for Nonlinear Molecules in the Axial Recoil Approximation 

We now turn to nonlinear molecules. When only two fragments are produced in 
the dissociative ionization process, there remains an unobserved angle in the ex¬ 
periment, namely the orientation of the molecule about the recoil direction. In 
Figure 9.3, this angle is denoted by the angle a and the z axis is coincident with the 
recoil axis. In the axial recoil approximation, z is the axis defined by the bond that 
breaks in the photoionization reaction at the moment of ionization. The observed 
PAD relative to the recoil direction is then the recoil frame photoelectron angular 
distribution (RFPAD). To obtain the RFPAD from computed matrix elements, one 
must average over different orientations of the molecule, which can be obtained by 
a rotation about the recoil axis. Introducing the orientation of a molecule about the 
recoil axis, as parameterized by the angle a in Figure 9.3, into Eq. (9.19) gives 


Ti, f (9k,<Pk,y,X’P’ a ) = 

E Re ( ex P [iv(y - a)] j F^ v (8 k ) exp [iv (cp k - y)] 

V \ ' 

1 

+ E is 3 F N,v( e h) p" (cos x) exp [i(N + v) {(p k -y)] 


N=0 
2 


E f nU 


~^ P 2 N ( cos X) + h (P) Qn (X) ~ ih (P) Qn (X) 


x exp [i (N + v) (<p k - y)] 
Then, averaging over a using 


(9.27) 


Z.JI 

T! R ?(9k,<t>k,y,X'P)=^J Tij(d k ,<p k ,y,x,Pa)da , (9.28) 


leads to all terms with v / 0 averaging to zero. This gives the following expression 
for the RFPAD: 

T i {R P ( d k,<Pk,y,X'P) 

( 1 

= RelF^(e k )+J2 is 3 F^A6k) 

( N=0 

x pf (cos y) exp [iN (<pk~y)] 

2 


+ E f n,o(^) 


i 


- 2 p 2 ( cos x) + h (P) Qn (x) - ;t 2 (P) Qn (x) 


x exp [iN (cpk - y)] 


(9.29) 
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For molecules that have a reflection symmetry plane that contains the recoil axis, 
this equation leads to 


(6k,<Pk,Y,X’P) 


= F o,o( 6 ^- E s 3 f N,o( e k) x Pi (cosx)sin[N((p k - y)] 

N= 0 

2 


+ E 


-~ p 2 (cosy) + h (fi)Qt(x) 


+ h (P) Q N (x)sm[N(cp k - y)} 


cos [N (tftk - y)] 
(9.30) 


which has the same form as Eq. (9.22), and, by extension, to Eqs. (9.23) and (9.24) 
for linearly and circularly polarized light, with the restriction that v = 0. The func¬ 
tional form of the RFPAD is therefore identical to that obtained for the MFPAD 
of a linear molecule [9-11]. This same functional form can be obtained for a more 
general choice of recoil axis in achiral molecules, as long as one averages the RF¬ 
PAD over pairs of axes that are connected by a reflection through a symmetry plane 
of the molecule. 

Additionally, one can distinguish two cases of RFPADs based on the relationship 
between the recoil axis and a rotation symmetry axis of the molecule. First, if the 
recoil axis is parallel to a symmetry axis of the molecule, then the matrix elements 
for parallel and perpendicular transitions relative to the recoil axis will be distinct, 
leading to a closer connection between the MFPAD and RFPAD. 

Second, we consider the case where the recoil direction differs from a symmetry 
axis. The matrix elements l) m/i are then usually computed in an initial reference 
frame that is not simply related to the recoil frame, but where the recoil frame 
is obtained from the initial frame by a rotation through a second set of Euler an¬ 
gles (a R ,/? R , y R ). One finds that Eq. (9.17) can be used if Gl',l,n,v is replaced by 
which is characteristic of the geometry of the dissociation process and 
is defined by [77] 


f (aR,pR,YR) 
Lr L',L,N,v 


gl'.l.n'.v" 

j,N'y 



, L, v, N\L', N + v) 


x (;, L, v', N'\L', N' + v') [D% (« r ,/ 3 r , y R )]* . 


(9.31) 


Dissociative photoionization of the C2„N0 2 molecule into (NO + + O + e) is an 
example where this formalism has been applied [77]. In this case, the RFPAD aver¬ 
aging always mixes at least two different transition dipole symmetry directions, that 
is, x with y, x with z, or y with z, making it more difficult to extract the underlying 
MFPAD from an observed RFPAD. 
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9.4.3 

Breakdown of the Axial Recoil Approximation Due to Rotation 


When the axial recoil approximation is not valid and the molecule breaks into on¬ 
ly two fragments, the measured post-orientation PAD corresponds to an RFPAD 
that is not the same as the MFPAD. The axial recoil approximation can fail for two 
reasons: either the dissociative state has a lifetime that is long as compared to rota¬ 
tion, or nuclear vibrational motion before dissociation affects the recoil direction. 
In both cases, the recoil direction is not the same as the original orientation of 
the bond that breaks. For diatomic molecules, the axial recoil approximation will 
only break down when the molecule has time to rotate before the dissociation. If 
the dissociation can be modeled as a unimolecular process with lifetime r then 
one obtains the functional form of the differential cross-section T; j- for diatomic 
molecules and, more generally, for linear molecules. Here, the F^ 0 are modified to 
include the effects of rotation that occurs before dissociation, leading to [10] 




— y 4Y J,J, v*)exp 

Q( T ) fry, N '° 

x _ (2 J" + 1) _ 

x i + iy u'U'+v -j (/+!)] 


kT 


(9.32) 


where we have assumed a thermal distribution of initial rotational states with 
temperature T, with rotational partition function Q(T), an initial state rotation¬ 
al constant B" and final state rotational constant B'. The rotational state-specific 
Fno J J (^k) arc then defined in terms of rotational state-specific G J L , L ’ J N0 , using 
the relationship given in Eq. (9.17) between F and G, which is defined in terms of 
rotational state-specific dipole matrix elements using, in analogy to Eq. (9.26), 


r’U-J'-J") _ 4Jt2£ I i\N+m-K« + l r U'.Mf,J",Mi) r 

^ L',L,N,0 ~ Z^ ' > l,m,n l 1 V,m+N,/i-N] 

Mi,M f 

X [(21 + 1) (21' + 1)Y (1, l,/u,N — /u\L,N) (1,1,1,-1| 1,0) 
x(I, T,m,-(m+ N)\L',-N)(l,l',0,0\ L',0) , (9 33) 


where the rotational state-specific dipole matrix elements are defined as 

AJMf,J",Mi) _ I nm+^+Mf+Mj 2 J + 1 

/ j ' 2J n + \ 

m' ,n' J 

x y / [K, J,m + fi, Mf\j", m + [i + My) 

K 

x [K,J, Mi - M f ,M f \j", Mi) (l, 1, m + fi) 

x{l,l,m',fi'\K,Mi-M f ) . (9.34) 
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9.4.4 

Breakdown of the Axial Recoil Approximation Due to Vibrational Motion 

For polyatomic molecules, motion of the nuclei between the moment of ionization 
and fragmentation can change the geometry of the molecule, leading to changed 
bond angles, rearrangement, or isomerization. This can lead to a recoil direction 
that is different from the axis of the breaking bond at the time of ionization, 
thus the axial recoil approximation can fail. In particular, for linear polyatomic 
molecules, molecular bending before dissociation can lead to a breakdown of the 
axial recoil approximation. In this case, the situation becomes comparable to the 
case of DPI of a nonlinear molecule, when the recoil direction differs from a sym¬ 
metry axis, as discussed above. If the angle between the initial direction of the 
molecular axis and the recoil direction is /3 r, where /3 R is the same angle as in 
Eq. (9.31), one obtains the F^f R \dk) that include the effects of the bending mo¬ 
tion and are given by Eq. (9.17). Here, Gl',l,n', o> as defined in Eq. (9.18), has been 
replaced by the related G^ N0 , which is defined by [78] 

G u R l,n,o = £(*■'. L ’ N,-N\J,0)(L f , L, N' , — N'\J, 0) 

J,N' 

x P°j (cos /? R ) (-1) N '- N Gw ,o • (9.35) 


9.4.5 

Electron Frame Photoelectron Angular Distributions 

When the RFPAD only contains the F^q functions with v = 0, (as for example for 
linearly polarized light) and assuming that a 4it collection of photoelectrons and 
recoil ions is achieved experimentally, it is easy to determine the four functions 
Fj^Q with a very good accuracy by a fit of the experimental data to the equation 

i 

T ‘,/ P) =EEC ^ P L ( cos Xlp> cos [tf (0* - Flp)] ■ (9.36) 

L= 0,2 N=0 

This is equivalent to a (%, cp) 2D Fourier transform of the measured distribu¬ 
tion [9, 10]. Alternatively, four pairs of values of^LP and (tpk — Yk) [79] constitute 
the minimum number of fixed space directions at which the I(6k) distribution 
must be measured to give access to the four F^q functions. Using a coincidence 
dissociative ionization experiment to determine the MFPAD with the detection at 
a few fixed molecular axes orientations relative to the field therefore requires the 
measurement of photoelectrons at a range of angles relative to the light polariza¬ 
tion. Depending on the experimental geometry and detection schemes, it may be 
advantageous to instead use detection in the electron frame (EF). In this case [80] 

i 

^(LP.EF) = F nT ] P L (cosxef)cos [N (0ef - 7ef)] (9.37) 

1 = 0,2 N= 0 
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where 9 k is the same polar angle between the direction of emission of the photo¬ 
electron and the recoil axis, j; EE is the angle between the direction of the field po¬ 
larization and the direction of emission of the photoelectron, 0 EE is the azimuthal 
angle of the recoil axis in the electron frame and y EE is the azimuthal angle of the 
polarization direction in the electron frame. In this frame, one can determine the 
electron frame photoelectron angular distribution (EFPAD) by detecting the photo¬ 
electrons at a few orientations relative to the field orientation, while measuring the 
full angular range of ionic fragment emission. Once the (0fc) functions have 
been determined, a simple rotation recovers the molecular frame (MF) functions 
[81], 

p(i,MF),« v [ (L-N)!(£+N')! l* (~ 1 ) N ' 

N ’° 1 ’ V L(i+N)!(L-N')lJ l + d w 

x [£V N , )] F { N L f ] (6 k ) . (9.38) 


9.5 

MFPADs from Concurrent Orientation in Multiphoton Ionization 

Photoelectron angular distributions in multiphoton ionization can differ from 
single-photon ionization in a number of ways, depending on the nature of the 
multiphoton process and the observables measured. We will limit the discussion 
here to the consideration of the case where the multiphoton process can be viewed 
as an it + 1 process, where all ionization events proceed through the same final 
bound state. In the considered case, the bound state is reached by the absorp¬ 
tion of n photons, with the final photon leading to ionization. The absorption 
of the first n photons can lead to a distribution of excited molecules that is no 
longer isotropic. Ionization then occurs from a partially oriented sample. If the 
photoelectrons are detected relative to the polarization axis, more information is 
obtained about the MFPAD than can be gleaned from an experiment with random¬ 
ly oriented molecules. However, if the molecule is ionized to a dissociative state 
and the photoelectron and one of the fragments are detected in coincidence, the 
amount of information available is more than that available from a simple RFPAD 
and approaches that of the full MFPAD for a nonlinear system. The multiphoton 
ionization will also yield information about the ionization dynamics of excited 
states, which are not easily obtained from traditional one-photon experiments. In 
this section, we will consider the MFPAD information available in multiphoton 
coincidence experiments. 

For a single bound-to-bound transition between two states l I J i and x I J j in the 
RWA, the matrix element needed to obtain the angular dependence of the tran¬ 
sition in the molecular frame can be written in terms of the transition dipole t; f 
defined as 

tif= mx\W f )x + {«Pj|y| Wf)y + mz\W f )z . 


(9.39) 
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Then, for the field as given in Eq. (9.5) the transition amplitude matrix element 

I if = {W i \r-A\W f ) (9.40) 

is given by 

I if = t if -A. (9.41) 

In the dipole approximation, in analogy to Eq. (9.7) we have for general elliptical 
polarization 

hf = (tif %ff) cos X + (tjf y FF ) sin 7 exp (id) . (9.42) 

The transition dipole t; j can be written in terms of a spherical polar vector with 
angles (6if,cpif) in the molecular frame, so that in the recoil frame we have 

tif = t if [sin 0i f cos (<pi f + a) x RF 

+ sin 6if sin ((pif + a) y RF + cos 0;/z RF ] . (9.43) 

Following the work of Dixon and others [82]—[86], the one-color n + 1-photon ab¬ 
sorption amplitude in the lowest order of perturbation theory and within the RWA 
has the form 


r (»+1) 
Jif 


= EE-E 

fel ^2 kn—i 


(Wi\r-A\xp kl ) {ipkjr-A\W f ) 

n"=i ( A£, fcji - jhv+ir kj ) 

(9.44) 


where the intermediate states ip k have a homogeneous half-width of /j and an 
energy E k higher than the energy £; of the initial state by A E k i — E k — In 
general, such a transition can have a very complicated angular dependence if dif¬ 
ferent pathways contribute to the transition. In order to simplify the discussion, we 
will assume that there is a single set of real states, t/q, rpi, ..ip n that are nearly 
resonant in the n-photon process, so that the transition intensity can be written in 
terms of the square of the matrix element defined as 

i n ) 

Y\{ipk-i\r-A\ip k )^ (ip n \r-A\ip f ) . (9.45) 

This formalism has been applied, for example, to analyze the recoil anisotropy for 
four-photon-induced dissociation of the C2 V N0 2 molecule, leading to the (NO + , 
O - ) ion pair formation [87]. Alternatively, if the first n transitions are bound- 
to-bound and the n + 1 transition is into the continuum, from Eqs. (9.3), (9.7), 
and (9.41) one obtains 

( n \ 

ll n f +l) = (ty • A) m t k - hk • A 

( k=2 ) 

X (xp n \ (r • x F f)cos2 + (r • y FF ) sin l exp (id) . 


(9.46) 
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As before, this can be given a compact form if the light is linearly polarized or 
circularly polarized, as in Eq. (9.16) 

= (ty • A) j fl h-U • A 
lk=2 

x E C? Y *™ ^4> k -a) D^ 0 (y - a, x , /3) . (9.47) 

Now the final cross-section for ionization is proportional to the square of the 
amplitude, so that we have 

T^ +1) = l\ n f +1) [f;/ +1> ]* • (9.48) 

Assuming that all ionization occurs through the same nth bound state, the cross- 
section can then be factored into a bound-to-bound part of the form 

( n ) 

Ti,n= \ti,i-A\ 2 m |tfc- U -A| 2 (9.49) 

(k=2 ) 


and the bound to continuum term of the form 

Tn.f = K^nlfr- x ff )cos 7 + (r-y FF )sin7.exp(id)|y / |.“^| , (9.50) 

so that the full cross-section is given by 

T<; +1) = T in T nJ . (9.51) 

To obtain an expression for the n + 1 photon RFPAD, we explicitly factor out the 
orientation dependence about the recoil axis in the bound-to-bound part of the 
transition probability, T; n , to give 

2 n 

Ti, n = E H ^' d) (%./3)exp [-iv(y-a)]. (9.52) 

v=—2 n 

The function Tg n can be evaluated for many different pathways of the bound-to- 
bound part of the process, however, if we make the same single pathway assump¬ 
tion as we did above, we obtain Eq. (9.49). Combining Eq. (9.27) with Eq. (9.52) we 
obtain the MFPAD given in Eq. (9.51) as 

F^°l(0 k )exp[iv(<p k -y)] 

+ E is 3 F N,l ( 0 k) p i N ( cos X) exp[i (N + v) (<p k - y)\ 

N =0 

2 ( 1 

+ E F n,v (°k) | 2 P 2 ( C0S X) + [*iQn ( X) - Qm ( x) 

N=0 ' 


T (n + 1,RF) _ 


Re 


\hI x ' 6) tx.P) 


x exp [i (N + v ) (0 fe - y)\ 


(9.53) 
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This can again be simplified for circularly polarized light to be 

T (n+1.CPRF) = £ Re j H (W) (x) J F (0) (0k) exp [iv{<pk _ y)] 

v=—2 n 
1 

T i J2 F n!v (°k) p i (cos y) exp [i (N + v) (<p k - y)} 

N =0 
1 2 

- 2 J2 F N,i ( 0 k) p 2 (cosy)exp[i (N + v) (cp k - y)\ ]} 

Z N =0 

(9.54) 


and for linearly polarized light to 

T w,.™ 1= £ ReinriZL,) E E r '£(0i)P L "(cosxu.) 

v=—2 n ( 1=0,2 N= 0 

x exp [i (v + N)((/>k - y L p)] | (9.55) 

where the one-dimensional Fjfj, are those defined by Eqs. (9.17) and (9.18) and 
where the dipole matrix elements used in Eq. (9.18) are the as found in 

Eq. (9.47). If the recoil axis contains a reflection plane of symmetry and if we define 
the rotation about the recoil axis (the angle a in Figure 9.3) relative to the symme¬ 
try plane, then /3) and F^\(d k ) will be real valued and Eq. (9.53) will be 

simplified. In this case, and with linearly polarized light, Eq. (9.55) will reduce to 

jjn+t.i.PRF) _ £ te „) 

v=—2 n 

L 

X J2 F N-v( e k) P L (^osxu>)cos[(v + N)(4> k -y LP )] 

1=0,2 N= 0 

(9.56) 


and for left/right circularly polarized light we have 


t (h + 1.CPRF) 

1 fi 


= J2 Hl nX6) ( X ) 


v=—2 n 
1 


F o!l ( 0 k) COS [v (<pk-y)\ 

± J2 F n!v ( e k ) p i (cos x) sin l(N + v) (cp k - y)\ 

N =0 
X 2 

F N,v (°k) p 2 (cosy) cos [(AT + v) (4> k - y)\ 


(9.57) 
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We can see that, in the multiphoton case, a finite number of the one-dimensional 
Fjfl functions are needed to describe the full multiphoton RFPAD. There will be 
at most 24 n + 6 one-dimensional functions, where n is the number of bound-to- 
bound transitions involved. We note, however, that the number of such functions 
is significantly increased over the one-photon photoionization case where n = 0, 
therefore appropriate strategies must be developed for the data analysis. We can 
also see that the multiphoton RFPAD can provide access to a subset of the full set 
of functions needed to evaluate the MFPAD for a general nonlinear polyatomic 
molecule as used in Eq. (9.19). 


9.6 

Pre-orientation or Alignment, Impulsive Alignment 

One method for producing preoriented molecules is impulsive nonadiabatic laser 
alignment [42-44]. With a short infrared laser pulse, it is possible to form a ro¬ 
tational wave packet that has alignment recurrences at fixed time intervals after 
the aligning pulse. If the photoionization event occurs at one of the recurrences (or 
anti-recurrences), then the PAD can be obtained by an average over appropriate an¬ 
gular distributions of the molecules [39-41]. This approach for obtaining MFPAD 
information can be applied to any ionization process, since it does not depend on 
the ion state being a dissociative state, as in the case of post-orientation discussed 
above. 

If one uses a linearly polarized alignment laser, then the distribution of orien¬ 
tations of the molecules at the time of ionization will have a cylindrical symmetry 
about the direction of the laser polarization, which can be described as 

P(Xo) = (cosjjof) (9.58) 

K 

where ^of is the angle between the MF z axis and the polarization direction of 
the aligning laser. Then it is possible to show that the orientation-frame photoelec¬ 
tron angular distribution (OFPAD) T. p j-(Q K , Sof) can be obtained using Eq. (9.29) 
where Sof are the Euler angles that describe the elliptical light polarization in the 
orientation frame (OF), gives the direction of emission of the photoelectron in 
the OF and where the F^ 0 are defined using Eq. (9.17). The N0 are defined by 

1 

^ 2 (_l\—N—1—(m+/i) t j* 

L ll mfi H'.m'y 
l,m,n,fi,v,J, 
l',m'y,j' 

X (1, 1, n, v\J, n + v)(l, 1, m,/i\J, m + , 1, N + n, v — N\J r , n + v) 

x (I', 1, m + /i) (1,1, v, N — v\L, N) (1,1,1, —1|L, 0) 

x(l, l',0,0\L',0)(l, l',-n, N+ n\L',N)(j,j',-(n+ v),n+ v\K,0) 
x (m + fi), m + [i\K,0) . 


-M _ 


4ji 


^ E \—\ [4jt (21/ T 

K 


2K+ 1 


(9.59) 




References | 315 

When the molecule has a plane of symmetry that contains the molecular axis, the 
q are real valued and the expressions for the OFPAD then simplify to be equiv¬ 
alent to those given in Eqs. (9.22)-(9.24) with v = 0. This formalism has not been 
previously applied, although the equivalent result has been obtained by a numerical 
averaging of the MFPAD over a measured molecular orientation distribution [41]. 


9.7 

Conclusions 

We have considered a variety of forms for the MFPAD. In its most general form 
for a nonlinear molecular system, the MFPAD can be written in harmonic expan¬ 
sions relative to the field orientation and as a function of the azimuthal angle of 
the photoelectron direction relative to the molecular axis. This leads to a sequence 
of one-dimensional F^\ : (0 1 ) functions of the angle between the MF z axis and the 
direction of emission of the photoelectron. These functions provide access to the 
complex-valued partial-wave dipole matrix elements, which are the basic dynamical 
parameters for describing the photoionization process. For one-photon transitions 
in a number of cases for linear molecules and for polyatomic molecules when the 
molecular orientation is averaged over an unobserved azimuthal angle, the sum 
over Fjfl functions can be reduced to only a few terms. This approach can be used 
to describe the PADs for post-orientation, concurrent orientation, multiphoton ion¬ 
ization, and pre-orientation. With further development of both the theoretical and 
experimental tools, the MFPADs should become a useful tool for studying both 
electronic and nuclear dynamics in molecular systems. 
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10 

High-Order Harmonic Generation and Attosecond Light Pulses: 
An Introduction 

Anne LHuillier 


This chapter describes how the understanding of high-order harmonic generation 
(HHG) and the generation of attosecond pulses progressed since the first experi¬ 
ments, which were performed at the end of the 1980s. The text describes how the 
ideas arose, as perceived by the author of this chapter. It is neither a detailed and 
comprehensive review nor a documented historical background. 


10.1 

Early Work, 1987-1993 

Somewhat surprisingly, HHG was not discovered in the nonlinear optics commu¬ 
nity, but by scientists interested in the response of atoms to intense laser fields. In 
nonlinear optics, the general (and quite reasonable) understanding was that high- 
order processes are less probable than low-order processes. Consequently, on a not 
so successful route toward vacuum ultraviolet light, researchers used ultraviolet ra¬ 
diation in order to start with VUV photons. At the same time, a lot of progress in 
laser technology allowed scientists to focus radiation at very high intensities, reach¬ 
ing 10 13 —10 15 W/cm 2 . Atoms, when exposed to such intense radiation, get ionized 
by absorbing several photons. Above-threshold-ionization and multiple-ionization 
were observed as unexpected results of such experiments. 

One experimental idea was to detect fluorescence emitted by excited atoms or 
ions that were produced during strong field excitation. To this end, the pressure 
of sample atoms in the interaction chamber had to be increased: gas jets were 
installed, and photon detectors were placed along the laser propagation axis. First 
results for HHG from VUV radiation were obtained by Rhodes and his co-workers, 
using a 248-nm excimer laser with high laser intensity [1]. Strong fluorescence 
was seen from Ar, Kr and Xe ions, together with high harmonics up to the 17th 
harmonic in Ne. Shortly afterward, high-order harmonics were observed in Xe, Kr 
and Ar using a 30-ps Nd:YAG laser (1064 nm) [2]. The HHG spectra exhibited a 
characteristic behavior, with a rapid intensity decrease for the first orders, a plateau 
from the seventh harmonic up to a very high order (e.g., the 29th in Ar) and an 
abrupt cutoff. 
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Photon energy 

Figure 10.1 Experimental results from [2] in Xe and theoretical calculations (from [3]). 


Theorists succeeded in reproducing the experimental results by numerically solv¬ 
ing the time-dependent Schrodinger equation for a single active electron, consid¬ 
ering only the single atom response. 




2m 


W + ( V(r ) + ef*.r)¥ / , 


( 10 . 1 ) 


where W(t) is the time-dependent wavefunction and E(t) the electric field. The 
induced electric dipole moment is then 


d(t) = (W\er\V) , 


with Fourier components giving the harmonic strengths. Figure 10.1 shows a com¬ 
parison between the experimental results of [2] in Xe and the numerical results 
from [3]. The good agreement between experiment and theory led to the question 
of phase matching effects on the harmonic spectrum. Early calculations [4] of the 
signal emitted by an ensemble of emitters 


S « 



dr 


2 


with 


P(r, t) = N(r, t)d(r, t) , A k = k q — qk\ , 

showed that in this highly nonperturbative regime, phase matching should not 
differ significantly from one order to the next, at least in the plateau region. P is 
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Figure 10.2 Illustration of the phase locking of harmonics (top three traces) leading to attosec- 
ond pulses (bottom trace). 




Figure 10.3 In early work, the phase locking was hidden by interferences (see [4]). 

the laser-induced polarization in the medium, N is the atomic density and A k is 
the wave vector mismatch. 

The question whether the light generated by HHG could lead to attosecond puls¬ 
es was almost immediately raised by several physicists, and was discussed in the 
literature [5, 6]. A necessary condition for attosecond pulses is that the harmonics 
must be phase locked (see Figure 10.2). Unfortunately, the early single atom results 
did not show a locked HHG phase, but rather a random behavior (Figure 10.3). 


10.2 

Three-Step Model, 1993-1994 

Research in HHG made a giant leap in 1993, when the first HHG spectra [7, 8] 
were obtained with high-power short-pulse lasers using the chirped pulse amplifi¬ 
cation technique [9]. At the same time, a simple physical picture of the HHG pro¬ 
cess was proposed [10, 11]. According to this model, the electron tunnels through 
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Figure 10.4 Electron trajectories in the three-step model. Color denotes the recollision energy 
(highest energy in blue). 

the Coulomb energy barrier, which is suppressed by the presence of the linearly 
polarized laser electric field. The electron then undergoes classical oscillations in 
the laser field. The influence of the Coulomb force from the nucleus is practically 
negligible at this time. If the electron comes back to the vicinity of the nucleus, 
it may recombine back to the ground state, thus producing a photon with energy 
IP (the ionization potential) plus the kinetic energy acquired during the oscillato¬ 
ry motion. The corresponding electron trajectories are shown in Figure 10.4, the 
color indicating the kinetic energy acquired by the electron when it returns. The 
trajectories are obtained by solving the Newton equation 

dv 

m— = — eE , 


dt 


assuming that the electrons are born with zero velocity at t = 0. The energy of 
emitted HHG photons is then simply 



where IP is the ionization energy. This simple classical calculation allows us to 
understand the cutoff behavior at 


^cutoff = IP + 3.17 Up , 


with the ponderomotive energy 



It also shows the existence of two classes of trajectories (short and long) with dif¬ 
ferent return times, and with opposite energy versus time variation (positive and 
negative). 





10.2 Three-Step Model, 1993-1994 


327 



Figure 10.5 Interferences between successive attosecond pulses lead to a spectrum of odd 
harmonics with a plateau and a cutoff. 


Recollision, and therefore emission of a short (attosecond) pulse of energetic 
photons, occurs every half-laser cycle. The interference of attosecond pulses emit¬ 
ted with opposite signs every half-laser cycle leads to a spectrum of odd harmonics of 
the fundamental frequency, as shown in Figure 10.5. The number of pulses in the 
train, as well as the variation of the pulse-to-pulse spacing, determines the band¬ 
width and chirp of the individual harmonics [12]. The extent of the plateau reflects 
the bandwidth of the individual attosecond pulses. In addition, low-order harmon¬ 
ics are created via conventional “below-threshold” multiphoton processes, leading 
to decreasing rather than increasing harmonic intensities for the first orders (cf. 
Figure 10.1). 

Shortly afterward, Lewenstein and co-workers developed the strong field approx¬ 
imation (SFA) [13], based on a quasi-classical approximation, which gave a firm 
ground to the three-step model and allowed scientists to perform systematic single- 



Figure 10.6 Dipole strength and phase for the 39th harmonic in Ne, calculated using the SFA. 
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atom calculations. The dipole strength and phase of the 39th harmonic in Ne, cal¬ 
culated using the SFA, is shown in Figure 10.6. The irregular behavior at intensities 
higher than 1.5 x 10 14 W cm -2 is due to the interferences between the short and 
long trajectories. An interesting consequence of the SFA was the discovery of the 
rapid phase decrease with intensity, owing to the influence of the long trajecto¬ 
ry [14], 


10.3 

Trajectories and Phase Matching, 1995-2000 

During the last years of the previous century, high harmonics were studied in detail 
and characterized in both, the spatial and temporal domain. The existence of tra¬ 
jectories with different temporal and spatial behaviors was experimentally demon¬ 
strated [15]. Theoretical methods were developed to disentangle the two trajectories 
analytically within the SFA [16], or numerically from the results of the TDSE [17]. 
Figure 10.7a shows calculations for the 19th harmonic in Ar, obtained by solving 
the saddle-point equations within the SFA. Remarkably, the phase at high intensity, 
corresponding to the plateau region, varies linearly. The accumulated phase during 
the trajectory can be written as 

with a positive coefficient a dependent on the process order and trajectory. The 
variation of a with order is shown in Figure 10.7b. The value of a determines, to a 
large extent, the spatial and spectral properties of the emitted harmonic field, 

E(r,t) = , 

where at is the laser frequency and A is a slowly varying amplitude factor. The 
far-field profile strongly depends on the radial phase variation of the laser inten¬ 
sity (times the a coefficient) in the equation above, while the spectral properties 



Figure 10.7 Phase of the dipole moment generated in Ar as a function of intensity (a). Deriva¬ 
tive of the phase with respect to intensity as a function of harmonic order (b) (from [17]). 
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(chirp and spectral bandwidth) reflect the temporal intensity variation. The har¬ 
monic field from the short trajectory is well collimated and spectrally narrow, while 
that from the long trajectory is divergent and strongly negatively chirped. Assum¬ 
ing Gaussian profiles for the laser and harmonic beams, with radius w 0 and w q and 
a laser peak intensity equal to I 0 , it is possible to estimate the divergence with the 
following expression [18]: 



The chirp coefficient h, defined as the slope of the frequency variation as a function 
of time, can be calculated in a similar fashion. For a Gaussian pulse with width at 
half maximum r, the chirp coefficient is 

dQ traj 4 In 2 

b = JT = - a « Io T- 

Figure 10.8 presents experimental measurements of the 15th harmonic, generated 
in xenon. The 15th harmonic is observed in the far field (see Figure 10.8a). The two 
spatial regions (a central collimated area and a more divergent ring) correspond to 
emission due to the short- and long-trajectory contribution, respectively. Two har¬ 
monic sources are created using a Michelson interferometer, with one of the arms 
slightly misaligned. On the left, the two pulses are temporally overlapped. On the 
right, they are delayed by 15 fs. The presence of interference fringes indicates that 


Two harmonic sources 


Detector 
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Figure 10.8 Far field profile and temporal coherence measurement of the 15th harmonic gener¬ 
ated in xenon (see [15]). 
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Table 10.1 Contributions to the wave vector mismatch Ak. The table gives the mathematical 
expression, sign, and the relevant properties determining the magnitude of Ak. z denotes the 
propagation axis. 


Wave vector 

mismatch 

Expression 

Sign 

Property 

Afe a 

qa>l(2E 0 c)N[a pc i(qa>) — a po i(a>)] 

- 

<x N 

Afcfe 

qe 2 /(2£ocmo))Nf e 

+ 

a N,t,f(I) 

A fcfoc 

q/zo 

+ 


A fctraj 

a^dl/dz 

-sign(z) 

oc I, t, traj 


the two harmonic pulses (see Figure 10.8a) are mutually coherent. The temporal 
coherence is shorter than 15 fs for the long trajectory contribution, leading to a 
blurring of the fringe pattern on the outer ring of the profile (on the right). 

These results indicated the necessity of considering separately the two trajectory 
contributions in the phase matching relation, 

A k = A T A fcf e T A fcfoc T A fctraj = 0 , 

where A k is the difference in wavenumbers at the harmonic and fundamental fre¬ 
quency. The different A k contributions are those of neutral atom dispersion, the 
dispersion due to free electrons, the effect of the focusing geometry on the funda¬ 
mental, and finally the phase derivative of the polarization field. Different terms 
and their properties are indicated in Table 10.1. The wave vector mismatch due 
to neutral dispersion involves the difference between the atomic polarizabilities at 
the harmonic and fundamental frequencies. Above the ionization threshold, this 
term is always negative (see Figure 10.9). The wave vector mismatch due to the 
free electrons is strongly nonlinear and depends on the laser intensity and on the 
pulse duration. This strong contribution only allows harmonic emission for a small 
degree of ionization (a small percentage). It is also responsible for transient phase 
matching [20]. The geometrical effect due to focusing does not depend on the pres¬ 
sure, therefore leading to a pressure dependence deviating from N 2 , even when 
phase matching is realized. Finally, if the dipole phase is antisymmetric (contrary 
to the other contributions), this leads to different phase matching conditions on 
either sides of the focus. It is also important to consider the effect of the imagi¬ 
nary part of the polarizability (see Figure 10.9), which leads to absorption of the 
generated radiation and thus limits the conversion efficiency. 

Phase matching can be achieved in different ways, depending on factors such as 
pressure, focusing, and whether the short or long trajectories are of interest. Of¬ 
ten, phase matching is realized at a given laser intensity, and therefore at a given 
time within the laser pulse envelope. In general, the short and long trajectory con¬ 
tributions are not both phase-matched under the same conditions. Therefore, the 
generation of “clean” attosecond light pulses (one per half-laser cycle) is possible 
when considering the response of the macroscopic medium [21]. Numerical simu- 
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Figure 10.9 Polarizability as a function of photon energy. The neutral dispersion depends on the 
difference between two points indicated in the figure (from [19]). 

lations confirmed this result and even showed that single attosecond pulses could 
be generated when a short fundamental pulse is used [22]. 

A number of experimental studies measured the pulse duration of the harmon¬ 
ics [23, 24]. These studies relied on electron spectroscopy, using laser-assisted pho¬ 
toionization. The sideband peaks, due to absorption of a harmonic photon and a 
laser photon, are measured as a function of delay between the harmonic and the 
laser pulses and this cross-correlation measurement allows us to determine the 
duration of the harmonic pulses. As shown below, this experimental development 
turned out to be a precursor to the first attosecond measurements. 

In parallel to these characterization studies, experiments were performed us¬ 
ing shorter and shorter laser pulses, thus following progress in laser technolo¬ 
gy [25, 26]. This led to an important increase in the energy range accessible by 
HHG, with experiments reaching the water window, as well as orders over 200. 
Also, first applications of high harmonics for atomic and molecular spectroscopy 
and surface physics were demonstrated [27]. However, the perspective to detect 
attosecond pulses experimentally seemed remote, because autocorrelation tech¬ 
niques were difficult to implement. 


10.4 

Attosecond Pulses 2001 

At the end of the last century, it was believed that attosecond pulses could be creat¬ 
ed via HHG, but the route to an experimental demonstration seemed quite tough. 
A European network “ATTO” was proposed and granted with the aim to “bring 
attosecond physics into experimental reality.” The proposed methods were auto- 
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correlation, inspired by pioneering experiments in Japan [28] with femtosecond 
resolution, or streaking by a low-frequency field. 

Ultimately, the successful methods [29, 30], both published during 2001, were 
based upon cross-correlation of the harmonic light with the infrared radiation used 
for the HHG. The cross-correlation uses photoionization of an atomic gas in the 
presence of the infrared field, analyzed by electron spectroscopy. The RABITT (re¬ 
construction of attosecond bursts by interference of two-photon transitions, see 
Figure 10.10) technique leads to distinct harmonic peaks and is well suited to the 
measurement of attosecond pulses in a pulse train [29]. The intensity of the IR field 
is weak enough that perturbation theory remains valid. Absorption or emission of 
an IR laser photon can occur together with absorption of an HHG photon and leads 
to the creation of sidebands. Each sideband can be reached by two quantum paths. 
An oscillation of the sidebands is due to interference between the quantum paths. 
The variation of the oscillation phase with energy is directly related to the group 
delay of the attosecond pulses, through the formula 

_ d<Pq+l _ Vq+2 ~ <Pq 

3 2 ft) 2ft) 

In this expression, dcpq+i denotes the phase of the oscillation of sideband q + 1, 
while <p q is the phase of the qth harmonic field [31, 32]. This formula neglects 
the effect of two-photon ionization, which is usually small. Extracting time delays 
in photoionization with this technique (or with streaking techniques) has recently 
become an active research area in attosecond science [33, 34]. 

The “streaking” technique is well suited for the characterization of single attosec¬ 
ond pulses with a broad spectrum. The intensity of the IR laser field must be large 
enough to modulate the electron spectrum depending on the laser-XUV delay. Fig¬ 
ure 10.11 presents the first result and Figure 10.12 more recent ones using different 
detection geometries [35, 36]. 

Interestingly, both methods were discovered more or less accidentally. Originally, 
the goal of the experiments was to perform a cross-correlation, on a femtosecond 
timescale, between the harmonics and the generating laser pulse. The observed 
oscillations, which were not expected, gave access to the attosecond timescale, by 
interferometry in the RABITT case, and by phase gating in the streaking technique. 


10.5 

Conclusion 

During the last decade, attosecond science has progressed considerably, from the 
first observation of HHG, to ever more detailed physics experiments. The range 
and control of HHG has been increased by using multicolor fields as well as by 
longer wavelengths, in the mid-IR region (see Chapter 10). Applications have been 
developed in many physics areas, as witnessed by the content of this book (see 
Chapters 12-14, and 17). 
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Figure 10.10 RABITT technique, from [29, 32]. Two quantum paths via harmonics q and q + 2 
lead to the same sideband frequency (a) and interfere. Interference leads to oscillatory behavior 
as a function of time-delay between HHG and IR pulse (b, c). 
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Figure 10.12 Streak traces in Ne [35] and Ar [36], using the polarization gating technique. 
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Figure 10.13 Harmonic spectra showing an interference structure superposed to the harmonics 
(see [37, 38]). 


Does this mean that we should consider the physics of high-order harmonics, 
which led to attosecond pulses, as well understood and controlled? Obviously not, 
the field continuously surprises us with new developments. We show, for example 
(and for fun), two recent harmonic spectra in Figure 10.13, where the harmonic 
peaks disappear under a forest of extra peaks [37, 38]. The additional peaks are in¬ 
terpreted in two different ways. In Figure 10.13a, the experiment was performed 
in argon with a low energy per pulse (7 pj) 100-kHz 45-fs Ti:S laser, using a tight 
focusing geometry [38]. The observed structures are interpreted as phase matching 
(Maker) fringes for the long trajectory. Figure 10.13b has been observed with two 
color pulses (fundamental and second harmonics) with a carrier-envelope-phase 
(CEP) stabilized few-cycle laser. Here, the additional structure is assigned to inter¬ 
ferences between attosecond pulses in the train, leading to “secondary maxima” 
between the main odd and even harmonic peaks [37]. 
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Strong-Field Interactions at Long Wavelengths 

Manuel Kremer, Cosmin I. Blaga, Anthony D. DiChiara, Stephen B. Schoun, 
Pierre Agostini, and Louis F. DiMauro 


The interaction of short and intense laser pulses with matter can cause highly non¬ 
linear effects. One such effect is high-harmonic generation (HHG), which offers a 
method to develop compact extreme ultraviolet (EUV) radiation sources with pulse 
durations on the attosecond (1 as = 10“ 18 s) timescale (see e.g., [1, 2]). The physics 
behind HHG can he described by a sequence of strong-field ionization and re- 
collision occurring in atoms and molecules that are exposed to intense, linearly 
polarized laser light. This sequence can be modeled in three distinct steps [3, 4]: 
(i) strong field ionization, followed by (ii) motion in the laser field, and by (iii) elec¬ 
tron-ion collisions that can be observed through (in)elastic scattering channels and 
recombination. Recombination is the process leading to HHG. Each step is affect¬ 
ed by the choice of laser wavelength. In general, the use of long wavelength lasers 
offers benefits, both, toward understanding how an atom ionizes and toward im¬ 
proving the characteristics of HHG. The Ohio State University (OSU) group has led 
a substantial effort investigating the benefits and drawbacks of driving HHG with 
long-wavelength lasers. The systematic study of wavelength-dependent strong-field 
ionization leads to a robust understanding of the mechanistic (single-atom) aspects 
of HHG and opens the door to optimize strong-field processes for future applica¬ 
tions. 

In this chapter, we will discuss all strong-field processes relevant to HHG, from 
tunnel ionization to classical electron dynamics and basic scattering physics. The 
chapter briefly illustrates the theoretical background and then gives an overview of 
the mid-infrared (mid-IR) sources operated at OSU and a short description of the 
new attosecond beamline. The relevance of long-wavelength drivers for strong-field 
and attosecond physics will be shown by means of two exemplary and recent exper¬ 
iments - the reconstruction of elastic differential cross sections from photoelectron 
angular distributions and the generation and characterization of high-harmonic ra¬ 
diation with mid-IR lasers. 
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n.i 

Theoretical Background 
11 . 1.1 

Keldysh Picture of Ionization in Strong Fields 

The route to generating attosecond pulses lies in the interaction of a dilute atom¬ 
ic or molecular vapor with a strong laser field where the magnitude of the field 
is typically on the order of a few 10 10 V/m. Such large fields strongly distort the 
Coulomb field between nuclei and electrons (Figure 11.1). However, the field mag¬ 
nitude does not solely determine the ionization mechanism. Our current under¬ 
standing of strong-field ionization is largely based on the work of Keldysh from 
1964 [6]. Prior to Keldysh’s argument, the ionization of atoms with ionization ener¬ 
gies IP greater than the laser photon energy was considered as a multiphoton ion¬ 
ization process, caused by simultaneous absorption of N photons (Nfico > IP) as 
illustrated in Figure 11.1a. Multiphoton ionization was treated by time-dependent 
perturbation theory [7-9]. However, early experiments [10] performed with a Q- 
switched ruby laser (1 = 694.3 nm) at high intensities found that ionization rates 
depended exponentially on laser intensity I, contrary to the power law (I N ) predict¬ 
ed by perturbation theory. Keldysh suggested a tunneling mechanism that correctly 
predicted an exponential dependence. Tunnel ionization occurs when the strong 
electric field of the laser suppresses the Coulomb field of the atom as illustrated 
in Figure 11.1b, so that a bound electron wave packet has a finite probability of 
escaping into the classically forbidden region. 

In Keldysh’s theory, the transition from multiphoton to tunnel ionization is 
gauged by an adiabaticity parameter y (also “Keldysh parameter”) that approxi¬ 
mates when the periodic motion of the field is static to an electron crossing the 
barrier. The parameter y is given by the ratio between the laser field frequency cu L 
and the tunneling frequency (Ut = 2jt/tt and reads 


(O L _ 
COj 



v 



(a) 


(b) 


Figure 11.1 Strong field ionization mecha- ization, ATI [5]). (b) Tunnel ionization: The 
nisms. (a) Multiphoton ionization: N Photons strong external field distorts the Coulomb 
are required for ionization, but S additional potential and facilitates tunnel ionization, 
photons are absorbed (above threshold ion- 
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with Tj being the tunneling time. Atomic units are used throughout unless noted 
otherwise. U P is the ponderomotive potential, that is, the cycle-averaged kinetic 
energy of a free electron in a laser field given by 



with the electric field amplitude E. For y » 1 (high frequencies and/or low inten¬ 
sities), ionization is viewed as a multiphoton process. Therefore, tunnel ionization 
becomes important when the field intensity or the laser wavelength increase. How¬ 
ever, depletion of the ground state sets an upper limit to the maximum field and 
motivates the use of long-wavelength sources and lower fields. The experiments 
we discuss in this chapter are carried out in the limiting case of tunnel ionization, 
y < 0.5. 

For long wavelength, y becomes small and the tunneling regime is preferred 
because Up is larger. As we will see, this provides access to higher frequency pho¬ 
tons, shorter attosecond pulses, and more energetic electron wave packets in the 
HHG process. When the condition for tunnel ionization is satisfied, a simple and 
intuitive description for HHG emerges; a great deal of what happens after the wave 
packet emerges from the barrier can be explained with simple Newtonian dynam¬ 
ics. 

11 . 1.2 

Classical Perspectives on Postionization Dynamics 

Because the electron wave packet formed by tunnel ionization is released into the 
strong laser field, the final detected energy spectra are not direct measurements 
of ionization energies, but rather reflect the energy of the electrons at the end of 
the laser field. In 1987, van Linden van der Heuvell and Muller [11] introduced the 
simple man model, based on a classical treatment for the postionization dynamics 
of the electron. The model predicts that if the electrons are born with zero kinet¬ 
ic energy, the photoelectron energy spectra have a cutoff at 2 Up. Later experiments 
found, however, that linearly polarized fields produce photoelectron spectra extend¬ 
ing well beyond the 2 Up cutoff. The detected yield of these high-energy electrons 
was nearly constant, forming a so-called plateau, as opposed to the exponential de¬ 
cay of the more abundant low-energy electrons. This radically different behavior 
was explained in 1993 [3, 4], when the re-scattering model was introduced. Ac¬ 
cording to the model, photoelectrons quivering in the laser field might revisit the 
parent ion, upon which recombination or scattering could occur. The first of these 
possibilities is at the core of HHG, while the latter is at the heart of electron diffrac¬ 
tion (elastic scattering) and nonsequential double or multiple ionization (inelastic 
scattering). Results from experiments on the first two of these processes - high- 
harmonic generation and elastic electron scattering - are subject of this chapter 
and will be discussed in detail below. 

After an electron is released into the continuum, it experiences a net force deter¬ 
mined by the combined field of the laser and the parent ion. This Hamiltonian is 
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given by 

2 r 

where p is the mechanical momentum, A is the vector potential and r is the elec¬ 
tron-core distance. Especially at long laser wavelengths, the ponderomotive en¬ 
ergy is much larger than the binding potential of the ion and we assume that 
the Coulombic term can be neglected. Consequently, the generalized momentum 
P = p — A is a constant of motion and analytic solutions for the motion of a 
wave packet can be found. To illustrate the power of the classical approximation, 
we will show below how elastic differential cross sections (DCS) can be extracted 
from strong-field photoelectron spectra recorded in the tunneling limit. 

11 . 1.3 

High-Harmonic Generation 

The complete characterization of any form of electromagnetic radiation requires 
knowledge of both, the spectral amplitude and phase (see Chapter 2). However, it 
is technically not feasible to measure these two quantities for ultrafast laser pulses 
in real time, but it is mathematically equivalent to measure them in the frequency 
domain. The frequency spectrum consists of equally spaced peaks - the odd-order 
harmonics - separated by twice the photon energy with amplitudes that drop sig¬ 
nificantly after the first few orders before remaining almost constant up to a char¬ 
acteristic cutoff frequency. 

There are various ways to measure the amplitudes in the frequency spectrum, 
for example, by directly detecting the photons with an XUV spectrometer or by 
detecting the photoelectron emission spectrum resulting from ionizing an atomic 
or molecular target in an imaging spectrometer. 

Measuring the spectral phase of high-harmonic radiation, however, is much 
more involved than measuring the high-harmonic spectrum. We will describe and 
discuss the results of two alternative methods used in our laboratory to measure 
the phase. We are thereby able to completely characterize our high-harmonic laser 
pulses. 

11 . 1.4 

Wavelength Scaling of High-Harmonic Cutoff and Attochirp 

Two critical quantities relevant to understanding the science of HHG are the high- 
energy cutoff, as well as the temporal shift in recombination times for individual 
harmonics. The high-energy cutoff defines the highest occurring photon energy 
while the temporal shift is commonly interpreted as an attosecond group delay dis¬ 
persion, also known as attochirp (here referred to as /?). Both of them depend on 
the driving-laser wavelength. While the single-atom harmonic cutoff is given by 
IP + 3.17 Up and scales quadratically with the wavelength (it is only linear in inten- 
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Figure 11.2 Classical model predictions. 

(a) Two exemplary sets of electron trajecto¬ 
ries (dark and light gray) that lead to the same 
harmonic energy. Plotted are the short (solid 
line) and the long (dashed line) trajectories in 
a 0.8 pm (periods 2.7 fs) laser field, (b) En¬ 
ergy of the emitted harmonics in dependence 

sity), the attochirp is expected to be oc A -1 [12]. Classical Newtonian calculations 
show that within a single optical cycle, every recollision energy can be reached by 
two pathways: The short and the long trajectories as depicted in Figure 11.2a. By 
plotting the electron return time or the photon emission times versus the corre¬ 
sponding harmonic energy, the attochirp is given by the derivative of the curve (see 
Figure 11.2b). It can be seen that, for a given class of trajectories (short or long), 
the attochirp is almost constant, that is, the spectral phase is nearly quadratic. As 
is shown in Figure 11.2b, the gradients of the short and the long trajectories have 
opposite signs, for example, they are positively or negatively chirped, respectively. 


of their emission times for the wavelength 
0.8, 1.3, and 2.0 pm. Again, the solid lines 
represent short and the dashed lines long 
trajectories. The attochirp ft is given by the 
derivative of the corresponding curves and is 
significantly reduced for longer wavelength. 
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There are basically two different approaches to reduce the attochirp: (i) increas¬ 
ing the peak intensity and (ii) using a longer wavelength. The first approach uses 
the fact that the cutoff energy is proportional to the laser intensity and increasing 
the intensity would lead to a smaller derivative of the curves shown in Figure 11.2b 
and, thus, a reduced attochirp. However, as already mentioned, the intensity can¬ 
not be increased arbitrarily as this leads to a depletion of the ground state. The 
second method, that is using longer driving wavelength, is more promising. Since 
the laser period is proportional to A and the cutoff energy to A 2 , their ratio scales 
as A -1 . Increasing the wavelength at a constant intensity avoids the problems of 
depletion and opens the route for the creation of shorter attosecond bursts centered 
at higher photon energies [13]. Besides these microscopic single-atom considera¬ 
tions, the attochirp can also be reduced, or partially compensated, by propagating 
the pulses through a suitable dispersive medium [14-16]. 

Due to the existence of attochirp, there is a maximum spectral bandwidth for 
the shortest possible pulse. The pulse duration is proportional to yj\ + [5 2 B A /B, 
where B is the bandwidth. The first term results from the time-frequency Fourier 
relationship and the second from the attochirp. By restricting the bandwidth to B = 
1 / the shortest pulse duration is obtained and has a value of \/ip, that is, scales 
as 1/>/X. Beyond that point, dispersion dominates and the pulse broadens [12]. We 
will revisit this point later when measurements are presented. 

11 . 1.5 

In-situ and RABBITT Technique 

Measuring the chirp of attosecond light pulses only recently became feasible [17]. 
Conventional complete-characterization schemes for ultrashort femtosecond laser 
pulses are all based on a convolution of the pulse, either with itself, or with a known 
reference pulse in a nonlinear device. The most successful of these methods are 
FROG [18] and SPIDER [19] and it was shown that the FROG technique can be, at 
least for low-order harmonics, extended to UV femtosecond pulses by using two- 
photon ionization as a nonlinear device [20-22]. The extension of these schemes 
into the XUV and soft X-ray regime, as, for example, proposed by Muller for the 
SPIDER method [23], is experimentally challenging. Both methods require pulse 
replicas. As there exist no beamsplitters for those wavelengths, such pulse replicas 
are difficult to obtain. Also, all eligible nonlinear materials are strongly absorbing 
in this spectral range. One solution is using the so-called RABBITT (reconstruction 
of attosecond beating by interference of two-photon transitions) method [14, 23], 
which is based on two-photon, two-color ionization of rare-gas atoms. Here, the 
harmonic radiation interferes with a small fraction of the generation beam. With¬ 
out the presence of the IR field (sometimes also called the dressing beam), the 
photoelectron spectrum consists of a number of peaks separated by twice the fun¬ 
damental frequency co L (odd-order harmonic comb). By adding the IR field, stim¬ 
ulated emission and absorption becomes possible resulting in sidebands located 
between the harmonics as schematically shown in Figure 11.3. The amplitude of 
these sidebands oscillates when the subcycle delay between the IR and the XUV 
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Figure 11.3 Energy level diagram of the RABBITT method. Stimulated emission and absorption 
of one IR photon leads to sidebands between the odd-order harmonic peaks. 


beam is scanned. This is due to interference between the different quantum paths. 
It can be shown (see, e.g., [1, 24]) that the transition from the initial state | l I J ,) to 
the final state | l / y f) includes an oscillatory term given by 

A f cos [2tu L r + cp q -1 - <p q+ 1 - Ay) a f tomic ] . 

The amplitudes Af are proportional to the product of the intensities of the IR 
and XUV fields and the corresponding bound-free and free-free matrix elements. 
Recording this sideband oscillation gives access to the phase difference between 
two consecutive harmonics (p q -\ — <p q +i- The so-called atomic phase Ay) atomic in the 
above equation is the intrinsic phase of the matrix elements for above-threshold, 
two-photon ionization and can, at least for suitable target atoms, be calculated with 
high precision [25]. 

Besides RABBITT, there exists an experimentally much simpler way to obtain in¬ 
formation about the spectral phase of attosecond pulse trains (APTs): In 2006, Du- 
dovich et al. introduced the a> — 2a> method, an all-optical scheme to measure the 
attochirp of an attosecond pulse train [26]. This method is based on high-harmonic 
generation in a two-color driving field (e.g., the fundamental and its second har¬ 
monic). Such a field breaks the centrosymmetry of the generation process and leads 
to the creation of even-order harmonics. It is easy to see that the amplitude of these 
even-order harmonics depends on the relative phase of the two colors. Scanning the 
subcycle delay between the two fields thus leads to oscillations in the even-order 
harmonics, while the strength of the odd-order harmonics remains unaffected. By 
comparing these oscillations with semiclassical model calculations, the emission 
times of the even-order harmonics can be retrieved and, by interpolation, those of 
the APT. For a sufficiently weak second harmonic field, the emission times corre¬ 
spond to the unperturbed ones. Importantly, this method allows measurement of 
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the in-situ spectral phase independent of any dispersive elements (e.g., metal fil¬ 
ters) and is thus well suited for comparison with theory. The RABBITT method, on 
the other hand, measures the attochirp on target, which is an important quantity if 
the high harmonics are used for applications. 

Both, the at — 2a> and the RABBITT method, have been used at OSU to mea¬ 
sure the attochirp of high harmonics created by mid-1R drivers. The corresponding 
results will be discussed later in this chapter. 


11.2 

Mid-IR Sources and Beamlines at OSU 

This section gives a short overview on the mid-IR laser systems currently used at 
OSU as well as the newly completed attosecond beamline. 

11 . 2.1 

2-pm Source 

Femtosecond laser pulses emitted from a broadband Ti:sapphire oscillator (Ven- 
teon Pulse 1 by Venteon Femtosecond Laser Technologies) are stretched to 250 ps 
and amplified in two home-build amplification stages. The first stage is a regener¬ 
ative amplifier, which increases the pulse energy up to 1.8 mj, before a multipass 
amplifier boosts it to about 6.5 mj at a repetition rate of 1 lcFIz. The use of a re¬ 
generative preamplifier leads to the advantage that only a low number of passes 
are required in the multipass section (two passes in our system). We thereby ob¬ 
tain high pulse energies with highly improved beam profiles and M 2 values close 
to 1. 

After the amplified pulses are compressed to about 50 fs, they are sent into a com¬ 
mercial high-energy optical parametric amplifier (OPA) (F1E-TOPAS, Light Conver¬ 
sion). A small amount of the incoming beam is used to generate a broadband spec¬ 
trum via superfluorescence. A narrow portion of the broadened spectrum then acts 
as a seed for the remaining 800-nm Ti:sapphire pulse in a /3-barium borate (BBO) 
nonlinear crystal. After six amplification stages, 550-pJ pulses at 2 pm are available. 
The amount of dispersive optical materials in the OPA is small and the pulse du¬ 
ration remains almost constant during the conversion process. As the parametric 
amplifier splits one 800-nm photon into two lower-energy photons, conservation of 
energy implies that 850 pj of 1.3-pm radiation is also generated. 

Experiments on HHG presented below have been carried out by using the de¬ 
scribed 2-pm source. At the moment, the Ti:sapphire amplification stage is under¬ 
going modifications to increase the output power from 6.5 to about 10 mj, leading 
to significantly higher mid-IR pulse energies while the other pulse parameters will 
remain the same. 


11.2 Mid-IR Sources and Beamlines at OSU 


11 . 2.2 

3.6-pm Source 

The generation of wavelengths between 3.2 and 3.9 pm is done by difference fre¬ 
quency generation (DFG) in a nonlinear potassium titanyl arsenate (KTA) crystal. 
The pump pulses are 100 fs, 3.2-mJ Ti:sapphire pulses with a center wavelength 
of 0.816 pm. As signal pulses, we use 16-ps pulses at 1.053 pm with 0.8-mJ pulse 
energy. The Ti:sapphire amplifier system is almost identical to the one of the 2-pm 
laser system, while the 1.053-pm pulses are created by a home-build Nd:YLF re¬ 
generative amplifier [27]. Both beams are sent into the 2.5-mm long KTA crystal 
in a nearly collinear geometry, which allows a spatial separation of the idler beam. 
The high damage threshold of KTA [28] and the good transparency in the wave¬ 
length range between 0.3 and 5 pm [29] make KTA well suited for the generation 
of mid-IR laser pulses. By slightly tuning the phase-matching conditions, the idler 
wavelength can be tuned between 3.2 and 3.9 pm. 

One unique aspect of the DFG system at OSU is that the 0.816 and the 1.053-pm 
pulses are produced by two independent laser systems. In order to create a DFG 
signal, their repetition rates must be locked. Therefore, the cavity lengths of the 
two oscillators are electronically referenced to an external electronic oscillator [30]. 

11 . 2.3 

OSU Attosecond Beamline 

Most of the results on HHG presented in this chapter have been obtained by op¬ 
tically detecting the high-harmonic photons with a Hettrick spectrometer [31], in 
combination with a thermo-electrically cooled back-illuminated X-ray camera (An- 
dor). These studies demonstrated the effective creation of high-harmonic radiation 
with long-wavelength driving pulses and fathomed the optimal experimental con¬ 
ditions, such as target gas pressure, focus geometry, or gas nozzle type. 

A new attosecond beamline was designed, built and commissioned at OSU to 
broaden the range of experimental investigations, in particular toward applica¬ 
tions of mid-IR pulses in molecular orbital tomography [32, 33] or investigations 
of time-resolved core-level and multielectron dynamics [2]. The beamline consists 
of a HHG source and X-ray optics chambers. The source chamber allows different 
focusing geometries, beam separation, and beam manipulation, while the differ¬ 
entially pumped X-ray optics chamber contains X-ray filtering, recombination, and 
focusing optics. A 750-mm focal length, 5° grazing incidence, toroidal mirror, op¬ 
erating in a 2f-2f geometry and located in the X-ray optics chamber, defines the 
interaction region in the end-station. The end-station is a 2it magnetic bottle elec¬ 
tron energy spectrometer (MBES) [34]. A schematic drawing of the beamline and 
the MBES is shown in Figure 11.4. 

With the new beamline, it is possible to fully characterize the created high har¬ 
monics. For this, we simultaneously measure the amplitude of the generated high- 
harmonic radiation (by detecting the photoelectrons created by ionizing the target 
gas), and the attochirp (by applying the RABBITT technique). 
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Figure 11.4 Sketch of the attosecond beam¬ 
line. The labels stand for (1) beam splitter, 

(2) focusing lens to generate harmonics, 

(3) generation gas target, (4) metal filter, 

(5) recombination mirror, (6) glass wedges 


for delay scans, (7) focusing lens to match 
divergence, (8) toroidal mirror, (9) detection 
gas jet, (10) cone-shaped permanent mag¬ 
net, (11) magnetic bottle solenoid coils, and 
(12) microchannel plate detector. 


Besides the attosecond beamline, our group operates time-of-flight spectrome¬ 
ters for the detection of ions or electrons in strong-field ionization experiments, as 
well as a high-resolution electron-ion-coincidence spectrometer. The experimen¬ 
tal investigations on the transition from the multiphoton ionization regime to the 
deep tunneling regime, which will be presented in the next section, were carried 
out using these devices. 


11.3 

Strong-Field Ionization: The Single-Atom Response 

Classical simulations of the postionization dynamics show a maximum kinetic en¬ 
ergy of 2 Up for electrons that leave the vicinity of the ion directly and up to 10 Up 
when the electron undergoes elastic backscattering at the ion. These values are 
valid for electrons that are born with zero kinetic energy and are connected to the 
birth phase, that is, the phase of the laser field at which they are promoted in the 
continuum. This last statement holds well for the tunneling regime [35], but breaks 
down in the multiphoton regime, since the lifetime of the multiphoton transition 
is comparable with the duration of the laser period. Therefore, one expects the 2 Up 
and 10 Up cutoff to be absent at y » 1 and visible at y « 1. In the case of ar¬ 
gon, the two regimes have been interrogated by changing the wavelength of the 
driving fields and the results are presented in Figure 11.5. Indeed, the 2 Up cutoff 
is missing at 0.8 pm, whereas at longer wavelengths it is clearly visible. Further¬ 
more, at longer wavelengths, the ATI peaks are washed-out, another clear indica¬ 
tion of the transition into the tunneling regime. The theoretical curves (gray lines 
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Figure 11.5 Comparison of photoelectron 
energy distributions from argon for different 
wavelengths at constant intensity. Excitation 
at 0.8 pm (black line), 1.3 pm (green line), 

2 pm (red line), and 3.6 pm (blue line) at an 
intensity of 0.08 PW/cm 2 . For this intensity, 
Up is approximately 5, 13, 30, and lOOeVfor 


wavelengths of 0.8, 1.3, 2, and 3.6 pm, respec¬ 
tively. Also shown are the TDSE calculations 
at 0.8 pm (dark-gray line) and 2 pm (light-gray 
line). The agreement between experiment and 
theory is very good and reproduces the loss of 
resonant structure at the longer wavelengths. 


in Figure 11.5), obtained from numerically solving the Schrodinger equation in the 
single active electron approximation, accurately reproduce the experimental results 
for 0.8 and 2.0 pm. Finally, the ponderomotive energies at long wavelengths are in 
excess of 100 eV. This last observation is important for single-electron diffraction: 
for probing intermolecular distances it is necessary to produce returning electron 
wave packets with associated de Broglie wavelengths on the order of the molecular 
bond lengths [36]. 

The approximations introduced above, that is, zero electron kinetic energy when 
born and classical treatment of the dynamics after ionization by neglecting the 
Coulomb field, allow us to reconstruct the history of detected electrons and there¬ 
fore to extract relative elastic differential cross sections (DCS) for electron-ion col¬ 
lisions from photoelectron angular distributions. Following the recipe of Okunishi 
et al. [37], Figure 11.6 presents the extracted DCS in the case of argon, irradiated 
with 2.0pm, 50-fs pulses (open circles). Remarkably, we find excellent agreement 
with results obtained via well-established gas phase electron diffraction on neutral 
argon atoms [38] (solid squares). Apparently, when the electron revisits its parent 
ion with large enough kinetic energy, the long-range Coulombic tail of the ionic po¬ 
tential plays only a minor role in determining the observed electron yield at large 
scattering angles. For molecular targets, this short range nature of the interaction 
offers hope that laser driven electron diffraction at long wavelengths could become 
a valuable tool for extracting structural information, especially since the presence 
of the laser field guarantees temporal resolutions on the femtosecond timescale as 
the time the electron spends in the continuum is less than one optical cycle. 
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Figure 11.6 Extraction of relative elastic dif¬ 
ferential cross sections of argon from photo¬ 
electron angular distributions. The excellent 
agreement between the laser-driven electron 


+ Ar ion collision (open circles) with the elec¬ 
tron + neutral argon collision (solid squares) 
shows the short range nature of the particle 
interaction. 


11.4 

High-Harmonic Generation 


Complete characterization of an attosecond pulse train requires knowledge of both, 
spectral phase and power spectrum of the high harmonics. Two important quan¬ 
tities of high-harmonic radiation, the maximum photon energy and the attochirp, 
scale favorably with the wavelength. Therefore, ultrafast mid-IR driving pulses have 
the potential to produce attosecond bursts with higher carrier frequencies and with 
shorter pulse durations than conventional 0.8-pm Ti:sapphire-based sources. In 
this section, we show results from experiments carried out recently at OSU with 
2 pm, 50-fs laser pulses. First, the cutoff extension as well as the achievable yield 
of high harmonics is discussed before results from attochirp measurements are 
presented. 


11.4.1 

Harmonic Cutoffand Harmonic Yield 


The exact position of the high-harmonic cutoff is difficult to determine in experi¬ 
ments as well as in numerical simulations. The most obvious reason is that there 
exists no sharp cutoff, but the harmonic spectrum drops off rather slowly at high 
energies. Another uncertainty is the position where the cutoff should be expected. 
As already mentioned, the theoretical single-atom response predicts the position to 
be at IP + 3.17 Up. However, under experimental conditions, macroscopic phase¬ 
matching and pulse-propagation effects occur in the neutral and partially ionized 
gas (see, e.g., [39, 40]). These effects are due to the different refractive indices be¬ 
tween the fundamental and the harmonics, absorption, defocussing or geometrical 
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Figure 11.7 High harmonics from long 
drivers, (a) High-harmonic spectra produced 
in argon from 0.8 pm (solid line, dark shad¬ 
ed area) and from 2.0pm (dashed line, light 
shaded area) driving pulses and measured 
through a 0.15-pm thick aluminum filter. 

(b) Harmonics from the 2.0-pm driver mea¬ 
sured through a 0.3-pm thick zirconium fil¬ 
ter (dashed line, shaded area) and through 
the second aluminum transmission window 


(dash-dotted line, unfilled area). The theoreti¬ 
cal transmission curves of the metal filters are 
shown in (a) for aluminum (dotted line) and 
in (b) for zirconium (dash-dotted line) and 
aluminum (dotted line). Both measurements 
have been performed at a laser intensity of 
0.18PW/cm 2 . Reprinted figure with permis¬ 
sion from Colosimo et al., Nat. Phys. 4, 386, 
2008. Copyright (2008) by Nature Publishing 
Group. 


(Gouy) phase shift. As a result, not only the conversion efficiency and the harmonic 
yield is lowered, but also the cutoff is affected [41]. 

Early measurements [42] demonstrated that the use of mid-IR driving laser fields 
extends the harmonic comb significantly toward higher energies. This behavior 
was later quantified by Colosimo et al. [43]. In the following, we are going to discuss 
their results. Figure 11.7 shows a comparison between high harmonics generated 
with 0.8 pm (Figure 11.7a, dark shaded area) and with 2 pm (Figure 11.7a, light 
shaded area and Figure 11.7b). To block the fundamental light and the low-order 
harmonics, thin aluminum (Figure 11.7a) and zirconium (Figure 11.7b) metal fil¬ 
ters have been used. Their characteristic transmission curves are plotted in the 
corresponding figures. The 2-pm driving laser produces a much denser frequen¬ 
cy comb of odd-order harmonics (due to the smaller fundamental photon energy 
ha> 2 pm = 0.62 eV), which extends beyond the sharp aluminum L-edge at 72.5 eV, 
while the harmonics generated by the 0.8-pm laser drop off at around 45 eV. To 
measure the complete spectrum, the Al filter was replaced by a Zr filter which is 
transparent for higher photon energies up to about 200 eV. As can be seen in Fig¬ 
ure 11.7b, the harmonics extend over the whole zirconium energy window. The 
actual cutoff was found to be at ss 220 eV by using a second transmission window 
in the aluminum filter [43, 44]. 

The demonstrated availability of much higher photon energies and, consequent¬ 
ly, a reduced de Broglie wavelength [45], opens the road for applications such as 
molecular orbital tomography [32, 33]. However, from an experimental point of 
view, not only the photon energy range, but also the photon flux (i.e., the photon 
yield) is an important quantity. Based on numerical single-atom calculations of the 
time-dependent Schrodinger equation (TDSE), the high harmonic yield at constant 
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intensity (integrated over the power spectrum) is predicted to be oc X ~ 5 - 5±0 - 5 [46], A 
recent experiment [47], where phase-matching effects were minimized, confirmed 
this prediction and found a scaling of X ~' 6 - 3±11 for Krypton at wavelength between 
0.8 and 1.85 pm. Experiments at OSU were carried out to confirm the wavelength¬ 
scaling, but under identical experimental conditions the harmonic yield from argon 
at 2 pm was found to be approximately 1000 times lower than at 0.8 pm. The har¬ 
monic yield was considered in a spectral range, where both driving pulses create 
harmonics (35-50 eV). In our experiment, we kept the focusing conditions, gas pa¬ 
rameters, and the laser intensity fixed and the yield was predicted to decrease by a 
factor of ss 150 when changing the wavelength from 0.8 to 2 pm. However, macro¬ 
scopic phase-matching effects and destructive interference can significantly reduce 
the idealized single-atom response. Theory predicts in this case an even more un¬ 
fortunate scaling of 10 ' 2±0 - 2 [13], but it is known that satisfying phase-matching 
conditions at longer wavelength requires higher target densities [48]. Consequent¬ 
ly, by independently optimizing the target densities for the 0.8 and the 2-pm drivers 
for maximum yield, the ratio 2/0.8 pm increased from 1 /1000 to 1 /85 [43]. Further¬ 
more, it is surely legitimate to expect that by fully optimizing the HHG process at 
a mid-IR wavelength, that is, by choosing favorable gas densities and focusing ge¬ 
ometries, the photon yield can be significantly increased. In general, good phase¬ 
matching conditions are more difficult to achieve at longer wavelength; even by 
placing the focus before the gas jet, the short trajectories are not selected as effi¬ 
ciently as at a wavelength of 0.8pm [13]. HHG in gas-filled waveguides seems to 
be a promising approach to overcome these experimental difficulties [40, 49]. 

11.4.2 

Attochirp 

We already discussed the expectation of reduced attochirp of high-harmonic radia¬ 
tion created by long-wavelength fundamental fields as compared to 0.8-pm drivers. 
In 2009, Dudovich’s a> — 2a> method was adopted by Doumy et al. [12] for the first 
comprehensive experimental study on the attochirp scaling law. 

11.4.3 

In-situ Phase Measurement 

The experiments at OSU [12] have been performed by using 0.8, 1.3, and 2.0-pm 
driving fields, in combination with the Hettrick spectrometer described above. The 
experimental setup is schematically shown in Figure 11.8. The required weak sec¬ 
ond harmonic field was created by a 300-pm thick BBO, which was tuned out of its 
phase-matching angle. A number of birefringent calcite plates were used to com¬ 
pensate for the different group velocities in air and in glass to ensure temporal 
overlap in the target gas jet. The different polarizations of the two beams were ro¬ 
tated onto a common axis by a zero-order half-wave plate and the subcycle delay 
was controlled by a pair of fused silica glass wedges. High-target densities in the 
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Figure 11.8 Experimental setup of the in-situ phase measurement. The polarizations of the two 
beams are represented by the gray (fundamental) and the black (second harmonic) arrows. 

generation medium have been achieved with a pulsed gas valve in a 2-mm long, 
1-mm diameter channel. 

As can be seen in Figure 11.2b, in order to extract the attochirp, one of the two 
trajectories needs to be selected. Experimentally, this can be achieved by placing the 
laser focus before the gas jet and by spatial filtering with the small acceptance angle 
of the spectrometer [50, 51]. Placing the focus before the jet leads to smaller phase 
variations of the fundamental beam, which prefers phase matching of the short 
trajectory. Furthermore, as the divergence of the long trajectory is larger, significant 
parts of it can be blocked with an iris or a small acceptance angle. 

Two typical harmonic spectra obtained from xenon at an intensity of 21 TW/cm 2 
at 2.0 pm are shown in Figure 11.9a. The solid (dotted) line was recorded at a de¬ 
lay that maximizes (minimizes) the even-order harmonics. Figure 11.9b shows a 
full subcycle delay scan where the photon yield is plotted as a function of harmonic 
order and delay between the two colors. From this data, the relative phase that max¬ 
imizes each even-order harmonic (p max can be extracted. To calculate the attochirp, 
it is necessary to find the correspondence between ^ max and the emission time for 
each harmonic. In [26], it is suggested to use the semiclassical model to calculate 
<p m ^ and fit it to the experimental values by adjusting an additive constant. The 
latter is the unknown offset of the relative phase between the two colors. Note that 
this analysis is only valid in the plateau region where harmonic generation can be 
described by a re-collision process. 

The attochirp was reconstructed from a series of measurements at different in¬ 
tensities and wavelength and the result is shown in Figure 11.10. The product of 
attochirp /? and intensity I is plotted in order to eliminate the influence of the differ¬ 
ent peak intensities on the chirp. The plot shows results from argon obtained with 
0.8pm, 80TW/cm 2 , 1.3 pm, 38TW/cm 2 , and 2.0pm, 71 TW/cm 2 pulses as well as 
the data from Figure 11.9 obtained in xenon with 2.0pm, 21 TW/cm 2 pulses. The 
solid line represents the predicted A -1 scaling. Clearly, the reconstructed attochirp 
is in excellent agreement with the theoretical expectation and significantly lower 
for longer fundamental wavelength. In fact, it is reduced from 41.5 as/eV at 0.8 pm 
to 21.5 as/eV at 2.0pm. However, if one is aiming for the shortest attosecond pulse 
duration, one has to restrict the bandwidth as using too large a bandwidth will re- 
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Figure 11.9 In situ phase measurement. 

(a) Two typical harmonic spectra for delays 
maximizing (solid line) and minimizing (dot¬ 
ted line) the even harmonics, (b) Result of a 


co — 2 co scan obtained in xenon at 2.0 pm with 
an intensity of 21 TW/cm. The even-order 
harmonics oscillate with four times the funda¬ 
mental frequency. 



Figure 11.10 Product of attochirp and intensity / as a function of wavelength. The product 
is plotted in order to eliminate the influence of different peak intensities from the individual 
measurements. The solid line shows the expected A -1 scaling. 


suit in a temporally broadened pulse. By restricting the bandwidth to its optimal 
value, the measured attochirp supports pulses of a 250-as duration with the 0.8- 
pm driver (12.5 eV of bandwidth) and of 180 as with the 2.0-pm fundamental field 
(20 eV of bandwidth). 
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The ft) — 2at method is well suited for, but also restricted to, studies concerning 
the high-harmonic generation process itself. However, for many applications it is 
not desirable to know the spectral phase in the generation medium, but knowing it 
at the position where the APT is focused onto a target. This is particularly useful for 
assessing pulse shortening techniques that use the negative group delay dispersion 
of metal filters (see e.g., [52]) or specially designed XUV chirped mirrors [53]. For 
such cases, the RABBITT technique can be applied to measure the attochirp at 
target. 

11.4.4 

RABBITT Method 

To the best of our knowledge, the first example for a full subcycle RABBITT scan 
from a 2.0-pm driving laser is shown in Figure 11.11a, with sideband orders rang¬ 
ing from 50 to 120. As an aluminum filter was used to block the fundamental light 
after the generation process, the spectrum is restricted to below ss 72.5 eV. The 
sideband oscillations are clearly visible and the reconstructed phase differences are 
shown in Figure 11.11b. The RABBITT measurement yields the spectral phase at 
the target gas rather than where the harmonics are generated. Therefore the extra 
dispersion caused by the metal filter and the generation gas (argon) must be tak¬ 
en into account to characterize the attochirp [17]. Actually, the filter dispersion, or 
more precisely its group delay dispersion, when negative as in aluminum, can be 
used to compensate for the positive attochirp of the high harmonics and thus to 
produce shorter pulses [15]. Please note that the oscillations of the odd-order har¬ 
monics in Figure 11.11a are due to a high intensity in the dressing beam, leading 
to three-photon, three-color ionization. 


Time delay (fs) 

5.0 10.0 15 0 20 0 250 



Figure 11.11 RABBITT phase measurement, (a) Full subcycle delay scan with 2.0 pm, 50-fs 
laser pulses. Note that both, even and odd order harmonics, show oscillations (see the text), 
(b) Reconstructed phase of the even-order harmonics. 
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11.5 

Conclusions and Future Perspectives 

We demonstrated how the rapidly developing technology for ultrafast long-wave¬ 
length laser pulses can he used to test fundamental scaling laws and to explore 
new regimes of strong-field physics up to the classical limit. Tuning the wavelength 
offers unique opportunities to continuously tune interactions from the multipho¬ 
ton to the tunneling regime. As the ionization dynamics of atoms or molecules in 
strong laser fields are independent from the field parameters (as long as y is kept 
constant), a much broader class of targets will become accessible. In this spirit, we 
like to point out that long-wavelength lasers are not only invaluable tools to explore 
fundamental questions in strong-field physics, but they also promise to become 
even more relevant for applications. 

Very recently [33], the applicability of long-wavelength pulses for gaining struc¬ 
tural information from high-harmonic radiation with the molecular orbital tomog¬ 
raphy method [32] was demonstrated. Long-wavelength drivers are also expected to 
open the road for the coherent imaging of more complex and chemically relevant 
molecules. A similar impact can be expected for molecular structure determination 
by laser-induced electron diffraction [36, 54]. 
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Attosecond Dynamics in Atoms 

Giuseppe Sansone, Francesca Calegari, Matteo Lucchini, and Mauro Nisoli 


12.1 

Introduction 

The energy spacing among electronic levels determines the timescale for the dy¬ 
namics in single and multielectron systems. The basic principles of quantum me¬ 
chanics state that an eigenstate | xp°j) of the time independent Hamiltonian H with 
energy Ej, evolves in time through a phase factor according to the relation 

IV'j( t )) = exp I V’j) = ex p( _i "^“) IV’j) - U 2 - 1 ) 

where fi is the reduced Planck constant. The state \ipj(t)) represents a stationary 
state in the sense that the expectation value T of a generic observable associated to 
the operator T does not depend on time: 

T=(T) = (rp(t)\T\xp(t)) = <^|r|^> . (12.2) 

Dynamics occur when the state of the system is given by a superposition of station¬ 
ary states: 


i V'j (*)> = J2 a J ex p 

j=i 



(12.3) 


where aj are normalization coefficients. In this case the expectation value T de¬ 
pends on time according to the relation 


T = {rp(t)\T\xp(t)) = a* aj exp 

1 = 1 j = 1 

n n 

= I>| 2 ^ + J2 a*ajex p 

»=1 


i(Ei - Ej)t 


i(Ei - Ej)t 


Tij , ( 12 . 4 ) 
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where Ta = (ip°\ T\ip°) and T;j = (ip °\The expectation value evolves on 
a timescale that is given by the inverse of the energy spacing (£; — Ej); the larger 
is the difference in energy, the faster will be the time evolution and the dynamics 
of the system. For core and valence electronic levels, such a difference is on the 
order of tens of electron volt or fractions of an electron volt, leading to dynamics 
in the attosecond or few femtosecond domains, respectively. These basic consid¬ 
erations indicate that the attosecond regime is the natural timescale for the elec¬ 
tronic motion. In the following, we will consider different superpositions of energy 
eigenstates in atoms and will analyze the induced dynamics in terms of the energy 
difference between the levels. In Section 12.2, the hydrogen atom will be analyzed 
to introduce an example for the superposition of electronic states. In Section 12.3, 
the two-electron helium atom will be discussed. Different phenomena (imaging 
of electronic wave packets, two-photon double ionization (TPDI), autoionization) 
will be discussed. Particular attention will be focused on the role played by electron 
correlation, that is, by the electron-electron interaction in the unfolding of the elec¬ 
tronic dynamics. In Section 12.4, the typical processes of multielectron systems will 
be considered. Particular attention will be devoted to phenomena arising in highly 
excited neutral or ionic states, such as excitation of shake-up states (Section 12.4.1), 
Fano resonances (Section 12.4.3), single, and cascaded Auger decay (Sections 12.4.4 
and 12.4.6). 

12.2 

Single-Electron Atom: Hydrogen 

In this section we will discuss a tutorial example to illustrate the basic properties of 
the dynamics in a single-electron system. We consider the coherent superposition 
of the two lowest lying eigenstates of the hydrogen Hamiltonian the | V'is) and 
I ip 2 s ). whose representation in the space is given by [1] 



(12.5) 


where r indicates the radial distance and a 0 is the Bohr radius. The representation 
of the two eigenstates in momentum space is given by 



02s(P) = (P 102s) = 


16 4(p/p 0 ) 2 — 1 


^(po) 3/2 mp/po) 2 +1] 3 ’ 


( 12 . 6 ) 
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where p 0 is the atomic unit of momentum. The coherent superposition of the two 
states with equal amplitude will be given by 

IV'(t)) = ex P (~ i£l! 4) + exp (~ iE2 sj: j ( 12 - 7 ) 

with E ls = —0.5 £ au and E 2s = —(l/8)f? au , where £ au is the atomic unit of energy. 

We can analyze the radial (P(r, t)) and radial momentum (P(p, t)) density distribu¬ 
tions as a function of time according to the definitions: 


P(r,t) = J sind dd dcpr 2 \(r\ip(t))\ 2 = 4nr 2 \t/.’(r, t)| 

= 2jtr 2 rpl s (r) + rp 2 s (r) + 2rl> ls (r)ip 2s {r) cos 
p (P> t ) = J smO p dd p drp p p 2 \(p\ip(t))\ 2 = 4np 2 \rp(p,t)\ 


(E 2s — Eis )j^ 


2jtp 2 


<Pu(P) + <Pl s (P) + 2 cpis(p)<p 2s (p) cos 


(E 2s — Eis ) 


t 

ft 


( 12 . 8 ) 


The density distributions P(r, t) and P(, t) are reported in Figures 12.1 and 12.2, 



Radius (atomic units) 


Figure 12.1 Radial density distribution P(r, t) as a function of time. 



Momentum (atomic units) 


Figure 12.2 Radial momentum density distribution P(p, t) as a function of time. 
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Figure 12.3 Time evolution of the mean values (r) (black solid line) and ( p) (blue solid line). 

respectively, which indicate a clear periodic motion with a period T: 

2jt h 

T = - -— = 402 as . (12.9) 

E 2s -Eis 


The periodic changes indicate that the localization in space and in momentum 
of the electronic wave packet changes with time. It can be easily observed that 
the radial and momentum distributions oscillated out of phase according to the 
uncertainty principle. This is clearly shown in Figure 12.3, which reports the mean 
value of r and p according to the relations 

+oo 

(r(t)) = / 4nr 3 \ip(r, t)\ 2 dr (12.10) 

o 

+00 

(P (t)> = J 4itp 3 |0(p, t)| 2 dr . (12.11) 

0 

Scrinzi et al. [2] proposed an experiment to excite and to image the “breathing” 
motion of the coherent superposition of the Is and 2s states. They suggested to 
populate the 2s state using an (ultraviolet) UV pulse resonant with the Is — 2p 
transition. Using an intense static field, it is then possible to transfer population 
from the 2p to the 2s state, realizing the Is — 2s superposition. A short attosecond 
pulse could then be used to ionize the excited atom and to measure the ionization 
yield as a function of the relative delay between the two pulses. Indeed, due to the 
oscillation of the wave packet, the ionization probability changes in time as shown 
in Figure 12.4; in particular, it can be observed that the ionization yield oscillates in 
phase with the mean value of p. The relation between these properties can be un¬ 
derstood in terms of a classical mechanism; the power absorption is related to the 
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Figure 12.4 Oscillation of the ionization probability in hydrogen (adapted from [2]). 


force F due to the interaction between the external electric field of the attosecond 
pulse and the electron by the relation 



( 12 . 12 ) 


where m is the electron mass. Therefore the absorption is larger when the momen¬ 
tum p is large, corresponding to an electronic wave packet localized around the 
nucleus. In spite of its simple description, the excitation and the imaging of this 
wave packet has not yet been performed. 

12.3 

Two-Electron Atom: Helium 

Helium represents a benchmark for the investigation of attosecond and few- 
femtosecond dynamics and it has already been used in a number of experi¬ 
ments [3-5], Several theoretical investigations have focused on the role played 
by electron correlation in the ultrafast dynamics taking place in helium [6-11]. A 
coherent superposition of states in helium can be written (in the space representa¬ 
tion) as 




(12.13) 


The first, second, and third terms on the right-hand side of Eq. (12.13) represent a 
wave packet with two bound electrons, with one bound electron and one electron in 
the continuum, and with two electrons in the continuum, respectively. The bound 
and continuum states are eigenstates of a two-electron Hamiltonian (atomic units): 



(12.14) 


Because of the interaction term between the electron (1/ r 12 ), the two-electron wave- 
function rp(ri,r 2 ) cannot be expressed as the product of single-particle orbitals 
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rp(r i), and t/'(r 2 ). In the central field approximation, leading to the Hartree-Fock 
orbital, the interaction term is replaced by the mean field experienced by the elec¬ 
tron due to the presence of the other electron. In this way, it is still possible to write 
the wavefunction as a product of single-particle orbitals. The electron interaction 
is taken into account only to some extent and the wavefunction obtained as prod¬ 
uct of single-electron orbitals is not an exact eigenstate of the Hamiltonian H. In 
the following, we will discuss two situations where electron correlation beyond the 
Hartree-Fock approximation plays a relevant role. 

12.3.1 

Electronic Wave Packets 

The large bandwidth of the attosecond pulses allows us to create complex wave 
packets by shaping either the phase and/or the spectrum of the excitation pulse. 
In the experiment of Mauritsson et al. [4], a coherent wave packet characterized 
by bound and continuum components was created using an isolated attosecond 
pulse centered around the ionization threshold of helium. Spectral components 
below the ionization threshold can excite the atom to an np state, whereas spectral 
components above the ionization threshold can lead to ionization with the emis¬ 
sion of an electron with momentum p. Therefore the electronic wave packet can 
be described by the following relation (the index Is for the wavefunction has been 
omitted for simplicity): 



n 



(12.15) 


The bound components of the electronic wave packet can be completely character¬ 
ized by using a synchronized ultrashort IR pulse that promotes part of the bound 
wave packet into the continuum. A complete characterization requires the mea¬ 
surement of the energies of the state E nv , the amplitudes o np , and the initial phases 
(Prrp. Mauritsson et al. [4] suggested to acquire the photoelectron spectra created by 
the interference between an electron wave packet whose evolution is “known” and 
the electron wave packet to be characterized, in order to retrieve this information. 
In this respect, the technique represents an extension of holographic concepts to 
electron wave packets. Usually, holography is used for the reconstruction of a co¬ 
herent light beam from the interference pattern (holographic pattern) created by 
the coherent superposition between a reference beam and an object beam. 

The interference pattern presents characteristic features as shown in Figure 12.5, 
which reports the result of a time-dependent Schrodinger equation (TDSE), using 
a single active electron approach, for different delays between the excitation with 
an extreme ultraviolet (XUV) pulse and the infrared (IR) probe. Around the region 
of temporal overlap of the pump-probe pulses, the photoelectron spectra show a 
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Figure 12.5 TDSE simulation of the photoelectron spectra emitted by an XUV isolated attosec- 
ond pulse and a single cycle IR pulse (courtesy of Dr. J. Mauritsson). 

periodic oscillation due to the additional momentum transferred from the IR pulse 
to the electrons emitted by the isolated attosecond pulse. For positive time delays 
(i.e., the IR pulse arrives after the XUV pulse), the photoelectron spectra are char¬ 
acterized by a series of interference fringes, whose energy spacing decreases with 
increasing time delay, and by a periodic oscillation of the signal that reflects a quan¬ 
tum beat (QB) in the photoionization yield. The different origin of the structures 
can be better understood by considering the Fourier transform along the delay axis, 
as shown in Figure 12.6. This plot is characterized by structure tilted by 45° due to 
the interference between two ionization paths: 

He(ls 2 ) + hojxuv He + (ls) + e(p; p) 



and 


He(ls 2 ) + ho)x uv -► He*(lsnp) 

He*(lsnp) + ha ) IR ->■ He" l “(ls) + e(s, d; p) (12.16) 


The term e(p \p) indicates that the electron, due to the absorption of a single 
XUV photon, is emitted with momentum p in a p-like wave. On the other hand, the 
term e(s, d; p) indicates that, after absorption of one XUV and one IR photon, the 
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Figure 12.6 Fourier analysis of the photoelectron spectra shown in Figure 12.5 (courtesy of Dr. 

J. Mauritsson). 

electron is emitted in a s- or d-like wave. The vertical lines in Figure 12.6 correspond 
to quantum beats among bound components of the wave packets ionized by the IR 
field according to the relation 

He(ls 2 ) + hoax uv -»• He*(lsnp) 

He*(lsnp) + ticJiR —>■ He" l “(ls) + e(s,d; p) (12.17) 

and 

He(ls 2 ) + ha>x uv —*■ He*(lsmp) 

He*(lsmp) + ticviR —>■ He" l “(ls) + e(s, d; p) . (12.18) 

After excitation with the XUV pulse, the wave packet evolution is controlled by the 
Hamiltonian Fi tot = H + r ■ E L including a dipole term taking into account the 
interaction with the IR field E L . The observation of an electron characterized by 
momentum p is then given by 

M p = (p\ip{t)) = {p\U tot ip) ~ (p\U L U 0 ip) , (12.19) 

where U tot , Uo, and 1/ L represent the evolution operators associated to the total 
Hamiltonian H + r ■ E L , the field free Hamiltonian H, and the dipole term r ■ E L , 
respectively. It is important to point out that this schematization is valid only if the 
IR pulse arrives after the XUV pulse. 


Energy dependent 
Bound-continuum beating 


Energy independent 
2p-3p beating 


3p-conttnuum 

oscillation 


2p-continuum 

oscillation 


1 V /Intersection with Zero: Bound 
, . - State Energies 
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Figure 12.7 Evolution of He photoelectron 
spectra as a function of the relative delay be¬ 
tween the XUV isolated attosecond pulse and 
the IR few-cycle pulse (a). Fourier analysis of 


the photoelectron spectra (b). Reprinted with 
permission from [4]. Copyright (2010) by the 
American Physical Society. 


Following the approach developed in [12], it is possible to express the final tran¬ 
sition to the state of momentum p as 

\Mp \ 2 = V + Y. K.np^np 

n 

2 y ' Upbp n pU n p cos[0p n p (Ep E np )T] 

n 

2 y bp n pbp <m pU n pU m p cos[^ m p ifl p (E m p Fnpjt] > (12.20) 

n<m 

where the term <P p?n p contains the terms due to the Volkov phase and the dipole 
phases involved in the transition from the ground state to the continuum xp p and 
in the transition first from the ground state to the bound state xp np and then to 
the continuum rp p . Similarly, the phase 0 mp , n p is related to the phase difference 
between the path from the ground state to the continuum xp p , through the bound 
states ip m p and ip n p . The coefficient b p np describes the amplitude of the matrix 
elements associated with the transitions among the states rp np and ip p . Finally, 
E np , E m p, and E p indicate the energies of the bound states yj n p,ipmp and of the 
continuum state ip p , respectively. 

The first and second term on the right-hand side of Eq. (12.20) correspond to direct 
ionization to the p states by the XUV and ionization by the combination of the IR 
and XUV field, respectively. The third term corresponds to an interference term 
between direct ionization to a p state and ionization by the IR field of a bound 
state | np) excited by the XUV pulse. Finally, the fourth term corresponds to the 
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interference between two bound states, excited by the XUV (ip n p and ip m p) and 
ionized by the IR field. The two distinct interference patterns are characterized by 
a different evolution as a function of the delay r and of the observation energy E p . 
Indeed Eq. (12.20) indicates that the equi-phase surfaces in the (r, E) plane are 
given for the third term by the relation 

1 

cos[0p, np - (E p - E n p )r] = const. =tta (12.21) 

\Ep E n p) 

and are represented by hyperbola. The onset of such lines can be recognized in 
Figure 12.7a at low energies and for positive time delays. For the fourth term of 
Eq. (12.20), the corresponding relation is 

1 

cos[0 mpi „ p - (E mp - £„ p )r] = const. =y r a ———— . (12.22) 

(&mp J^np) 

These surfaces do not depend on the energy E p and are represented by lines paral¬ 
lel to the energy axes and can be recognized in the time domain as oscillations of 
the photoelectron yield (longer time delays visible in Figure 12.5). 

It is important to observe that the characterization of the angular distribution 
of the photoelectrons allows us to distinguish between the two interference terms 
(bound-continuum and bound-bound). Indeed, the two ionization channels are 
characterized by the absorption of a different number of photons: the direct chan¬ 
nel involves the absorption of a single XUV photon, leading to the emission of an 
electron in a p (I = 1) state; on the other hand, the indirect channel requires the 
absorption of one XUV photon and one IR photon (or more, depending on the IR 
intensity), leading to emission of an electron in an s (l = 0) or d state (I = 2). 
These contributions can be distinguished by applying decomposition in Legendre 
polynomials according to the relation 

i-max 

F(E,e,t) = ^ Pj{E’ t)fj(cos 0) , (12.23) 

j =o 

where Pj (cos 6) is the Legendre polynomial ofj-order, ft j is an expansion coeffi¬ 
cient and L max is the maximum angular component of the ionized wave packet. 
The Legendre analysis of the experimental data is shown in Figure 12.8, which re¬ 
ports the coefficients /?i(F, t) and /? 2 (E, t) of the Legendre polynomial expansion 
and the corresponding Fourier analysis. 

The analysis indicates that the angular information allows us to separate the con¬ 
tributions of the different interference patterns contributing to the photoelectron 
spectra. In the Fourier domain, the different interference terms are associated with 
different structures (vertical or tilted lines), as shown in Figure 12.8d and f. 
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[e) Delay. I (fs) 


Figure 12.8 Legendre polynomial analy¬ 
sis of the photoelectron spectra shown in 
Figure 12.7a with the corresponding Fouri¬ 
er analysis (b). Coefficients p i (£, t) (c) and 

12.3.2 

Autoionization: Fano Profile 



0 1 2 
(f) Fourier frequency. E' (eV) 


Pi (E, t) (e) of the expansion (12.23) and their 
corresponding Fourier analysis (d) and (f). 
Reprinted with permission from [4], Copyright 
(2010) by the American Physical Society. 


The autoionization process is an ionization mechanism in which an initially elec¬ 
tronic excited atom releases its excess energy by emitting an electron into the con¬ 
tinuum while a second electron decays to a lower energy state. The autoionization 
mechanism is due to the interaction between electrons in the excited state and is 
ubiquitous in nature. This mechanism was recognized for the first time in helium 
by analyzing the dependence of the impact ionization cross section on the energy 
of the incoming electron. Early measurements revealed the presence of resonances 
that were interpreted by Fano as the result of the interference between two ioniza- 
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tion pathways. Such resonances also characterize the photoionization process of 
helium. The two mechanisms are schematically summarized in Figure 12.9a and b: 

1) absorption of an XUV photon and emission of an electron into the continuum 
with an energy E = hco — IP. 

2) absorption of an XUV photon that leads to population of a doubly excited state, 
which decays with a time constant T. The interaction between the two electrons 
can lead to the emission of one electron into the continuum with the same en¬ 
ergy E, while the second electron reoccupies the original Is orbital. The total 
photoelectron spectrum measured is given by the coherent superposition of 
these two paths due to a mixing of two different electronic configurations (con¬ 
figuration interaction) and present a typical shape named Fano resonance [13]. 
The initial interpretation of Fano assumed a wavefunction given by 

ip(ri,r 2 ,t) = a(t)ip(r l ,r 1 ) + j d 3 pb p (t)%l) v (ri,r 2 ) , (12.24) 

where ip(r 2 , r 2 ) and ip p (r i, r 2 ) are Hartree-Fock orbitals (configurations). The 
term i, r 2 ) represents the doubly excited state (2s2p), while the integral 

f d 3 pb p (t)ip p (ri, r 2 ) describes the fraction of the wavefunction characterized 
by one electron in the continuum and one electron in the bound state (Is). The 
coefficient o(t) decreases in time due to the autoionization process. Because of 
the interaction term l/ri 2 , the Hartree-Fock orbitals are not orthogonal and a 
coupling between the bound and the continuum state exists according to the 
relation: 

V E = (ip 2 S 2 V (ri, r 2 )\H\ip p (r lt r 2 )). (12.25) 

The coupling term V E describes the strength of the interaction between the two 
configurations and determines the linewidth r of the resonance and the decay 
timescale T according to the equations 

r = jt|V E | 2 (12.26) 


and 



(12.27) 


The photoionization cross section is characterized by a shape resonance according 
to the relation 


F(e) = 


(q + g) 2 

1 + e 2 


(12.28) 


where q is the Fano parameter and e is the reduced energy given by the relation 


e = 


r 

2 


(12.29) 
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where E les is the resonant absorption energy. A few examples of Fano profiles for 
different q parameters are shown in Figure 12.9b. It is important to observe that the 
profile of the resonance is governed by the q parameter; in particular for q +oo, 
the Fano profile reduces to a Lorentzian profile. Due to the typical linewidth of the 
resonances, the autoionization times can range from few tens of attoseconds up to 
few femtoseconds. 

The time evolution of the Fano resonance was analyzed by Mercouris et al. [14] 
for helium, Choi and Lin [12] for beryllium and by Wickenhauser et al. for Dy [15]. 
In particular, they studied how the resonance profile changes in time after the in¬ 
teraction of the XUV field with the atom. Different approaches were suggested for 
the time-resolved investigation of Fano resonances, including attosecond streaking 
spectroscopy [15] of the emitted photoelectron wave packet and XUV-pump XUV- 
probe approaches [12]. Recently, the first approach was implemented to resolve 
in time the autoionization of the Fano resonance excited in He by absorption of 
XUV light around 60.1 eV [16]. A streaking of the electronic wave packet was per¬ 
formed using a synchronized intense IR field. The autoionization process leads to 
the emission of an electron with energy around 35.5 eV, as shown in Figure 12.10a. 
When the emission takes place in the presence of an IR field, single (multiple) IR- 
photon absorption or emission redistributes the electron signal in two additional 
sidebands (SB1 and SB2), leading to a decrease of the signal in the autoionization 
band (Al), as shown in Figure 12.10b. This figure reports the Al signal as a function 
of the relative delay between the isolated attosecond and the IR pulses. For longer 
time delays, the autoionization process has time to occur and the signal in the Al 
increases while the sidebands decrease. Fitting the temporal evolution of the Al 
signal with a Lorentzian, a time constant of T = 17 fs was estimated in agreement 
with spectral measurements of the linewidth of the Fano resonance. 

12.3.3 

Two-Photon Double Ionization 

Experimental investigations of the TPDI process on the subfemtosecond timescale 
have not been performed so far because of the lack of intense attosecond pulses. 
Theoretical studies, however, have analyzed in deep detail the correlated dynam¬ 
ics originating from the absorption of two XUV photons, suggesting possible ap¬ 
proaches to characterize the motion of the two-electron wave packet. Depending 
on the energy of the XUV radiation, electron correlation can lead to different pho¬ 
toionization mechanisms. Considering that the first and second ionization poten¬ 
tial of helium are l p i = 24.6 eV and I p2 = 54.4 eV, respectively, two photon-energy 
ranges can be identified for the generation of doubly ionized helium (He 2+ ). 

(i) 39.5 eV <fuu < 54.4 eV 

Generation of He 2+ is possible only if two photons are absorbed simultaneously 
by the electrons according to the relation 

2 ’ 


He + 2 ha) -> He 2- * - + e 1 + e 


(12.30) 
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Figure 12.9 (Schematic view of the autoion¬ 
ization process in helium using an XUV pho¬ 
ton hco = 60.1 eV. (a) Direct photoioniza¬ 
tion path with emission of an electron with 
an energy E = 35.6 eV and excitation of a 


doubly excited state that decays with a time 
constant T emitting an electron with an energy 
E = 35.6 eV. (b) Fano profile according to 
Eq. (12.28) for different values of the q param¬ 
eter. 



Figure 12.10 Time-resolved measurement of 
autoionization in He around the Fano reso¬ 
nance (from [16]). (a) Photoelectron spectra 
as a function of the delay time between the 
isolated attosecond and the intense 800-nm 
IR laser pulse. For negative time delays, the IR 
pulse precedes the attosecond pulse. Al: elec¬ 
tron signal corresponding to the autoioniza¬ 


tion resonance, SB1-2: sidebands generated 
by the emission/absorption of an IR-photon 
by the autoionizing electronic wave packet, 
(b) Time-dependent photoelectron signal 
near 35.5 eV. The red line corresponds to an 
assumed lifetime of 17fs. Reprinted with per¬ 
mission from [16]. Copyright (2010) by the 
American Physical Society. 
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Figure 12.11 Schematic view of double ion¬ 
ization induced by absorption of two XUV 
photons hat. NS-TPDI described by indepen¬ 
dent interaction of the two electrons with the 
external field (al) or by interaction of a single 
electron with the external field and involving 
electron correlation (shown as a green line) 
(a2). S-TPDI described by independent inter¬ 


action of the electrons with the external field 
at different time instants (b). S-TPDI charac¬ 
terized by electron correlation leading to the 
population of shake-up states (c). 7 p i and l p 2 
are the first and second ionization potential, 
respectively. AE is the energy difference be¬ 
tween the shake-up state and the ionic ground 
state. 


where hat is the photon energy and ej“ and ej indicate the two photoionized elec¬ 
trons. This mechanism is usually referred to as nonsequential two-photon double 
ionization (NS-TPDI) and can be described by two different pictures, as schemat¬ 
ically shown in Figure 12.11al and a2. The two electrons adsorb separately two 
photons and are emitted into the continuum (Figure 12.11al). This process can be 
described by an independent particle picture and does not imply electron correla¬ 
tion. On the other hand, a single electron can absorb two photons (Figure 12.11a2) 
and give part of the energy to the second electron that is emitted at the same time. 
This mechanism cannot be described by an independent particle model and it is 
based on the interaction between electrons. 

(ii) hat > 54.4eV 

In this energy range, besides the NS-TPDI mechanism, two additional pathways 
can lead to the formation of He 2+ : 

He + hat —*■ He“*“ (Is) + , 

He+(ls) + hat -► He 2+ + ej, (12.31) 


and 


He + hat —»• He“*“(nl) + e x , 
He+(nl) + hat —>■ He 2+ + ejf . 


(12.32) 


The first mechanism (see Figure 12.11b) represents a sequential process in 
which a first photon ejects one electron, leaving the ion in the ground state 
He + (ls). At a later time, a second photon is absorbed by the bound electron 
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leading to a second ionization event. This process can be understood in an in¬ 
dependent particle picture and does not require electron correlation. The second 
mechanism (see Figure 12.11c) is analogous but the intermediate ionic state is 
an excited state, characterized by quantum numbers (nl). The process can be in¬ 
terpreted as a sequential process; however electron correlation plays a role as the 
first electron leaving the atom can exchange energy with the ionic core, promoting 
the second electron to an unoccupied electronic state (shake-up state). These two 
mechanisms are usually called sequential two-photon double ionization (S-TPDI). 
It should be pointed out that for photon energy ha> > I p i + I p 2 = 79.0 eV, a 
mechanisms for double ionization based on the absorption of a single XUV pho¬ 
ton opens up. The process of single photon double ionization requires electron 
correlation, but will not be further discussed. 

The signature of S-TPDI and NS-TPDI was investigated in the probability ener¬ 
gy distributions for the two electrons emitted by an intense attosecond pulse with 
central energy fiat = 91.45 eV and different pulse durations At, as shown in Fig¬ 
ure 12.12a-c [7]. 




Figure 12.12 Probability distribution for the 
two electron energies £i and £2 emitted by 
two-photon double ionization (a-c); integra¬ 
tion of the two-electron energy distribution 
over £2 (red thick solid line), electron energy 
distribution based on an independent-particle 
model considering the Gaussian profile of the 


attosecond pulse (blue thin solid line) and the 
absorption profile of a single electron (black 
thin dotted lines) (d-f), for the three different 
pulse durations At: 450 as (a,d), 225 as (b,e) 
and 150as (c,f). Reprinted with permission 
from [7], Copyright (2005) by the American 
Physical Society. 
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For a pulse duration of A t = 450 as (see Figure 12.12a), two strong contributions 
can be observed around Ei = 66.9 eV and E 2 = 37.1 eV, corresponding to a se¬ 
quential process in which the first electron is emitted with an energy = hat — Jpl 
and the second one is ejected at a later time with an energy £2 = ha> — Ip2- Besides 
these two main peaks, other peaks at energies of F s i = 25 eV and E s2 = 80 eV are 
present (barely visible in Figure 12.12a). These peaks correspond to a sequential 
ionization mechanism with excitation of a 2s or a 2p shake-up state, according to 
the relation f? sl = tuo — I p i — AE and E s2 — hat — l p i + AE, where A E indicates 
the energy difference between the ionic ground state and the shake-up state. The 
contribution of such a mechanism was also reported in Fig. 1 of [8]. 

The region between the two main peaks is characterized by a contribution that 
has been referred to as “anomalous” component in [7]. The relevance of this com¬ 
ponent increases upon reducing the pulse duration. This is shown in Figure 12.12b 
and c, which display the two-electron energies for At = 225 as and At = 150as, 
respectively. The increase of the anomalous component cannot be completely at¬ 
tributed to the larger pulse bandwidth associated to shorter attosecond pulses as 
shown in Figure 12.12d-f. These figures report the integration of the two-electron 
energy distributions over the energy E 2 (red line) and the results of two indepen¬ 
dent particle models reflecting the Gaussian profile of the attosecond pulses (black 
line) and the absorption profile of the helium electrons (blue line). Neither models 
can fit the behavior of the anomalous component, leading to the conclusion that 
the central part cannot be explained in the framework of an independent particle 
approach. 

The origin of this contribution has been discussed in several publications and dif¬ 
ferent mechanisms have been suggested. Parker et al. [6] have attributed this com¬ 
ponent to a nonsequential double above threshold ionization process (NS-DATI), in 
which the two electrons absorb simultaneously two photons and exchange energy 
while escaping the atom. Ishikawa et al. [7] argued that the anomalous component 
can be attributed to a sequential process and investigated two mechanisms involv¬ 
ing electron correlation in the final or intermediate state: 

1) Postionization energy exchange (PIEE): The second electron leaves the ion 
when the first one is still in the proximity of the ion. In the continuum, the two 
electrons can exchange energy by Coulomb interaction. 

2) Second ionization during core relaxation (SICR): When the first electron is 
emitted, the ion is in a nonstationary state that can relax to the ionic ground 
state on a timescale determined by the difference between the two ionization 
potentials, h/(I p2 — I pl ) = 22 as. The anomalous component can be attributed 
to ionization of the second electron during relaxation of the ionic core. 

Considering the timescale for the core relaxation, it is clear that the distinction be¬ 
tween NS-TPDI and S-TPDI has to be revisited when discussing photoionization 
induced by attosecond pulses. Indeed, the sequential mechanism is based on the 
assumption that the ion, after ejection of the first electron, can relax to a stationary 
state before the second electron is emitted. In the case of ionization by an attosec¬ 
ond pulse, the first electron is still close to the ion when the second electron is 
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emitted and an unambiguous temporal distinction of the two ionization events is 
not straightforward. Therefore, sequential and nonsequential mechanisms do not 
represent the most suitable physical picture to describe the TPDI in the attosecond 
domain. In this context it is more appropriate to distinguish between features that 
can be interpreted in an independent particle picture and components that imply 
the relevance of the electron correlation. In particular, more physical understand¬ 
ing can be gained by identifying in which way the correlated electronic motion 
plays a key role. 

Feist et al. [10] distinguished three different types of electron correlation: 

1) correlation in the ground state due to the Coulomb interaction in the helium 
atom; 

2) correlation in the intermediate state, corresponding to the relaxation of the ion¬ 
ic core when the first electron is being ionized; 

3) correlation in the final state, corresponding to the exchange of energy between 
the two electrons in the continuum. 

It must be noted that no sharp boundaries between these three situations can 
be drawn. Nevertheless, their introduction allows us to deepen our physical 
understanding of the process. 

Ishikawa et al. [7] attributed the origin of the anomalous component mainly to the 
SICR process, fitting the correlated energy distributions for different pulse dura¬ 
tions. Such a conclusion indicated that correlation in the intermediate state plays 
the most relevant role in explaining this component. The contribution of the PIEE 
(therefore correlation in the final state) cannot be, however, completely ruled out. 

Barna et al. [8] analyzed the single electron angular distribution P(d) to identi¬ 
fy the contributions of the different mechanisms to the TPDI. The photoelectron 
angular distribution can be expressed as 

= ^[l + /8P 2 (cos0) + yP 4 (cos0)], (12.33) 

a Li 4 it 

where a 0 is the total cross section, P 24 are the Legendre polynomials, and /3 and y 
are the second-order (k = 2) and fourth-order (fc = 4) anisotropy parameters, re¬ 
spectively. The coefficient /? can take values between —1 and 2; a value of ji = 2 in¬ 
dicates a dipole transition given by the interaction of a single electron with the exter¬ 
nal field. The coefficient y indicates the presence of a quadrupole component that 
can only arise from electron correlation. For the peaks shown in Figure 12.12a, the 
angular distribution resembles that of a Hertz dipole that characterizes the interac¬ 
tion of a single electron with an external field (see Figure 12.13a). Deviations from 
the independent-particle model indicate the presence of correlation effects. For the 
angular distribution corresponding to the peaks, /? is at least an order of magni¬ 
tude larger than y and is close to the maximum value of 2; for such peaks, the 
double-ionization process can be understood in terms of an independent-particle 
model. On the other hand, for the anomalous component, /? and y have compa¬ 
rable values, leading to a superposition of dipole and quadrupole contributions (as 
shown in Figure 12.13b), and indicating the relevance of electron correlation. The 
presence of the quadrupole component can be used to identify whether electron 
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correlation affects the initial (both electrons are in a bound state), the intermediate 
(one electron is in a continuum state and the other is bound), or the final state (both 
electrons are in the continuum) of the two-electron dynamics. The two-electron 
wavefunction can be written in the configuration interaction form as 

m = X>i"-V)isJ) + ;£4"’ J V>ip j > + 4 n ’ J) id")idJ) + •••. 

n,j n,j n,j 

(12.34) 

Electron correlation in the initial state leads to the presence of non-s orbitals con¬ 
tributing to the ground state. A quadrupole component requires a contribution to 
the final state characterized by a total angular momentum Lf = 2 as k — 2L[. 
This condition can be realized by a combination of single particle momentum or¬ 
bitals in the finale state If and 1J- such that (If, 1^) e {(sf, df), (pf, pf), (df, df)}. The last 
configuration is negligible for the intensities used in the simulations. The peaks 
are dominated by the (pf, pf) configurations, while the anomalous component is 
dominated by the (Sf, df) component. 

This final configuration can be reached along two pathways involving absorption 
of two XUV photons: 


fltl) tlO) 

> s f ; Si -* p -* d f , 

tlCU ft CO 

Pi s f ; Pi df. 


(12.35) 


While the first mechanism can be realized from the dominant configuration of 
the ground state (s;, Sj), the second one requires the contribution of a configura¬ 
tion (pi, pi) to the ground-state wavefunction and is only possible considering elec¬ 
tron correlation in the initial state. Barna and co-workers [8] have verified that the 
anomalous component is reduced by an order of magnitude when the contribution 
of the initial configuration (p ; , p ; ) is switched off. This indicates that correlation in 
the initial state may be more relevant than in the final state. The conclusion that 
electron correlation between the two outgoing electrons may play only a secondary 
role in the process is consistent with the observation of Ishikawa and co-workers [7] 
that PIEE is only a secondary effect with respect to SICR. On the other hand, sec¬ 
ond ionization during core relaxation points toward correlation in the intermediate 
state, whereas the conclusion of Barna and co-workers indicates that initial state 
correlation could be more relevant. These conclusions indicate that the interpreta¬ 
tion of the different features of the TPDI process is still under discussion. Theoreti¬ 
cal simulations will strongly benefit by comparison with experimental two-electron 
angular distributions that could be measured using the intense attosecond light 
sources available in the near future. 
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Figure 12.13 The angular distribution of 
the electrons emitted by an attosecond 
pulse with duration of 450 as for an energy 
of £ = 37 eV (a) and £ = 52eV(b).The 
solid and dashed lines indicate surface of con¬ 


stant intensities at times 50 to 450 as in steps 
of 50 as. Reprinted with permission from [8], 
Copyright (2006) by the American Physical 
Society. 


12.4 

Multielectron Systems 


Several experiments have been performed on multielectron systems, investigating 
the ultrafast response to an external electric field in the XUV or X-ray region. These 
experiments focused on studying how the absorption of an XUV photon that cre¬ 
ates a hole in the inner-valence or core shells, leads to an electronic rearrangement 
on a few femtosecond or subfemtosecond timescale. Excitation of shake-up states 
and relaxation dynamics, such as single core hole Auger decay and autoionization, 
are among the most intriguing processes driven by electron correlation that have 
been investigated in real time. In Table 12.1, a few of the most relevant experi¬ 
ments have been summarized. In the following section, we will discuss the main 
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experimental conclusions of the studies reported in Table 12.1, pointing out how 
the attosecond or few-femtosecond dynamics has been characterized. 

12.4.1 

Neon: Dynamics of Shake-Up States 

The basic understanding of the photoionization process relies on a single active 
electron picture: an electron adsorbs a sufficient number of photons from the ex¬ 
ternal field in order to overcome the Coulomb barrier, given by the nucleus and 
the other electrons, and it is emitted into the continuum. This oversimplified pic¬ 
ture does not consider that the total electron wave packet interacts with the external 
field and that electron correlation can cause a different redistribution of the energy 
during the process. An example is given by the excitation of shake-up states during 
the photoionization process: an electron is emitted in the continuum by an external 
field and during its way out of the atom, it exchanges energy with a second elec¬ 
tron (or several electrons) that is (are) raised to an unoccupied excited state of the 
ion. This mechanism was already introduced discussing the TPDI in helium (see 
Section 12.3) and is responsible for the observation of the side energy peaks in Fig¬ 
ure 12.12a. The characterization of the population of shake-up states can be used 
to infer information about the electron correlation involved in the photoionization 
process. Such states can eventually decay to higher binding energy ions by Auger 
decay, as will be discussed in Section 12.4.4. 

Uiberacker et al. [17] characterized the time evolution of the shake-up states cre¬ 
ated in the photoionization of neon with an isolated attosecond pulse centered at 
91 eV. As shown in Figure 12.14a, Ne + ion can be created in the states 2p — \ 2s -1 , 
or in a shake-up state 2p ~ 2 (nl) by single XUV photon absorption. The interaction 
of the IR field with the Ne + ion can lead to ionization of the shake-up states, lead¬ 
ing to an increase of the yield of Ne 2+ ions with respect to the yield associated with 
single XUV photon double ionization. The population of the shake-up states can 
be monitored by varying the delay between the XUV and IR pulses for different in- 


Table 12.1 Attosecond dynamics in multielectron systems: Examples of experiments performed 
on atoms (first column) using isolated attosecond pulses or intense X-ray pulses. 



Process 

Spectroscopy 

Reference 

Neon 

Shake-up states 

Tunneling spectroscopy 

[17] 

ls 2 2s 2 2p s 

Delay in photoemission 

Attosecond streaking 

[18] 

Argon 

(Ne)3s 2 3p 6 

Fano resonance 

Transient absorption spectroscopy 

[19] 

Krypton 

Auger decay 

Attosecond streaking 

[20] 

(Ar)3d 10 4s 2 4p 6 

Hole oscillation 

Transient absorption spectroscopy 

[21] 

Xenon 

Cascaded Auger decay 

Ion chronoscopy 

[22] 

(Kr)4d 10 5s 2 5p s 

Autoionization 

XU V-pump/XU V-probe 

[23] 





382 | 12 Attosecond Dynamics in Atoms 

tensities of the IR pulse, in order to disentangle the contributions of the different 
shake-up states to the formation of doubly ionized neon. In the dipole approxima¬ 
tion, the IR field distorts the Coulomb potential experienced by the atom or the 
ion and creates a barrier through which the electron can escape. Depending on the 
time required by the electron to tunnel through the potential barrier, the strong 
field photoionization process can be better described in terms of a multiphoton 
process or as a tunneling process. The fundamental parameter for distinguishing 
the different regimes is the so-called Keldysh parameter given by 


y 


fur] 

TT 


(12.36) 


where ttu n is the time required for the electron wave packet to tunnel through the 
potential barrier and T 0 is the optical period. For y 1, the tunneling time is 
much shorter than the semi-optical period; in this condition, the ionization process 
is described in terms of tunneling ionization and the photoelectron wave-packet 
emission is confined around the peaks of the electric field. For y 1, the tun¬ 
neling time is longer than the electric field period and the ionization process is 
described in terms of absorption of several photons (multiphoton ionization) in 
order to overcome the ionization potential IP. Considering the length L of the po¬ 
tential barrier created by the IR field: 

L = j (12.37) 



Figure 12.14 Schematic view of the excitation 
of shake-up states 2p ~ 2 nl during photoion¬ 
ization of a 2p electron, (a) The IR field can 
ionize these states leading to the formation 
ofNe 2- * - . (b) Population of the 2p —2 /i/ states 
and population of singly and doubly charged 


ions Ne - * - and Ne 2- * - by the interaction with 
the XUV pulse only and with the XUV and IR 
pulses. Reprinted by permission from Macmil- 
Ian Publishers Ltd: Nature ([17]). Copyright 
2007. 
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Delay time. At (fa) 


Figure 12.15 Ne 2 +-ion yield as a function 
of the delay between the attosecond pump 
pulse and the IR probe. The inset shows that 
the increase of ion yield is confined by the 


tunneling process on few hundreds of attosec¬ 
ond. Reprinted by permission from Macmillan 
Publishers Ltd: Nature ([17]). Copyright 2007. 


and that the time required to tunnel through this barrier is 

+ _ L _ Ip _ Ip 

^ n ~ V - Ev - Eju v 

the following expression can be derived for the Keldysh parameter: 


(12.38) 


y oc 



(12.39) 


where E is the electric field, v is the electron’s velocity, and U p — E 2 /(4tu 2 ) is the 
ponderomotive potential of the IR field. Equation (12.39) indicates that a transition 
from multiphoton to the tunneling regime can occur in the same laser field intensi¬ 
ty, if states with different ionization potentials are ionized. This situation is shown 
in Figure 12.14b, which reports the energy levels and the ionization rates for dif¬ 
ferent shake-up states of neon populated by single XUV-photon absorption. Due to 
the low ionization potential, the higher lying shake-up state 2p _2 4p is expected to 
be ionized at low electric field intensity where the multiphoton mechanism domi¬ 
nates; in this condition, the ionization process is expected to follow the envelope of 
the laser pulse. On the other hand, for lower lying states (such as the 2p —2 3p and 
2p — 2 3s states), ionization is confined close to the peak of the electric field and is 
expected to occur in the tunneling regime. In the latter case, the ionization should 
be characterized by sharp increases around the peak of the IR electric field. 

In the experiment, the yield of doubly charged ions Ne 2+ was measured as a 
function of the relative delay between the IR and the XUV field. The intensity of 
the IR field was limited to (7 ± 1) x 10 13 W/cm 2 to avoid double ionization by 
the IR field alone. The effect of the IR field is an enhancement of the Ne 2 “*“ yield, 
corresponding to about 40% of the yield released by the XUV pulse alone when 
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the delay between the two pulses approaches zero. This indicates that the IR pulse 
ionizes species that have been formed in the interaction with the XUV field. The 
experimental points (see Figure 12.15) show an initial smooth increase at large 
negative delays associated to depletion of the 2p _2 4p state (relative population of 
12%) and 2p —2 3d state (relative population of 10%). Just before the time overlap, a 
rapid increase of the yield is due to the depletion of the strongly populated shake- 
up states 2p _2 3p (~ 50%) and 2p _2 3s (~ 25%). The increase of the yield proceeds 
in few steps on a timescale of few hundreds of attosecond; these steps represent 
the first experimental evidence, in the time domain, of an attosecond tunneling 
ionization process and clearly demonstrate that the bound electron is released in 
the form of attosecond wave packets. Ion chronoscopy could be a very powerful 
technique to characterize the dynamics of transient electronic excited states (such 
as shake-up states) with a time resolution of few hundreds of attoseconds, only 
limited by the rise time of the ion yield. This is shown in the inset of Figure 12.15, 
which presents the evolution of the Ne 2+ around the time overlap between the 
XUV and IR pulse. An application of this technique in xenon will be presented in 
Section 12.4.6. 

12.4.2 

Neon: Delay in Photoemission 

Photoionization from different atomic levels can occur due to the large photon 
energy bandwidth associated to isolated attosecond pulses. Such an experiment was 
performed by Schultze et al. [18], using an isolated attosecond pulse with a central 
energy of 106 eV to ionize electrons from the 2s and the 2p levels of neon; due 
to the pulse bandwidth (14eV), photoelectrons emitted by the two levels are well- 
separated in energy. By applying an intense, synchronized IR pulse, the emission 
time of the electronic wave packet can be mapped into the momentum shift of 
the electronic distribution according to the attosecond streak camera principle [25, 
26]. In particular the authors demonstrated that the emission from the 2p level is 
delayed by At = 20.5 as with respect to the emission time from the 2s level (see 
Figure 12.16). The delay in the photoemission corresponds to the atomic phase, 
that is, the phase (p(p) of the matrix element D(p) that describes, in the dipole 
approximation, the transition from a bound state of the N electrons wavefunction 
\ip(t)) to a continuum state |p) (a state in which N — 1 electrons are bound and 
one electron with momentum p is measured): 

D(P)= (p\r\ip(t)) = \D(p)\e i ^K (12.40) 

The relevance of this phase term in attosecond physics and, more generally, its rel¬ 
evance in the photoionization process was already recognized in pioneering works 
on attosecond science, where this term was derived from theoretical models [27]. 
The experimental observations indicate the possibility to characterize the phase 
cp(p) using the current attosecond streaking technique, as clearly demonstrated in 
some subsequent publications [28]. 
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Figure 12.16 (a) Attosecond streaking pho¬ 
toelectron distributions emitted by the 2s and 
2p levels of neon as a function of the rela¬ 
tive delay between the XUV and IR pulse, (b) 
Measured (black solid line) and reconstructed 


(gray dashed line) photoelectron wave pack¬ 
ets. The group delays of the retrieved wave 
packet (red dotted line) indicate a mean delay 
difference of 20 as (b). 


So far, the quantitative agreement between the observed delay and theoretical 
models is not completely satisfactory and clearly indicates the relevance of elec¬ 
tronic correlation effects for a complete description of the atomic wavefunction. 
The authors compared the outcomes of the TDSE in the single active electron 
approximation, the Coulomb-Volkov approximation, and more refined models in¬ 
cluding multielectron correlation such as a state-specific expansion approach. Even 
though these models turn out to be in qualitatively agreement with the experimen¬ 
tal observation (the photo ionization from the 2p shell is delayed with respect to 
the one from the 2s), they do not offer proper agreement with the experiment as 
the estimated delay of 5 as is three standard deviations smaller than the measured 
one. The discrepancy clearly indicates that our understanding and our capability 
of modeling multielectron correlation effects is still far from being complete and 
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that subtle effects leading to attosecond time delays cannot yet be satisfactorily de¬ 
scribed. In this contest, the experimental data will represent a benchmark for more 
sophisticated and advanced models, including electron correlations. 

Further investigations regarding the delay in the photoemission process could 
answer the question whether an “absolute” time delay in the photoionization pro¬ 
cess may occur, that is, a delay between the interaction of the XUV pulse with 
the atomic system and the release of the electronic wave packet. This question is 
of paramount relevance for the further development of attosecond science, as ne¬ 
glecting such a delay would introduce a systematic error in the determination of 
the trigger time of the electronic reaction, preventing a correct temporal tracking 
of the subsequent dynamics. However, the characterization of such a delay may be 
extremely elusive: as attosecond pulses already represent the shortest events that 
can be generated by mankind, it would not be possible to sample this delay as per¬ 
formed in usual pump-probe experiments. A possible solution, as outlined by the 
authors, would be to perform a two-color photoionization (XUV and intense IR) ex¬ 
periment in Helium, as in this case multielectron theory allows us to solve “exactly” 
the Schrodinger equation without neglecting terms related to the electron correla¬ 
tion. The comparison between theory and experiment could allow for the character¬ 
ization of the time delay occurring in the photoionization process, opening the way 
for a more precise definition of the origin of the time arrow in electronic reactions 
in atoms and molecules. However, the time resolution achieved experimentally so 
far is mainly limited by the poor signal to noise ratio due to the low cross section 
of photoionization in helium. Improved experimental setups (larger collection sol¬ 
id angle for the photoelectrons, larger gas density, or higher repetition rate laser 
systems) should allow us to overcome these limitations in the near future. It is im¬ 
portant to point out that such an “absolute” time delay has been neglected so far; 
however with the latest advances in attosecond science, and with the possibility to 
synthesize pulses approaching the atomic unit of time (lau = 24 as), the answer 
to this question becomes a key point for pushing our understanding of ultrafast 
dynamics down to the few attosecond limit. 

12.4.3 

Argon: Fano Resonance 

The autoionization process discussed in Section 12.3.2 is ubiquitous in nature and 
occurs when an excited states is embedded in a continuum of states. In 2010, Wang 
et al. [19] reported on the control of the decay of autoionizing states in argon by us¬ 
ing an intense IR field. The autoionizing levels 3s3p 6 4p, 3s3p 6 5p and 3s3p 6 6p were 
excited using an isolated attosecond pulse (see Figure 12.17c). The interaction of 
the IR field can couple these states to states in the continuum (nonresonant cou¬ 
pling) or to other autoionizing states (resonant coupling) as shown in Figure 12.18. 
In the first case, the absorption of one or more IR photons leads to a coupling 
between the autoionizing levels and the Ar* + (3s3p 6 el) with a reduction in the 
lifetime of the decaying states. In the second case the state 3s3p 6 4p can be coupled 
to the 3s3p 6 4d state by the IR photon, inducing Rabi oscillations between the two 
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Figure 12.17 Transient absorption spec¬ 
tra measured for an IR intensity of I = 

5 x 10 11 W/cm 2 (a) and I = 10 12 W/cm 2 (b). 
Autoionizing states populated by the XUV 


photon absorption (c). Reprinted with per¬ 
mission from [19]. Copyright (2010) by the 
American Physical Society. 



Figure 12.18 (a) Energy levels and IR-induced 
couplings between the autoionizing manifold 
3s3p 6 np and 3s3p 6 4d and the ground and 
excited states of Am. (b) Coupling between 
the manifold and the continuum of states de¬ 
termines a reduction of the population of the 


autoionizing states, (c) Coupling between the 
manifold and the autoionizing state 3s3p 6 4d 
determines a Rabi oscillation of the popula¬ 
tion of the autoionizing states. Reprinted with 
permission from [19]. Copyright (2010) by the 
American Physical Society. 
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states. This will determine a symmetric splitting of the energy levels that will be 
modified by the decay of both states to the continuum, leading to a final asymmet¬ 
ric profile. 

The control of the autoionization mechanism was observed by monitoring the XUV 
light of the isolated attosecond pulse through a gas cell filled with argon. In Fig¬ 
ure 12.17a and b, the variation of the XUV light for different delays between the 
XUV and the IR pulses is reported for two different IR intensities. The IR de¬ 
termines a broadening of the linewidth of the autoionization channel and also a 
splitting of the levels. The effect is more relevant for the higher IR intensity. 

12.4.4 

Krypton: Auger Decay 

The process of Auger decay can be regarded as an autoionization process driven 
by electron correlation similar to the one described in Section 12.3.2 for Helium. 
The initial step for the Auger mechanism is usually the photoionization of an in¬ 
ner valence or core electron, creating an ion in an excited state. Energy exchange 
driven by electron correlation, that is, the coupling due to configuration interac¬ 
tion between the singly ionized excited states and the doubly ionized states of the 
continuum, can lead to the emission of an electron while a second one decays to 
a lower energy state (the inner-valence or core vacancy). This mechanism is the 
dominant one in several electronic configurations; for core hole vacancy the decay 
time can be as short as few femtoseconds or even in the attosecond domain. 

Before the availability of isolated attosecond pulses, the Auger mechanism was 
investigated using synchrotron sources by analyzing the Auger electron emitted in 
the decay process. Such experiments, however, could deliver only time integrated 
information and the lifetime of the Auger level was inferred by the linewidth of the 
Auger electron peak. This method, does not allow to gain any physical insight in 
complex de-excitation mechanisms, as in the case of cascaded Auger processes; in 
this case only resolving the transient population of the excited states in time allows 
us to track the decay path. The new possibilities offered by attosecond pulses will 
be highlighted discussing an example of time-resolved cascaded Auger decay in 
xenon in Section 12.4.6. 

The first time-resolved investigation of an Auger process was reported in a pi¬ 
oneering work by Drescher et al. in 2002 [20]. Using a 90-eV isolated attosecond 
pulse, an M-shell (3d) core vacancy was created as shown in Figure 12.19a; this 
hole is expected to decay with a lifetime r of a few femtoseconds by Auger decay of 
a 4s electron filling the vacancy, while a 4p electron is emitted into the continuum 
(see Figure 12.19b). The emission of the Auger electrons can be sampled in time 
by using a synchronized IR field. For very short time decay (r well below the IR 
optical cycle T 0 ), the Auger electron will experience a momentum shift given by 
the instantaneous vector potential of the IR field according to the attosecond streak 
camera principle [25, 26]. On the other hand, for a long decay time (r longer than 
the IR optical cycle T 0 ), the electron wave packet can absorb or emit IR photons 
leading to the formation of sidebands of the main photoelectron line. By analyz- 
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Figure 12.19 Photoionization of a 3d shell between the XUV and IR pulse (c). Reprinted 

by single XUV absorption (a) and generation by permission from Macmillan Publishers Ltd: 

of l<r 2 “*~ by Auger decay (b). Photoelectron Nature ([20]). Copyright 2002. 

spectrum as a function of the relative delay 

ing the time evolution of the sidebands signals as a function of the relative delay 
between the XUV and IR pulses, the decay time can be inferred. The photoelec¬ 
tron spectra measured in the experiment is shown in Figure 12.19c. The peaks 4p 
and 4s indicate the electrons emitted directly by the two different atomic orbitals. 
These peaks are not shifted by the IR field, since the carrier-envelope phase of the 
IR pulses was not stabilized; in this condition, the main effect of the IR pulse is 
to broaden the photoelectron distribution. The electron peaks corresponding to the 
Auger lines are visible and sidebands of these lines appear close to the temporal 
overlap between the XUV and IR pulses. The duration of the sidebands signal rep¬ 
resents a cross-correlation between the XUV and IR pulses and the Auger decay 
time. From this measurement, a time constant r = 7 fs was estimated, in good 
agreement with previous estimations based on spectral measurements. 
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12.4.5 

Krypton: Charge Oscillation 


In Section 12.2, it has been shown that the coherent superposition of two eigen¬ 
states (Is and 2s) in hydrogen leads to a periodic oscillation of the electron density 
that influences the absorption probability of an external XUV photon. The coherent 
excitation and the imaging of such a charge oscillation require short pulses (in the 
few femtosecond or attosecond domain) due to the energy spacing of the valence 
electronic levels. The first experimental demonstration of such a charge oscillation 
was reported by Goulielmakis et al. [21] in Kr + ions. A coherent superposition of 
states was created in the ion by an intense near-single-cycle IR pulse that ionized 
one valence electron, leaving the ion in a coherent superposition of the 4p“l3^ 2 
(mj =i / 2 = —3/2,—1/2,1/2, 3/2) and 4p“l 1 ^ 2 (m J=1 / 2 = —1/2,1/2) manifolds, 
where j indicates the total angular momentum and mj is the projection of the to¬ 
tal angular momentum along the quantization axis z (see Figure 12.20a). Strong 
field ionization is confined to the peaks of the instantaneous electric field and, for 
each oscillation maximum, an electronic wave packet is launched into the system, 
evolving with a period of T = 6.2 fs (corresponding to a spin-orbit splitting of 
A E so = 0.67 eV). Due to the oscillation of the electric field, in each half-optical 
cycle a hole wave packet is launched in the 4p shell with a phase difference with 
respect to the previous one of about A cp — 4it, imposed by the time between the 



Figure 12.20 Relevant energy levels for Kr and 
Kr+.The single-cycle IR pulse creates a coher¬ 
ent superposition of the 4p~J_ 3 ^ 2 and 4p~2_ -|y 2 
manifolds. The XUV pulse promotes these 
states to the 3d^ 2 excited ionic state (a). 
Transmitted XUV spectrum for different time 



delays (b). The modulation in the absorption 
are due to the hole oscillation in the valence 
shell of Kr+. Reprinted by permission from 
Macmillan Publishers Ltd: Nature ([21]). Copy¬ 
right 2010. 
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two electric field maxima (~ 1.25 fs). The use of a near-single cycle pulse allows us 
to confine the excitation to few half-optical cycles, thus ensuring that the total hole 
wave packet is almost in phase. 

Imaging of the hole motion was accomplished by exploiting the modulation of 
the absorption properties related to hole motion, as discussed in Section 12.2. In 
this case, a broadband attosecond pulse, centered around 80 eV, can excite the ion to 
the 3d^2 state, creating a core-electron vacancy according to the two paths: 4p^] —^► 

3d^ an d 4p-»• 3d^- Depending on the relative phase between the 4p^J and 
4pI/2 states, constructive or destructive interference in the population of the excited 
state can occur, leading to a delay-dependent modulation of the absorption of XUV 
light. The delay between the near-single-cycle and the attosecond pulse was varied 
in a range of few femtoseconds around the temporal overlap and the XUV spectra 
were analyzed using an XUV spectrometer. The spectra clearly reveal an absorption 
structure when the IR arrives before the XUV light, with an evolution dependent 
on the time delay as shown in Figure 12.20b. The oscillation in the absorption lines 
is due to the hole motion in the valence shell and allows us to reconstruct the time 
evolution of the electron density distribution. 

12.4.6 

Xenon: Cascaded Auger Decay 

Photoexcitation of xenon using XUV radiation around 90 eV leads to the genera¬ 
tion of multiply charged ions up to Xe 3+ . The ionization of a core electron can 
lead to a cascade of Auger decays with the formation of Xe 3+ . The formation of 
transient states of singly and doubly ionized Xe ions was traced in time using 
the ion chronoscopy approach discussed in Section 12.4.1 and by measuring the 
charge-state ion yields by delaying the IR pulse with respect to the exciting isolat¬ 
ed attosecond pulse. In the two-color photoionization process, charge states up to 
Xe 4 + were observed. The temporal evolution of the population of the ion states 
is shown in Figure 12.21a and b. The figures show the evolution for the transient 
population of the Xe 4+ and Xe 3+ ions, respectively. The interaction with the 90-eV 
photon field leads to the emission of a core electron, leaving a core vacancy that 
can be filled by an Auger decay process A\, as shown in Figure 12.21c. This leads 
to the formation of Xe 2+ . The formation of these ions is required for the obser¬ 
vation of higher charge states ions Xe 3+ (that can be formed by a second Auger 
decay A 2 or by IR-photoionization) and for the observation of ions Xe 4+ by direct 
IR double-photoionization of the Xe 2 “*“ population. Figure 12.21b and c indicates 
that the background of the population of Xe 3+ is the result of the cascaded Auger 
decays Aj and A 2 . The Auger decay Aj can also populate long-lived Xe 2+ states that 
can be ionized by the IR field, explaining the increase of the Xe 3+ signal close to 
the temporal overlap between the XUV and IR pulses. The rise time of the popu¬ 
lation depends on the convolution between the decay time r A i of the first Auger 
process and the IR-induced ionization of the Xe 2+ level. From the rise time, the 
decay time of Ai could be estimated to be t Ai = 6.0 fs. 
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Figure 12.21 Transient population ofXe 44 ~ (a) ing to the formation of highly charged Xe (c). 
and Xe 34 ~ (b). Sequence of XUV photoioniza- Reprinted by permission from Macmillan Pub- 

tion, cascaded Auger decays (Ai and A 2 ) and lishers Ltd: Nature ([17]. Copyright 2007. 

single and double-IR photoionization lead- 

Charge states higher than Xe 3+ cannot be created directly by the XUV, as the 
energy required for the formation of Xe 4+ is larger than the XUV photon energy. 
In the presence of the IR pulse, however, formation of Xe 4+ was observed with 
the time evolution shown in Figure 12.21a. The signal presents a fast rise time, 
followed by a longer decay time. The formation of the Xe 4+ takes place through 
double IR-ionization of Xe 2+ ions, which are populated by the Auger decay A\ of 
Xe + and that can eventually decay (A 2 ) to Xe 3+ ions. The rise and fall times of 
the signal, therefore reflects the times z Al and r A2 associated to the two Auger 
processes. Quantitative analysis leads to the estimation of t Ai = 6.0 fs for the first 
Auger process, in agreement with the value obtained by the analysis of the Xe 3 “*“ 
population and z Al = 30.8 fs for the second Auger process. 
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13 

Application of Attosecond Pulses to Molecules 

Franck Lepine 


13.1 

Attosecond Dynamics in Molecules 

Understanding of electronic structure, atomic rearrangement, and dynamical pro¬ 
cesses in molecules is based, to a large extent, on the study of light-matter inter¬ 
action. Compared to single atoms, molecules bring an additional complexity due 
to their nuclear degree-of-freedom, as well as through the existence of chemical 
bonds that strongly depend on the exchange-correlation interaction and spin con¬ 
figuration. From the point of view of an electron, a molecule can be considered as 
a complex landscape on which the electron exists in a static state or dynamically 
evolves. During many molecular reactions, this landscape is very slowly changing 
compared to the typical timescale at which the electron is moving. This leads to 
the well-known Born-Oppenheimer approximation that allows us to consider the 
nuclear and electronic degrees of freedom separately. This also leads to the com¬ 
mon representation of molecular potential energy curves that describe the various 
electronic states of a molecule. Molecules vibrate, nuclei re-arrange, and molecular 
structure changes on the femtosecond timescale. As a consequence, the motion 
of the nuclei has been probed in many experiments using femtosecond pulses, al¬ 
lowing, for instance the investigation of dissociation, molecular vibration, or rota¬ 
tion [1], Recently, time-resolved photoelectron spectroscopy experiments managed 
to observe, in real time, the modification of molecular orbitals along a dissociation 
process [2]. Therefore, femtosecond pulses are obviously valuable tools for studying 
dynamics in molecules. 

With the birth of the methods to generate subfemtosecond, or attosecond, 
pulses, the question arose of how these light pulses can help us to understand 
atoms, molecules, or condensed matters [3]. Since the attosecond timescale is 
the timescale of the electronic motion on the atomic length scale, the answer to 
this question is clear in the case of atoms (see Chapter 12). In this chapter, we 
would like to discuss the point of view of molecular science. We might naively 
argue that the attosecond timescale is only important for purely electronic motion 
and consequently does not play any role in chemical reactions that are mainly 
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concerned by nuclei that react on a much longer timescale. Therefore, we could 
conclude that molecules or chemistry are not concerned by attosecond physics. In 
fact, this assumption happens to be essentially wrong and attosecond molecular 
physics or chemistry, will certainly be one of the most fascinating developments 
that will arise in the coming years. The importance of attosecond pulses to study 
molecules is related to the crucial role that is played by the exchange-correlation 
term in the many-body Hamiltonian, in the creation of chemical bonds, and in 
the electronic configuration of a molecule. The importance of attosecond pulses is 
also related to the possibility to control the charge localization in molecules. We 
can foresee that the possibility to create new electronic configurations from which 
new chemical processes can be initiated, will be considered as the first step toward 
attosecond chemistry. In the following, we will discuss several examples from the 
emerging field of attosecond molecular science that demonstrate the importance 
of attosecond pulses to investigate fundamental properties of molecules. 

The attosecond timescale is the natural unit of time to characterize the motion of 
electrons. In a classical picture of the Is electron orbital in hydrogen atom, one radi¬ 
an of the electron roundtrip time takes 24 as. When one considers the electron as a 
quantum object, this intuitive image of an electron circulating around the nucleus 
breaks apart. In fact, quantum mechanics taught us that electrons in atoms exist as 
discrete states that are eigenvectors of the Hamiltonian of the system. The energy 
of these states corresponds to the associated eigenvalues. In quantum mechanics, 
the electron in the ground atomic state is described by a stationary probability wave. 
As a consequence, there is no electronic motion. This counter intuitive description 
was questioned in the early days of quantum physics. Soon the quantum picture 
and classical intuition were merged with each other thanks to the correspondence 
principle and the Ehrenfest’s theorem, which connects classical motion and quan¬ 
tum observables. As a direct consequence, this means that classical motion rises 
from the coherent superposition of eigenstates (that can either be part of a discrete 
or a continuum basis). The concept of quantum wave packets is therefore crucial 
in electron dynamics. This was illustrated in the field of Rydberg physics that deals 
with electrons in highly excited states for which electronic motion is relatively slow 
(typically moving on the femtosecond or picosecond timescale). In a sense, attosec¬ 
ond science can be considered as an extension of this research field to the case of 
faster electrons and rapid mechanisms. 

Attosecond physics aims at probing extremely fast events, which naturally con¬ 
cern low mass particles such as electrons. However, the motion of hydrogen atoms 
might also play an important role in such dynamics since the typical timescale for 
its vibrational motion is only a few femtoseconds. Simply speaking, in a molecule, 
the timescale of any electron dynamics depends on the particle velocity and how 
much it has to travel before a remarkable event occurs and raises our interest. In 
general, electrons interact over long distances and react to Coulomb interactions 
and to the Pauli exclusion principle, which makes the electron dynamics subtle 
and sometimes counter intuitive. In very large molecules, charge transfer over the 
whole molecular skeleton is usually a slow process, which extends to much longer 
timescales than a few femtoseconds. As a consequence, attosecond science will deal 
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with processes that occur on atomic-scale distances, or with high-velocity particles. 

In molecules, this means that attosecond physics is a perfect tool to study, electron 
exchange-correlation effects (for instance in Auger decay), charge transfer (elec¬ 
tron or hole propagation), non-Born-Oppenheimer dynamics, and possibly local 
proton motion (such as ultrafast isomerization following ionization). In addition, 
attosecond is also the timescale of the electric field oscillation in a visible (or short 
wavelength) laser pulse. Therefore, attosecond pulses also offer the possibility to 
study “in-pulse” dynamics (transient processes), which could help us to study the 
properties of a molecule that is dressed by the photon field. 

Consequently, attosecond physics might offer powerful tools to investigate very 
fundamental mechanisms and model systems, but we can also anticipate applica¬ 
tions in chemistry, catalysis, molecular electronics, biomolecules, photosynthesis, 
plasmonics, molecular logic, energy flow in large molecules and so on ... 

In the first part of this chapter, we will discuss experimental results obtained with 
state-of-the-art IR femtosecond-XUV attosecond pump-probe schemes. In the sec¬ 
ond part, we will discuss theoretical investigations concerning attosecond electron 
dynamics in small or large molecular systems. We will finally discuss general per¬ 
spectives in the field of attosecond molecular science. 


13.2 

State-of-the-Art Experiments Using Attosecond Pulses 

While pump-probe experiments on the femtosecond or picosecond timescale are 
widely used in the molecular physics community, the extension of this concept to 
the attosecond timescale is still emerging. So far, no experiment exists where an at¬ 
tosecond pump pulse is followed by an attosecond probe pulse simply because the 
high-harmonic generation (HHG) is a low-efficiency process and attosecond puls¬ 
es are most of the time, weakly intense pulses. However, with rapid instrumental 
developments, such experiment will certainly be available in the near future. Until 
now, every attosecond physics experiment that uses attosecond pulses, is based on 
the utilization of an infrared femtosecond pulse that is synchronized with one at¬ 
tosecond pulse (or a sequence of attosecond pulses). In these experiments, the key 
idea is that the synchronization of the pulses occurs on the attosecond timescale, 
meaning that the time variation of the femtosecond light electric field is fixed and 
serves as a “clock” for a time-resolved experiment. Two kinds of experiments can 
be distinguished. The first one relies on the creation of a sequence of pulses (or 
attosecond pulse train: APT) that is created via HHG from an intense multicycle 
femtosecond pulse. In that situation, one attosecond pulse is generated at each half 
cycle, at the same periodic optimum of the IR laser field. Combining the APT and 
a second IR femtosecond pulse, it is experimentally possible to change the phase 
between the XUV pulse train and the IR pulse. In a second protocol, a more com¬ 
plex experimental setup allows the generation of a single attosecond pulse. This 
requires the utilization of a carrier envelop phase (CEP) stabilized pulse (see Chap¬ 
ter 4) and, for instance, the so-called polarization gate technique that permits the 
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isolation of a single electron recombination event. Here, the attosecond pulse is 
synchronized on the attosecond timescale with a short few-cycle CEP stabilized 
pulse (typically a 7-fs pulse). Therefore, the time-resolution results from the well- 
defined phase between the IR electric field and the attosecond pulse. In both cases, 
the attosecond pulse can be used either as a pump or as a probe. 

Attosecond pulses can be generated and propagated only if the period of the light 
is shorter than one femtosecond, which consequently brings attosecond pulse to 
the XUV domain and therefore to the high-photon energy range. As a direct con¬ 
sequence, in attosecond experiments ionization, core excitation, or dissociation of 
molecules usually occurs. This determines the type of spectroscopy that we can 
use. The most obvious choice for the study of electron dynamics is certainly elec¬ 
tron spectroscopy. However, this is not always the most relevant choice, partially 
because of the presence of the strong IR field that influences the asymptotic elec¬ 
tron momentum distribution. 

13.2.1 

Ion Spectroscopy 

13.2.1.1 Attosecond Molecular Coulomb Explosion: Nonlinear XUV Interaction with 
a Molecule 

The APT autocorrelation technique proposed by Midorikawa et al. [4] aimed at prob¬ 
ing the nonlinear interaction between XUV light and small molecules. In that ex¬ 
periment, a dual APT was used to induce the fragmentation of a molecule with a 
two-photon transition in the XUV domain that brings the system above the thresh¬ 
old of the Coulomb explosion channel. The ion fragments were detected with a 
time-of-flight spectrometer and the fragment yield was recorded for various delays 
between the two APTs. A complex periodic variation of the yields was measured 
and analyzed by Fourier transformation. An application of this technique to car¬ 
bon dioxide molecule is shown in [5]. The analysis of the Fourier components of 
the pump-probe trace of C0 2 2 “*“, C + , and CO + yields revealed the combination 
of harmonics involved in the double ionization and dissociation of the molecule. 
This technique is particularly relevant to free-electron laser experiments in which 
a high-XUV photon flux can be used to photoionize and dissociate a molecule. The 
attosecond molecular Coulomb explosion technique provides information on the 
two-photon absorption cross section in the XUV domain, which is a quantity that 
is difficult to measure. It also carries information on the electronic structure of the 
molecule. 

13.2.1.2 Electron Localization on the Attosecond Timescale 

CEP stabilized pulses have a perfectly defined electric field with respect to the enve¬ 
lope of the laser pulse. Since the pulses are short (few femtoseconds), they contain 
only a few optical oscillations. Consequently, the phase stabilization can generate 
an asymmetric light electric field that breaks the inversion symmetry of the in¬ 
teraction. Application of such pulses to molecular physics was demonstrated in a 
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seminal experiment by Kling et al. [6], who controlled electron localization during 
the dissociation of a deuterium molecule by changing the CEP phase. The neutral 
molecule was ionized within the laser pulse and as a result, started to dissociate. 
During the dissociation, the removed electron was accelerated back to the molecule 
by the strong light electric field, it collided with the parent ion and lead to the pop¬ 
ulation of repulsive states. The molecular dissociation occurred during the interac¬ 
tion with the laser, which induced a time-dependent modification of the molecular 
potential energy surfaces that eventually guided the final molecular wavefunction. 
Changing the CEP phase allowed to modify this wavefunction and to influence the 
asymptotic localization of the remaining electron on one or the other nucleus. In¬ 
terestingly, this process depends on the attosecond electron dynamics in the laser 
field. 

A time-resolved investigation of attosecond electron localization in a molecule 
has been achieved by Sansone et al. [7]. This pioneering experiment was performed 
on H 2 and D 2 molecules and used a two-color attosecond pump-probe configura¬ 
tion. A single attosecond pulse ionized the neutral diatomic molecule. The attosec¬ 
ond wave packet created during this process evolved on the dissociative molecular 
potential energy surfaces. In a usual dissociation of H 2 , the asymptotic result of 
the photoreaction leads to an equal distribution of charge on both nuclei. In fact, 
the remaining electron is located on both nuclei when the wavefunction collapses, 
giving 50% chance to measure the remaining electron bounded to one or the other 
proton. In this experiment, a second CEP controlled laser pulse was used to modi¬ 
fy the molecular potential energy surfaces during the dissociation process. The IR 
pulse created a time-dependent coherent superposition of bound (lscr g ) and disso¬ 
ciative (2p<r u ) states. This coherent superposition of states is classically equivalent 
to an oscillatory motion of the electron along the molecular axis. During the disso¬ 
ciation, the nuclei part while the remaining electron alternatively channels between 
the two nuclei under the influence of the IR pulse. Asymptotically, the remaining 
electron is not equally localized on the two nuclei. The final wavefunction leads a 
higher probability to obtain a localized electron on either one or the other nucleus 
depending on the delay between the two pulses. The localization of the particle is 
measured through the asymmetry of the asymptotic ion velocity distribution with 
respect to the laser polarization (Figure 13.1). We observe that this asymmetry oscil¬ 
lates with the delay between the pulses and the amplitude of this oscillation decays 
after a few femtoseconds. Interestingly, this decay could serve as a direct measure¬ 
ment of the laser-induced electron channelling efficiency. It decreases when the 
distance between the nuclei increases. 

This description in terms of two “dressed” potential energy surfaces, gives a sim¬ 
ple and intuitive understanding of the attosecond electron localization. However, 
this single active electron picture is incomplete because the attosecond XUV pho¬ 
toexcitation is not selective and also leads to doubly excited states that relax to dis¬ 
sociative states via autoionization. In that case, the localization arises from the in¬ 
terference between two quantum decay paths of the doubly excited states: autoion¬ 
ization leads to ls<7 g and single IR photon ionization to 2p a u . A more accurate 
theoretical description requires a more complex description. This was developed 
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Figure 13.1 Evolution of the ion signal asyrrv 
metry with respect to the laser polarization, 
as a function of the ion kinetic energy, when 
the delay between a single attosecond pulse 
and a CEP controlled IR femtosecond pulse 
is changed. Clear oscillations are observed 
and show the control of electron localization 


on the nuclei. This is explained in terms of 
time-dependent coupling between potential 
energy surfaces. The amplitude of the oscil¬ 
lation vanishes with time due to the decrease 
of the efficiency of light-induced channeling of 
the electron from on to the other nucleus [7], 


for H 2 by solving the time-dependent Schrodinger equation using a close-coupling 
method that describes the fully correlated electro-nuclear motion. 

To conclude, this experiment addresses several crucial questions in attosecond 
molecular physics. What is the typical timescale of multistate interactions and how 
do multielectronic states relax? How do nonadiabatic dynamics occur in molecules? 
How does the interplay between the light and nuclear or electronic degrees of free¬ 
dom determine the photophysical process? How does electron tunneling occur be¬ 
tween nuclei? Importantly, it also shows that attosecond pulses can be used to mod¬ 
ify the final output of a photo-induced reaction by acting directly on the electrons. 
In this experiment, the charge localization was controlled after a single or many- 
electron excitation. Obviously, such mechanisms are highly interesting if they can 
be identified in more complex molecular systems. 


13.2.1.3 Attosecond Control of Dissociative Ionization 

Another pioneering experiment was performed on the dissociative ionization of di¬ 
atomic molecules (H 2 and D 2 ). In that case, the combination of an APT and an IR 
femtosecond pulse [8] was used. In that experiment, it was possible to control the 
dissociative states of the molecule using mildly strong IR light and an APT. Mod¬ 
ulation of the fragment kinetic energy distribution of ions for various ionic states 
was monitored as a function of the delay between the APT and the IR femtosecond 
pulse (see Figure 13.2). The interpretation of this result relied on a Rabbit-like ex¬ 
citation scheme, in which the continua corresponding to the ls<7 g and 2pcr u states 
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Figure 13.2 Evolution of the ion kinetic en¬ 
ergy as a function of delay between the APT 
and the IR femtosecond pulse. An oscillation 
of the yield in each dissociation channel is 
observed. The result for two different IR inten¬ 


sities is presented. It shows that out-of-phase 
and in-phase oscillations can be obtained. The 
oscillations are explained in terms of coupling 
between two continua (from [8]). 


were coherently coupled by XUV + IR photons. This reconstruction of attosec¬ 
ond beating by interference of two-photon transitions (RABITT)-induced process 
is very similar to a multipath coherent control scheme and it certainly paves the 
way to attosecond coherent control experiments. 

The possibility to extend such experiment to more complex molecular systems 
is an important issue. However, the photoexcitation of a large system with a high 
density of electronic states with a broadband laser pulse makes it very challeng¬ 
ing to define a relevant excitation scheme. However, it has been shown that such 
control can already be attained for simple (H 2 ) or more complex multielectronic 
systems (0 2 ) [9]. Future investigations of this type require a full description of the 
electro-nuclear wave packet dynamics evolving along many dissociative channels. 
This is especially challenging for most of the time-dependent many body theories. 

The ion spectroscopy experiments previously discussed gave very striking results 
that illustrate the importance of nuclear degrees of freedom in attosecond science. 
We can state that nuclear motion is able to retain the information of the electron 
dynamics that occur on the subfemtosecond timescale, which is, a priori, not trivial. 
In fact, the most obvious tool to study electrons is certainly electron spectroscopy. 
In the following, we will discuss experimental results based on the measurement 
of electron momentum distribution. 
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13.2.2 

Electron Spectroscopy 

13.2.2.1 Atomic Phase and Time/Scattering Phase Relation 

To access attosecond dynamics, several experimental protocols using phase locked 
IR/XUV pulses have been developed. A very fruitful approach is based on mea¬ 
surement of the electron kinetic energy spectrum. In the following, we will briefly 
discuss so-called streaking and RABITT measurements (see Chapters 2 and 4). In 
such experiments, the attosecond photoionization occurs at a certain phase of the 
IR field. The streaking measurement relies on the changes of the measured final 
electron kinetic momentum, depending on the instant of creation of the electronic 
wave packet in the IR field. In fact, the streaking technique measures the accel¬ 
eration of the electron by the electric field of the IR light. By changing the delay 
between the attosecond pulse and the short femtosecond IR pulse, the electron ac¬ 
quires different final momenta. Therefore, we observe variations of the maximum 
electron kinetic energy that map the vector potential of the IR pulse. This method 
can be used to characterize the laser pulse itself. More recently, it was applied to 
study core relaxation in atoms and surfaces by measuring phase differences be¬ 
tween streaking traces from different states. In these experiments, the streaking is 
used as a probe of the processes induced by the attosecond XUV pump pulse. 

Streaking experiments are also possible with an APT and can serve for electron 
wave packet reconstruction [10]. It is important to point out that APT offers the 
possibility to obtain high temporal and spectral resolution, which is not directly at¬ 
tainable with the broad bandwidth of a single attosecond pulse. An APT consists of 
a frequency comb formed by a combination of odd harmonics of the fundamental 
light. This energy resolution is crucial for RABITT measurements [11]. In RABITT, 
an APT ionizes a gas phase sample. As a consequence, a series of peaks is observed 
in the electron kinetic energy spectrum, with each peak corresponding to the ion¬ 
ization by different harmonics. By adding an IR field, we observe additional peaks 
in the spectrum (called sidebands) at the energy of 1 XUV photon + 1 IR photon. 
The oscillator strength leading to this signal is a coherent superposition of several 
quantum paths, where a single XUV photon is absorbed and one or more IR pho¬ 
tons are either absorbed or emitted. The intensity of the sidebands depends on the 
phase difference between the harmonics, plus an additional phase that is intrinsic 
to the ionization process itself, generally called “atomic phase.” By changing the 
delay between the APT and the IR field, the intensity of each sideband oscillates 
and the harmonic and atomic phases can be recovered from the phase difference 
between these oscillations. The measurement of the phases between harmonics is 
used to reconstruct the train of attosecond pulses. Additionally, it was recently re¬ 
alized that the atomic phase carries important information on the photoexcitation 
and photoemission process itself. 
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13.2.2.2 Delay in Photoemission in Molecules 

Recently, attosecond streaking and RABITT electron spectroscopy was used to mea¬ 
sure atomic phases. It is known that the energy variation of the phase can be related 
to a time difference, this relation defines the “Wigner time.” The atomic phase is 
the sum of two terms, the Coulomb phase that corresponds to the phase accu¬ 
mulated by the electron in the Coulomb field and the scattering phase itself. As 
a consequence, the phase measurements performed with streaking can allow us 
to measure the Wigner time that is, in our case, the time that an electron takes 
to reach the ionization continuum following the ionization by a XUV photon. In 
a recent publication, the streaking technique was applied to measure variation in 
photoemission time in neon atoms [12]. The authors observed a relative time delay 
of 20 as in the photoemission from the 2s state respect to the emission from the 
2p atomic state. A careful interpretation of this type of measurement showed the 
importance of the “dressing” IR field, which induces an additional time delay in 
the measurement [13], 

An example of the phase analysis, applied to the ionization of nitrogen molecules, 
was proposed by Haessler et al. [14]. The authors observed a phase variation around 
a resonance that lies in the continuum. This resonance corresponds to a B-state, 
which autoionizes to the A or X-state of the ion (see Figure 13.3). The phase vari- 



Figure13.3 Using RABITT measurements, 
Haessler et al. showed that phase variations 
around an autoionizing resonance of the ni¬ 
trogen molecule. The phase differences be¬ 
tween two ionization channels, for various 


vibrational states, are directly related to ion¬ 
ization delays. This demonstrates the sensitiv¬ 
ity of the method to study molecular potential 
energy surfaces and time-resolved autoioniza¬ 
tion processes (from [14]). 
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ations for the various vibrational states involved are measured with the RABITT 
method, and “molecular phases” are disentangled from the harmonic phases us¬ 
ing a perfectly characterized APT. The analysis of the phase variation leads to 
a direct measurement of the difference in the time of electron release for the 
two ionization channels associated with the A, X states [15]. It is very interest¬ 
ing to notice that this time varies for all the vibrational states involved, which 
makes the measurement extremely sensitive to the exact potential energy surfaces. 
This result already taught us that the phase measurement, based on streaking 
or RABITT, is applicable to molecular species. In general, it allows the direct 
measurement of the photoemission time, which is certainly a very powerful ob¬ 
servable to probe electron correlation and the details of molecular potential energy 
surfaces. 

13.2.3 

Photo Absorption 

One of the oldest spectroscopic approaches used in physics is the measurement 
of photon loss (absorption spectroscopy, based on Beer’s law). It remains a very 
important tool in physics. Absorption measurement characterizes the dipole (or 
multipole) transitions and the imaginary part of the polarizability of the states in¬ 
volved. In attosecond science, it has been used to investigate “in-pulse” processes 
called transient phenomena. 

Contrary to attosecond streaking or RABITT electron spectroscopy, attosecond 
transient absorption spectroscopy uses the attosecond pulse as a probe of the mech¬ 
anisms that are induced by an IR femtosecond pulse. During the interaction be¬ 
tween an atom and a relatively strong laser field, a coherent superposition of states 
is created. The corresponding dynamics can be probed on the attosecond timescale. 
The states involved are described in terms of a density matrix, in [16] the authors 
used transient absorption to measure the corresponding density matrix elements 
for Krypton ionic states that are produced during the interaction with a moder¬ 
ately strong IR field. Thereby, the population and the coherence of these states 
are explicitly determined, giving access to the full quantum mechanical electronic 
motion in Kr atoms. The same technique was used to measure interference of tran¬ 
sient bound states in He that are prepared by one harmonic of the attosecond pulse 
train. The absorption efficiency for each harmonic oscillates with the delay between 
the APT and the IR field. The phase difference between these oscillations carries 
information on the optical response and electron interferences on the attosecond 
timescale [17]. 

Although not yet applied to polyatomic species, this promising approach could 
be used in molecular physics to investigate coherence and electronic motion in 
molecular systems and therefore to enlighten the role of multiple electrons and of 
nuclear motion in coherence loss during electron transport. 
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13.3 

Theoretical Work 

In recent years, an increasing number of published theoretical works that aims at 
studying attosecond dynamics in molecules appeared in the literature. The meth¬ 
ods that are used are based on time-dependent approaches and use either models 
or ab-initio calculations. The key concept in this theoretical work is the creation 
of a coherent superposition of states (for instance with different symmetries). De¬ 
pending on the angular or radial character of the states that compose the electronic 
wave packet, it is possible to generate a time-dependent localization of the electrons 
in complex molecules. Such light-induced mechanisms are possible by using the 
propensity rules in photoexcitation. Therefore, the calculations consider molecules 
that are fixed in space and the direction of the light polarization, with respect to the 
molecular axis, is used as a “knob” to design a specific wave packet. Another very 
important example concerns the propagation of a hole after the ultrafast removal 
of an electron from a molecule. 

We will first discuss electron dynamics in molecules for cases where no nu¬ 
clear motion is taken into account. This is certainly relevant on the attosecond 
timescales. However, the role of the nuclear degrees of freedom should not be dis¬ 
missed, as we have shown in the previous experimental results. This is especially 
true because our observables can be based on dissociation processes. Moreover, 
our experimental observations are always macroscopic, which means that the mea¬ 
surement occurs at a much later time than the mechanism itself. Therefore, long 
timescale dynamics can always be important. Finally, the link between attosecond 
dynamics and dynamics that occur at later delays (nuclear dynamics) is crucial if 
one wishes to use attosecond pulses to study chemical processes or life related 
phenomena. Therefore, a more complete approach is compulsory even if computa¬ 
tionally very demanding. In the following, we discuss some examples of theoretical 
investigations that surely pave the way to future applications of attosecond pulses. 

13.3.1 

Electron Dynamics in Small Molecules 

A number of investigations consider electron dynamics in small molecules follow¬ 
ing the interaction with a short laser pulse. These investigations are explicitly (or 
implicitly) referring to the use of CEP stabilized pulses. 

Remade et al. investigated complex electron dynamics in LiH [18] and Li hy- 
brides [19]. The coherent superposition of several electronic states can be built to 
generate a specific electronic motion that can be either translational or rotational 
with respect to the molecular axis. The symmetry of the states that compose the 
electronic wave packet, determine the symmetry of the motion. While linear mo¬ 
tion is created by superposition of E states, a combination of E and 77 states leads 
to rotational electronic motion. Interestingly, a transition between adiabatic and 
nonadiabatic dynamics is observed when the light intensity is increased (see Fig¬ 
ure 13.4). These results provide insights for future experiments that could use UV 
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Figure 13.4 LiH interacts with a short light 
pulse. The electronic response shows a time- 
dependent variation of the dipole, related to 
the electron dynamics in the molecule. De¬ 


pending on the CEP phase and light intensity, 
the dynamics change and can create a situa¬ 
tion where nonadiabatic evolution is observed 
(from [18]). 


CEP stabilized pulses, nevertheless, the question remains on how this dynamics 
could be probed in real time with a second short laser pulse. 

A hint to answer this question is given by Bandrauk et al. [20], who showed how 
electron dynamics can be probed in H 2 + ions using electron spectroscopy. Unlike 
most of the current attosecond experiments, the method proposed in this article 
does not require a strong femtosecond laser field. It is shown that information on 
electronic motion in the molecule is encoded in the photoelectron spectrum that 
is generated by the interaction with an X-ray pulse. In that protocol, a first short 
pulse creates a superposition of two bound electronic states of different symme¬ 
try, Eg and thanks to a resonant excitation with a photon energy that matches 
the energy difference between the two states. A second pulse, with a wavelength 
lying in the X-ray domain, ionizes the molecule. If this last pulse is shorter than 
the period of the electronic motion, the two components of the electron kinetic 
energy spectrum associated with the two electronic states, overlap in momentum 
space. This leads to a two-center interference effect that creates an asymmetry in 
the electron momentum distribution (see Figure 13.5). This asymmetry is a direct 
observable of the electron motion in the molecule. This theoretical work provides 
a very good example of a possible pump-probe experiment, where electron motion 
is observed on the attosecond timescale in a molecule. 


13.3.2 

Electron Dynamics in Large Molecules 

The use of CEP stable pulses to create electron dynamics was also investigated for 
larger molecules. Let us mention two examples that use either circularly or linearly 
polarized light. 
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Figure 13.5 The coherent superposition of 
two electronic states, generated by a broad 
UV pulse, leads to attosecond electron dy¬ 
namics that can be probed by time-dependent 


photoelectron spectroscopy using a second 
X-ray pulse. Periodic asymmetry is observed 
and characterizes the electron motion in the 
molecule (from [20]). 


13.3.2.1 Ring Currents Generated in Mg-Porphyrin 

Barth et al. [21] studied how to generate ring currents in a planar Mg-porphyrin 
molecule, fixed in space. In this approach, circularly polarized UV light is used 
(see Figure 13.6). Thanks to a selective excitation, the laser pulse can induce a su¬ 
perposition of quasidegenerate angular momentum states that leads to an intense 
circular electron current in the molecule. This current is 100 times stronger than 
any current produced by a macroscopic magnetic field. This photoinduced electron 
current generates a local magnetic field of 0.159 T, which can have direct applica¬ 
tions in molecular electronics. 
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Figure 13.6 Electron rotational motion in the 
circular Mg-porphyrin molecule can be gen¬ 
erated using a circularly polarized, CEP stable 
short pulse. The intense spinning electron 

current evolves on the attosecond timescale 
and can generate magnetic field that might 
find applications in molecular electronics 
(from [21]). 


13.3.2.2 ABCU Stereo Electron Dynamics 

A similar investigation has been proposed by Mignolet et al. [22], who stud¬ 
ied the photoinduced electron dynamics in the polyatomic molecule azabicy- 
clo[3.3.3]undecane, ABCU, using a time-dependent multielectron approach. The 
proposed protocol is using CEP stabilized pulses in the UV or IR domain. There 
again, the key idea is to excite a coherent superposition of electronic states with 
specific symmetries, which leads to a time-dependent variation of the electron den¬ 
sity that exhibits an evolution of the electron localization in the neutral molecule on 
the attosecond timescale. In order to create such a superposition and to generate a 
specific wave packet, the crucial parameter is the direction of the light polarization 
with respect to the molecular axis. A superposition of A-states or mixed A and 
E-states is created when the light polarization is aligned along one or the other 
molecular axis. As expected, the coherent superposition of molecular states still 
evolves after the laser pulse is turned off and quantum beating is observed through 
the oscillations of the dipole. In these results, nuclei are fixed and no other relax¬ 
ation processes, which would produce decoherence of the electronic wave packet, 
are taken into account. 


13.3 Theoretical Work 


409 


13.3.2.3 Hole Migration Following Photoionization in Molecular Chains 
and Peptides 

The previous examples considered the creation of a coherent superposition of 
electron excited states that induce rapid variations of the electron density in the 
neutral molecule. Another, ultrafast charge dynamics that is driven by exchange- 
correlation was recently investigated. It considers the dynamics of a hole that is 
created after prompt removal of an electron from a neutral molecule. This electron 
ejection can be induced by photoionization with an ultrashort pulse. An example 
for a theoretical description of a hole migration process was given by Breidbach 
and Cederbaum [23]. They demonstrated the existence of universal attosecond hole 
dynamics as a response to the ultrafast ionization from a neutral molecule. After 
the electron ejection, the ion is left in a nonstationary state that can be described 
as a coherent superposition of one-particle orbitals that are eigenstates of the ion. 
They observed that similar dynamics occur during the first 50 as, after the ioniza¬ 
tion of the 2p state of a Kr atom, the 1 jt u orbital of the C0 2 molecule and even for 
the 3 jc u orbital of N-methylacetamide (see Figure 13.7). This effect is caused by 
the exchange-correlation potential that maintains electrons away from each other. 
This interaction induces a re-arrangement of the electronic density when one elec¬ 
tron is removed. The universal character of this response comes from the fact that 
the density rearrangement is induced by a large number of weakly populated deep 
holes that collectively contribute to the process. The process is a signature of the 
averaged multielectron interaction and therefore only requires a sufficiently large 
number of electrons in the system. Another universal phenomenon was studied 
by Kuleff et al. [24], who showed that hole transport was accompanied by character¬ 
istic light emission, associated with the oscillation of the charge in the molecule. 
In general, IR light is emitted and, in the case of ultrafast ionization, there is also 
strong UV emission. This provides an experimental observable to identify hole 
transport phenomena in a variety of molecules. 

A general description of ultrafast charge migration driven by electron exchange- 
correlation was given by Cerderbaum et al. [25] who treated the problem of hole 



Figure 13.7 Ultrafast removal of an electron from a molecule (or an atom) is followed by the 
attosecond re-shaping of the exchange-correlation hole density within 50 as. This process is 
generally expected for any sufficiently large multielectronic system (from [23]). 
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Figure 13.8 The ultrafast photoionization of 
N-methyl acetamide is followed by an ultrafast 
hole propagation that moves the charge den¬ 
sity from one end of the molecule to the other. 
The timescale for this evolution spans from 


attoseconds to few femtoseconds and could 
be probed by electron spectroscopy. Such 
dynamics is determined by the exchange- 
correlation potential. 


propagation after prompt electron ejection in a general case. The coherent super¬ 
position of states formed after the removal of one electron, requires specific sym¬ 
metry and energy spacing to induce an ultrafast hole prior to any nuclear motion. 
Hole propagation was investigated in linear molecules and it was shown that hole 
propagation can be entirely driven by exchange-correlation effects and does not 
require nuclear dynamics. A theoretical investigation was performed on a linear 
molecule, N-methylacetamide [26], which demonstrated an ultrafast hole propaga¬ 
tion from one end to the other end of the molecule within a few femtoseconds 
(see Figure 13.8). It is especially interesting to notice that the calculated electron 
spectrum showed a signature and the role that is played by the correlation through 
appearance of satellite peaks, paving the way to experimental realization. A simi¬ 
lar effect was shown for the amino acid glycine, for which they have investigated 
the role of isomers on the timescale of the charge motion [27]. The hole propa¬ 
gation driven by correlation is a purely electronic mechanism and is certainly an 
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Figure 13.9 Hole dynamics driven by pure exchange-correlation effects was investigated the¬ 
oretically in a tetrapeptide. The dynamics strongly depend on the peptide sequence and the 
energy of the removed electron (from [28]). 

example of how attosecond physics might offer opportunities for new chemistry 
on the subfemtosecond timescale. However, the importance of conformer geom¬ 
etry demonstrates that nuclear structure is intimately correlated with electronic 
dynamics. 

Another important example for attosecond dynamics in molecules, was given by 
Remade et al., who studied hole migration in a small peptide following prompt 
ionization [28]. The theoretical description is based on the self consistent field ap¬ 
proximation. In that approximation, the HOMO of the neutral is defined as a lin¬ 
ear combination of the orbitals of the cation. As a consequence, the removal of 
the electron in the HOMO leads to time-dependent hole localization in the cation, 
as discussed in the previous examples. Importantly, the timescale of the charge 
propagation and its localization was shown to depend strongly on the chosen pep¬ 
tide sequence, but also on the binding energy of the ionized orbital. In the case of 
TrpLeu 3 the HOMO and HOMO-1 have n character and are located on the chro- 
mophore (Trp), on one end of the peptide. Ultrafast removal of the HOMO electron 
leads to a nonstationary hole that propagates from one end to the other end of the 
peptide within less than 1 fs (see Figure 13.9). Very fast dynamics are also observed 
in TrpAla 3 and hole migration occurs within 10 fs. In both cases, attosecond puls¬ 
es would offer a perfect tool to observe such charge dynamics. The authors have 
also discussed changes in the orbital energies that are directly accessible by pho¬ 
toelectron spectroscopy. This result is especially fascinating, as it gives a practical 
example of the connection between attosecond dynamics and biomolecules and 
proposes a possible experiment to test theoretical predictions. 
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13.3.2.4 Electro-Nuclear Dynamics 

In the results mentioned so far, the electron dynamics is assumed to occur on a 
very short timescale, prior to any nuclear motion. In the calculations, nuclei are 
considered as frozen, which considerably simplifies the theoretical investigations. 
In a more general case, it is relevant to address the role of nonadiabatic couplings 
and electro-nuclear dynamics. An example of such dynamics is given by Kanno 
et al. [29] who have investigated the nonadiabatic couplings between electronic and 
vibration degrees of freedom in the chiral aromatic molecule 2,5-dichloropyrazine. 
In that molecule, electron dynamics is induced by photoexcitation, with a linear¬ 
ly polarized UV pulse, of quasidegenerate lB u -states (with a small gap energy of 
0.44 eV). After photoexcitation, the 77 electrons rotate along the ring on the attosec¬ 
ond timescale (see Figure 13.10). The dynamics is controlled by the orientation of 
the molecule with respect to the light polarization, which modifies the phase dif¬ 
ference between states in the wave packet. Either a clockwise or counterclockwise 
motion can be produced. The nonadiabatic coupling consists in the interaction be¬ 
tween the electronic wave packet and the Ag vibrational mode. It is shown that this 
coupling induces a modification of the electron rotational motion. While the popu¬ 
lation of the electronic state evolves, the vibrational nuclear motion is activated. The 
analysis of the vibrational modes at play shows a clear evidence for the direction 




Figure 13.10 Evolution of the population of 
quasidegenerated states in the case of (a) the 
clockwise and (b) counterclockwise (b) exci¬ 
tation. The time-dependent evolution of the 


wave packet is shown, electron motion is cou¬ 
pled to an Ag vibrational mode that leads to 
the evolution of the population in the L and H 
states (from [29]). 
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of the electron motion on the attosecond timescale. In that example, mechanisms 
occurring at a long delay time (vibration) preserve a striking signature of the elec¬ 
tron motion on the attosecond timescale. This signature is due to the nonadiabatic 
couplings between electrons and nuclei. 


13.4 

Perspectives 

We have shown several experimental and theoretical examples of attosecond dy¬ 
namics in molecules. In the following, we would like discuss some important is¬ 
sues that could influence future experiments using attosecond pulses. First, we 
will discuss the problem of fixing molecules in space, as we have shown that this 
is crucial for the design of electron wave packets. In a second part, we will dis¬ 
cuss experiments performed in the frequency domain at synchrotron facilities that 
revealed important questions in molecular physics. 

13.4.1 

Molecular Alignment and Orientation 

Compared to atomic or solid state physics, the investigation of isolated molecules 
with attosecond light pulses may require control over the molecular orientation in 
space. This has a crucial importance in experiments where specific electron dy¬ 
namics is created. The interaction between a molecule and a light pulse strongly 
depends on the relative alignment between the molecule and the light polariza¬ 
tion. As discussed before, this determines the nature of accessible excited states 
through quantum selection rules. Unfortunately, in the gas phase, molecules are 
randomly aligned and the interaction with linearly polarized light leads to a su¬ 
perposition of signals from all the possible molecular orientations. In order to im¬ 
prove our control of the light/molecule interaction recent work aimed at developing 
strategies for aligning the molecules in space. One of the most popular methods 
is based on the creation of a rotational wave packet via Raman stimulated excita¬ 
tion, using a short light pulse. The coherent excitation of rotational states leads to 
a time-dependent wave packet that periodically de-phases and re-phases. A striking 
consequence is that, at a well-defined time delays after the instant of excitation, the 
molecular sample becomes aligned with respect to the polarization axis of the light. 
This is called “field free molecular alignment,” as it provides a macroscopic ensem¬ 
ble of molecules that are aligned and fixed in space with respect to the laboratory 
frame (see Figure 13.11) in the absence of the light pulse. While this approach has 
been widely applied to di-atomic or small molecules [30], such a strategy can also be 
extended to 3D alignment in which the three molecular axis are fixed in space, or 
even to molecular orientation by using an experimental protocol based on hexapole 
state selection or a half-cycle pulse [31]. 
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Figure 13.11 Periodically aligned molecular 
samples can be created by inducing a rota¬ 
tional wave packet. The aligned molecules 
can be observed by measuring the ion angu¬ 
lar distribution formed in a fast dissociation 


process. In the displayed example, the time- 
dependent alignment of CO 2 molecules was 
probed by dissociation with short XUV pulses 
at the free-electron laser FLASH (from [30]). 


13.4.2 

Electron Delocalization between DNA Group Junction 

Several experiments demonstrated possible applications of attosecond pulses to 
study electron dynamics in a complex molecular environment. There is a nat¬ 
ural connection between attosecond science and experiments performed at syn¬ 
chrotrons as both experimental approaches rely on excitation with high-energy 
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Figure 13.12 Core-hole clock spectroscopy depends strongly of the organization of the 
was used to study electron delocalization in DNA structure and might occur through the 

periodic and aperiodic DNA. Delocalization phosphate groups instead of ti-ji couplings 

was shown to occur on a subfemtosecond in stacking (from [32]). 

timescale. This indicates that charge transfer 

photons. For instance, an increasingly popular X-ray absorption technique named 
“core-hole clock” spectroscopy has pointed out new mechanisms that occur on the 
attosecond timescale. We will discuss two examples in the following. 

Sekiguchi et al. [32] studied electron transport along phosphate backbone sites 
in DNA, using core hole clock spectroscopy. For genomic DNA, the periodic struc¬ 
ture shows a delocalized electronic state despite the presence of the insulator sugar 
groups. On the contrary for an antisense DNA aperiodic backbone, the electron¬ 
ic states are localized. Ultrafast electron delocalization occurs for wet DNA within 
740 as but even faster (< 300 as) charge transport is observed for aperiodic single- 
stranded phosphothioate Guanine decamers. The energy dependence of the delo¬ 
calization time seems to have a nontrivial evolution (see Figure 13.12). This result 
demonstrates that charges in DNA do not only migrate through ji-ji couplings of 
nucleobases as it is commonly admitted, but can also efficiently propagates through 
the phosphate backbone. The measurements of electron delocalization and charge 
transport in DNA is of prior importance to understand the mechanisms responsi¬ 
ble for recognition and repair in DNA. The observation in real time of this process 
is certainly crucial in biomolecular physics. 
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13.4.3 

Similar Dynamics in Water and Ice 

The same spectroscopy technique was used to study the initial steps of electron 
delocalization in liquid water and ice [33]. The spectroscopy shows that an excess 
electron propagates through the conduction band of the organized H-bond net¬ 
work within 500 as. This mechanism precedes the electron trapping and solvation 
dynamics, leading to a solvated electron state. While electron solvation has been 
experimentally explored using pump-probe techniques, the early stage dynamics 
could be probed time dependently with attosecond pulses. Such an experiment will 
reveal the complete electron dynamics and, especially, the transition stages between 
propagation, localization and solvation. 

13.4.4 
More 

Beyond the few examples discussed in this chapter, there are many other prob¬ 
lems that attosecond pulses can potentially address. Certainly, electron transport 
in complex molecular structures appears as a general case where ultrafast electron 
dynamics is important. We can foresee that such a dynamics will be probed at any 
molecular interfaces. Charge transport also plays a central role in light harvest¬ 
ing phenomena. The collective electron excitation (plasmon) is not only observed 
in nanoparticles but also in small clusters, fullerenes and related molecular struc¬ 
tures. The plasmon dynamics could be investigated in real time, which would per¬ 
mit to understand how a many electron coherent excitation builds up and how it 
decays. Let us also mention recent research in nanomagnetism that addressed the 
attosecond dynamics of the coupling between spin and electromagnetic field [34]. 
This process could also be investigated in complex molecular samples with rele¬ 
vance in spintronics. As we mentioned in the introduction, not only electrons can 
travel on the attosecond timescale, protons can also react within few femtoseconds. 
For instance ultrafast isomerization of CH 4 following ionization, was measured 
with HHG [35]. Although, these experiments are preliminary we can anticipate 
that local proton motion could be observed in real time, and this could be very im¬ 
portant to investigate mechanisms driven by Van der Waals forces (responsible for 
the stable configurations of proteins). 


13.5 

Conclusion 

The use of attosecond pulses to investigate the properties of molecules is an emerg¬ 
ing field of photophysics. So far, only few experiments used attosecond pulses to 
probe molecular ultrafast dynamical processes in real time. It is fascinating that 
these early results already challenge the many-body theories, meaning that attosec¬ 
ond molecular science already addresses nontrivial questions beyond the proof-of- 
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principle stage. Indeed, attosecond timescale experiments address the fundamen¬ 
tal timescale where electron, nuclei, and light start to interact. This also means 
that usual approximations, such as Born-Oppenheimer or the mean-field theories 
might be invalidated at this scale. Beyond the first experiments, there are sever¬ 
al important future developments in attosecond molecular physics could follow. 
For instance, attosecond coherent control strategies could be used to control disso¬ 
ciation or ionization on the electronic timescale. This will require a very detailed 
description of the molecular states, couplings and electron correlations effects. The 
development of attosecond chemistry could have the goal of observing and control¬ 
ling processes also in large molecular systems. This certainly requires to bridge ul¬ 
trashort and long timescales and to account for, dissipation, stochastic effects and 
nuclear dynamics. Progresses in molecular attosecond physics are also linked to 
the new experimental development of tunable CEP stable sources or HHG sources, 
high-repetition rate lasers and high-intensity HHG sources. In parallel, molecular 
orbital reconstruction based on HHG has been developed very rapidly, and infor¬ 
mation on the dynamics can also be extracted using the relation between recolli¬ 
sion time and energy of the harmonics. The extension of this powerful technique 
to a pump-probe experiment, where the evolution of the molecular orbitals can 
be followed in real time and real space, during a reaction, could be accessible in 
the future. The observables that we can use are certainly electrons, ions but also 
absorption or emission of photons that all can retain the memory of processes that 
occur on the subfemtosecond timescale. Attosecond molecular physics is still at its 
infancy but offers very broad possible applications for future. 
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14.1 

Introduction 

Ultrafast control of electronic motion in isolated atoms with light fields has led to 
the birth of attosecond pulses [1, 2]. Waveform-controlled, optical, few-cycle laser 
pulses are powerful tools to steer electrons on subfemtosecond timescales and 
have been successfully applied to control the electron emission from atoms [3] and 
the electron localization in molecules [4]. The realization of a similar level of con¬ 
trol of the electron motion in nanocircuits has the potential to revolutionize mod¬ 
ern electronics by enabling significantly higher computation and communication 
speeds [5, 6]. 

Worldwide communication relies on optical fiber networks. Data encoding and 
decoding, however, involves the transformation of photon-based information with¬ 
in the optical fibers to electronic information and vice versa and is thus the current 
bottleneck for ultrafast communication and information processing. Lightwave- 
controlled nanocircuits (lightwave nanoelectronics) [7] are expected to reach peta- 
hertz operating frequencies which would remove the bottleneck in conventional 
communication technology by enabling all-optical data processing and commu¬ 
nication. The key challenges on the way to lightwave nanoelectronics are (1) the 
control of electrodynamics in nanostructured materials on subcycle timescales and 
(2) the ability to monitor the resulting currents in nanostructured circuits with at¬ 
tosecond time and nanometer spatial resolution [6, 8-11]. The development and 
utilization of attosecond metrologies for the control and observation of ultrafast 
electron dynamics in nanosystems is therefore an issue with far-reaching implica¬ 
tion. This chapter discusses selected key concepts and fundamental experiments 
in this area of attosecond nanophotonics. 

The central objective of attosecond nanophotonics is the utilization of the widely 
tunable optical properties of nanostructured materials. This idea, which has a long 
history, might be illustrated best by the special optical phenomena arising from 
small nanoparticles. Without deeper insight, already the makers of color-stained 
glass church windows in the middle ages used the properties of metallic nanopar- 
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Figure 14.1 Plasmonic colors as evident from the stained glass windows of the Sainte-Chapelle 
in Paris. Picture credit: M.F. Kling. 

tides to their advantage. A vibrant red color was achieved by adding gold dust to 
the glass melt. The origin of this effect is understood today: if nanoparticles are 
exposed to visible light, the free-moving conduction electrons are displaced by the 
light’s electric field to form plasmons. Since the structure is small, the electrons do 
not move very far, but are driven back by the electrostatic forces which build up 
through the excursion of the negative electron cloud with respect to the positive¬ 
ly charged atoms in the much heavier nanoparticle. This way, the electrons move 
collectively in synchronized coherent oscillations. Such oscillations have particle 
characteristics and are called surface plasmons. The red color of old church win¬ 
dows is due to scattering and absorption of part of the visible light by the gold 
nanoparticles, which is converted into plasmons. The residual transmitted light 
shines in the complementary colors (see e.g. Figure 14.1 for one of the windows of 
the Sainte-Chapelle in Paris). 

In more detail, the optical properties of nanomaterials are determined by the in¬ 
teraction of external electromagnetic radiation with the material [12]. Surface plas¬ 
mons can either be confined to a single nanoparticle as localized surface plasmons 
(LSP), Figure 14.2a, or propagate along metal-dielectric interfaces as surface plas- 
mon polaritons (SPP), Figure 14.2b [12,13]. In both cases, energy from the external 
electromagnetic field can be localized beyond the diffraction limit onto nanometer 
scales [7]. 

The strong optical response of metallic nanoparticles in the presence of an exter¬ 
nal field depends on the material, composition [14], shape [15], configuration [16], 
and local environment [17, 18]. The progress in the field of nanophotonics has 
been fueled by advances in fabrication techniques such as lithography (see [16]) 
and chemical synthesis (see [19]). These techniques have allowed the precise and 
reproducible fabrication of single nanoparticles and nanoparticle arrays including 



14.1 Introduction 


423 



(b) 

Figure 14.2 (a) Field configurations of a localized surface plasmon (LSP) of a metal nanosphere 
in an external light field, (b) Sketch of a travelling surface plasmon polariton (SPP). 


solid metallic nanospheres, nanocages, hollow particles, and composites. The high 
sensitivity of the optical response of nanostructures to their configuration and en¬ 
vironment has led to a variety of novel spectroscopic applications [20], reaching 
the detection level of single molecules in methods such as scanning near-field mi¬ 
croscopy (SNOM) and surface-enhanced Raman scattering (SERS). For reviews on 
these techniques see [21]. 

The spectral properties of plasmons as a function of particle size, shape, and 
dielectric properties are reasonably understood for many nanoparticles and can 
be predicted well theoretically by solving the classical Maxwell equations [13, 22]. 
However, the subcycle dynamics of collective electronic excitations (i.e., how they 
are formed and how the phase coherence is lost) has not been directly measured. 
The dephasing time of a nanolocalized plasmon is in the range of 5-100 fs across 
the plasmonic spectrum. The dephasing time T 2 of a plasmon can be expressed by 
(see e.g. [23, 24]) 


1 _ 1 1 

Y 2 ~ 2T\ + T* ' 


(14.1) 


T* is the time for a pure dephasing, that is, a loss of the fixed phase relationship be¬ 
tween individual electrons in the collective dynamics. Possible decay mechanisms 
for the pure dephasing include scattering and inhomogeneous phase velocities 
caused by broadband excitation and/or local inhomogeneities of the nanoparticle. 
Tj is the time for the creation of electron-hole pairs and the decay by the emis¬ 
sion of photons (radiative decay). The former production of electron-hole pairs in¬ 
cludes intraband and interband excitations [24]. The latter depends on the coupling 
strength to the far field being governed mostly by the antenna shape and size. Fig¬ 
ure 14.3 depicts the dominant dephasing processes occurring after the excitation 
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Figure 14.3 Dynamics following the excitation of localized surface plasmons by a few-cycle laser 
field. See text for details. 

of a surface plasmon. The figure also shows the last step in the decay of plasmons 
resulting from electron-phonon coupling. Despite considerable efforts to not on¬ 
ly infer the dephasing times from spectroscopic measurements but also measure 
them by time-resolved methods (see e.g. [25] and references therein), studies so far 
have been mostly limited by the use of laser pulses on the order of the plasmon 
decay times, making the analysis of the obtained signals challenging. It is high¬ 
ly desirable to utilize much shorter, attosecond pulses in such measurements to 
elucidate the decay mechanisms in detail. 

Most importantly, collective electron motion in nanoplasmonic systems unfolds 
on extremely short, attosecond timescales, as defined by the inverse spectral band¬ 
width of the plasmonic resonant region. Theoretical results have predicted that 
local optical fields in disordered nano structured systems (clusters, composites, 
and rough surfaces) will experience giant fluctuations on attosecond temporal and 
nanometer spatial scales [9]. It was shown that the electric field and photoemission 
are enhanced by a factor of several hundred [26] at such hot spots. Until now, the 
attosecond dynamics of nanoplasmonic fields have not been directly observed with 
simultaneous attosecond temporal and nanometer spatial resolution. Hence, an 
experimental study of those ultrafast and nanolocalized plasmonic field dynamics 
is of particular importance. 

Furthermore, the interaction with strong external fields may induce nonlinear 
behavior and transitions in the electronic properties of nanomaterials on attosec¬ 
ond timescales (see e.g. [6, 27, 28]). These fast processes can now be uncovered 
with available attosecond tools, such as few-cycle optical and attosecond extreme 
ultraviolet (XUV) pulses [9] giving birth to the rapidly developing field of attosec¬ 
ond nanophysics. 

In this chapter, we will highlight work on the subcycle control and probing of 
collective electron motion. The chapter begins with the topic of lightwave control 
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of the electron emission and acceleration in dielectric nanospheres as a showcase 
example for the control of nonresonant electron motion in nanostructures. As an 
example for the direct time-resolved probing of resonant collective electron motion 
the spectral interferometry technique is introduced for few-nm Na clusters, which 
allows the extraction of information on temporal dynamics with subfemtosecond 
resolution up to highly nonlinear laser excitation. As one of the most promising 
techniques to achieve attosecond temporal resolution in the probing the collec¬ 
tive electron dynamics of larger nanosystems, we will introduce nanoplasmonic 
streaking, which allows the real-time observation of the fastest plasmon dynam¬ 
ics. Nanometer spatial resolution can be achieved simultaneously by implement¬ 
ing the attosecond nanoscope (ATN), which is based on a combination of attosec¬ 
ond nanoplasmonic streaking and photoemission electron microscopy (PEEM). We 
will introduce this technique and describe the progress and challenges toward its 
experimental implementation. Finally, we will outline recent experimental and the¬ 
oretical progress on the generation ofXUV light at MHz repetition rates by high- 
harmonic radiation using nanoplasmonic field enhancement in nanostructures. 


14.2 

Attosecond Light-Field Control of Electron Emission and Acceleration from 
Nanoparticles 

Carrier-envelope phase stabilized laser pulses provide a well-defined electric field 
and provide an ideal tool for manipulating collective electron motion. They allow 
unique spatiotemporal control of local electric fields on nanometer spatial and at¬ 
tosecond temporal scales. Developments in femtosecond laser technology culmi¬ 
nated in the generation of laser pulses of only a few optical cycles duration [29, 30], 
where the electric field waveform can be described as 


£ias(t) = E env (t) cos (at 0 t + <Pce) , (14.2) 

where E e nv (t) is the real-valued amplitude envelope, a> 0 the angular frequency of 
the carrier wave, and tpcE the carrier-envelope phase (CEP). The evolution of the 
electric field £i as (t) of such ultrashort laser pulses can be controlled with subfem¬ 
tosecond precision by the CEP. 

A first demonstration of the CEP-control of electron emission and acceleration 
from nanostructures was recently reported by Zherebtsov et al. [10, 31] for Si0 2 
nanoparticles followed by its implementation for tungsten nanotips [11, 32]. The 
results of the study on Si0 2 nanoparticles are highlighted below. The wide spectral 
response of the dielectric material allows for an effective use of the full bandwidth 
of ultrashort pulses. The large work function of the material makes it possible to 
realize tunneling ionization conditions with relatively low ionization yields up to 
high intensities, enabling the probing of the dielectric response with only limited 
interaction between free carriers. 
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14.2.1 

Imaging of the Electron Emission from Isolated Nanoparticles 


The laser-induced electron emission from isolated nanoparticles was studied using 
a beam of nanoparticles, thus every laser shot interacts with a fresh sample. Ul¬ 
trafast processes resulting from the interaction of the laser with the particles can 
therefore be studied even up to conditions where the particles Coulomb explode af¬ 
ter exposure to the laser pulse. Using few-cycle pulses allows us to restrict laser the 
interaction with the particles to a few femtoseconds and separates the laser-induced 
electron emission and acceleration from any electronic and nuclear dynamics tak¬ 
ing place on longer timescales [33, 34]. 

The electron emission from the nanoparticles was recorded via velocity-map 
imaging (VMI) schematically presented in Figure 14.4a. Si0 2 nanoparticles were 
prepared by wet chemical techniques yielding a narrow particle size and shape dis¬ 
tribution [35, 36]. The nanoparticles were introduced into the gas phase by aerosol 
techniques and prepared into a focused beam by applying aerodynamic focus¬ 
ing [37, 38]. CEP stabilized 5fs laser pulses centered at a wavelength of 720 nm 
were generated as described in [39] and focused onto the nanoparticle beam. 
The emitted electrons were projected onto a microchannel plate (MCP)/phosphor 
screen assembly by the ion optics of the VMI spectrometer and the resulting im¬ 
ages were recorded by a CCD camera. To reconstruct the 3D momentum distri¬ 
bution of the electron emission from the recorded 2D projection, an iterative in¬ 
version procedure was used [40]. Above-threshold ionization (ATI) in Xe was mea¬ 
sured at the same laser parameters as for the nanoparticles in order to derive the 
laser intensity in the interaction region. 



Figure 14.4 (a) Schematic diagram of the 
velocity-map imaging (VMI) of the electron 
emission from isolated nanoparticles in few- 
cycle laser fields. The VMI spectrometer con¬ 
sists of the ion optics (repeller, extractor, 
and ground plate) and an MCP/phosphor 
screen detector. The CEP of the phase stabi¬ 


lized laser pulses was adjusted with a pair of 
glass wedges. The polarization of the laser 
field was in the plane of the detector, (b) High 
resolution transmission electron microscope 
(HRTEM) image of a Si0 2 nanoparticle. Af¬ 
ter [10], 
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Figure 14.5 Electron emission from Xe and 
Si02 nanoparticles, (a) Momentum map of 
photoelectrons from Xe (log color scale) at 
an intensity of 1.9 x 10 13 W/cm 2 averaged 
over the CEP with the laser polarization along 
the py-axis. (d) Electron kinetic energy spec¬ 
trum obtained from angular integration over 
50° (full opening angle) along the laser po¬ 
larization axis, (e) Asymmetry of the electron 
emission from Xe as a function of the electron 
kinetic energy and phase, (b) Photoelectron 
momentum map (log color scale), (f) electron 
kinetic energy spectrum, and (g) asymmetry 


map measured in Si 02 nanoparticles at the 
same conditions as for Xe. The electron ener¬ 
gy cutoffs are indicated by the dashed lines, 
the vertical bars indicate the uncertainty in 
the cutoff energy. Results of the theoretical 
calculations: (c) Photoelectron momentum 
map, (h) electron kinetic energy spectrum, 
and (i) asymmetry map calculated for a Si 02 
nanosphere of 100 nm diameter (log color 
scale) at an intensity of 2 x 10 13 W/cm 2 and 
averaged over the phase and the focal intensi¬ 
ty distribution. After [10]. 


Figure 14.5a shows a typical cross section of the momentum distribution (p z = 0 
plane) of the ATI of Xe atoms (averaged over all CEP values). The polarization ax¬ 
is of the laser is along the p y -axis. Two principal mechanisms contribute to the 
ATI signal: (1) most of the electrons leave the atom directly with kinetic ener¬ 
gies up to 2-3 eV, and (2) a much smaller fraction of the electrons return to the 
parent ion and (re) scatter [41, 42], here acquiring kinetic energies of up to about 
16 eV. The cutoff for the rescattered electrons in the classical limit is 10 Up, where 
Up = e 2 E 2 nv /(4mcol) is the ponderomotive potential of an electron in the laser 
field, e is the elementary charge, and m is the electron mass. Figure 14.5b shows the 
momentum distribution of the electrons emitted from (109 zb 6) nm diameter SiC >2 
nanoparticles measured at the same laser parameters. The angular distribution is 
more isotropic as compared to Xe, and the corresponding photoelectron spectrum 
extends up to much higher kinetic energies of about 50 eV (cf. Figure 14.5f). 

The waveform of a few-cycle laser pulse critically depends on the temporal offset 
between the carrier wave and the pulse envelope and offers a possibility to control 
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Figure 14.6 Dependence of the cutoffs in the 
electron emission spectra from Si 02 nanopar¬ 
ticles on laser intensity. The experimental 
results for nanoparticles of different sizes are 
represented by circles of different colors as 
indicated in the legend. The experimental da¬ 
ta are fitted by a linear function (black solid 
line) with a slope of 53.0 =b 0.6L/ p . The cutoffs 
predicted for Si 02 nanoparticles of 100 nm 
diameter by the simulations with the laser and 
polarization fields only (green lines) and sim¬ 


ulations including the mean field (MF) created 
by free charges (purple lines). For both types 
of curves open diamonds correspond to single 
(peak) laser intensity calculations and filled di¬ 
amonds correspond to volume averaged (vol. 
avg.) data. The error bars were determined 
from the uncertainties in the electron cut¬ 
off energies from Xe and Si02 nanoparticles 
similar to the error bars given in Figure 14.5. 
After [10]. 


the electron emission directions by the CEP [43]. The directional electron emission 
can be represented by the asymmetry parameter 


A(W,(p CE ) 


T up ( W, <Pce) ~ Pd own (W, <pcv) 
Fup( W, (£ce) + Pd own (W,<Pce) 


(14-3) 


for the electron kinetic energy W and carrier-envelope phase Pce, where P up (W, 
<Pce) and Pdown( W, <pcz) are the angle integrated electron yields in the up (posi¬ 
tive p y momentum) and down (negative p Y momentum) directions. Figure 14.5e 
and g shows A(W,(p C E) for Xe and Si0 2 , respectively. Periodic oscillations of the 
asymmetry parameter with CEP are present in the energy range up to the cutoff 
of asymmetry at (15.7 ± 0.5) eV for Xe and (49.6 ± 3.0) eV for Si0 2 (corresponding 
to (54.1 ± 4.4) Up), in good agreement with the spectral cutoffs. From the cutoff in 
the Xe data a laser pulse intensity of (1.9 ± 0.1) x 10 13 W/cm 2 is derived by com¬ 
parison to the semiclassical cutoff formula of 10.007 U p + 0.538IP, where IP is 
the ionization potential of Xe [44] and verified by comparison to time-dependent 
Schrodinger equation calculations (see [10]). The energy-dependent slopes in the 
asymmetry map of Xe are similar to what was previously observed in atoms [45]. 
For Si0 2 nanospheres the slopes are steeper and the asymmetry oscillations cover 
a broad energy range up to the cutoff energy with the largest asymmetry amplitude 
occurring above 10 eV. Laser-driven acceleration of these high-energy electrons is 
supported by the observation of a significant CEP-dependence of the directional 
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Figure 14.7 Electric field distribution in Si02 
nanoparticles of different sizes for irradiation 
with 5 fs laser pulses as calculated by FDTD 
simulations. Maximum field intensity (rela¬ 


tive to the laser peak intensity) in the z = 0 
plane for the incident pulse propagating in 
the redirection and polarized along the y-axis 
After [10], 


emission and by the fact that the asymmetry maxima versus CEP shift with energy. 
Because of the latter effect and the nearly linear scaling of the energy cutoff with 
intensity as analyzed below, electron evaporation due to asymmetric heating of the 
nanoparticles can be excluded as the origin of these energetic electrons. 

The intensity dependence of the cutoff values in the kinetic energy spectra mea¬ 
sured for nanoparticles of different sizes are displayed in Figure 14.6. The cutoff 
energy shows a nearly linear dependence on laser intensity with an average cut¬ 
off value of (53.0 ± 0.6) U p as obtained from a linear fit (black solid line in Fig¬ 
ure 14.6). No significant dependence of the electron cutoff energy on the particle 
size is observed within the experimental error bars. The results of finite difference 
time domain (FDTD) calculations (Figure 14.7) indicate that only for spheres with 
diameters exceeding 200 nm the field distribution inside the particles and the di¬ 
electric near-field enhancement close to the surface become substantially distorted 
by propagation effects, explaining in part the size-independence in the experimen¬ 
tal data for smaller particles. 


14.2.2 

Microscopic Analysis of the Electron Emission 

To model the nanoparticle ionization dynamics and the electron emission pro¬ 
cesses a quasiclassical, trajectory-based Monte Carlo approach was used. The elec¬ 
tron emission from the nanoparticle surface and the subsequent, classical electron 
propagation is considered to be driven by the effective field produced by the laser 
pulse, the nanoparticle polarization, and free charges, that is, previously liberated 
electrons and residual ions at the surface of the nanoparticle. Under the dipole ap¬ 
proximation for the near field and neglecting the nonlinear terms and dynamical 
changes in the dielectric response of the nanoparticle, the combined potential of 
the laser field £i as and the induced polarization of the dielectric sphere with relative 
permittivity e is 


| Eias(t) (l 1 + 2 7* ) 

j-£las(t) y 


y r > R 
r < R 


(14.4) 
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and the effective potential is <£> eff (r, t) — <£> s P here (r, t) + <P flee (r, t), where <?> &ee 
is the Coulomb potential produced by the free charges. This potential creates the 
additional electric mean field (MF) acting on each free electron. Tunnel ionization 
of atoms at the surface of the nanoparticle was approximated by the ADK ioniza¬ 
tion rates where the ionization potential of atomic Si (8.1 eV) was used. After ap¬ 
pearing at the tunnel exit, the electron was propagated on a classical trajectory via 
r = e/mV0 eff (r, t). Interference effects were neglected as the phase relations be¬ 
tween different electron trajectories are nearly random in systems with many active 
electrons. If electron trajectories re-penetrated the nanoparticle, elastic electron-ion 
scattering was evaluated via Monte Carlo sampling assuming an isotropic cross 
section and a constant mean-free path Amfp = 1 nm, similar to the effective at¬ 
tenuation length in Si0 2 [46]. A sufficiently large number of trajectories (~ 10 6 ) 
were propagated simultaneously within a statistical ensemble for evaluating the 
Coulomb mean-field & bee term and the electron spectra. 

The momentum map, energy spectrum, and asymmetry map calculated for 
parameters close to the experiment are presented in Figure 14.5c, h, and i. The 
model reproduces the main experimental features, with a smooth spectrum, a 
phase-dependent, high-energy component, and asymmetry slopes similar to the 
experiment. The disappearance of the asymmetry oscillations with CEP around 
47eV coincides well with the energy cutoff (Figure 14.5h and i), and is in good 
agreement with the experiment. The increased isotropic distribution in the exper¬ 
imental momentum map can likely be attributed to additional scattering effects, 
for example, due to a finite surface roughness of the experimental nanoparticles 
(Figure 14.4b), which are not accounted for in the modeling. 

For a closer analysis of the physics described by the model, Figure 14.8 compares 
results from simulations with the laser and polarization fields alone (Figure 14.8a) 
to simulations with the full potential (Figure 14.8b). For the laser and polarization 



(a) electron energy 

Figure 14.8 Electron emission from a Si0 2 
nanosphere (diameter: 100 nm) calculat¬ 
ed for excitation with 5 fs pulses at 720 nm 
and Iq = 2 X 10 13 W/cm 2 . (a) Simulation 
with laser and polarization field, (b) Simula¬ 
tion with the full potential, including the free 
charge <P lree . The CEP-averaged electron en¬ 



ergy spectra (black) in (a) and (b) are given 
together with partial energy spectra (red, blue) 
from trajectories with a certain number of col¬ 
lisions (as indicated). The inset in (a) shows 
the y-dependent dielectric field enhancement 
a(y). After [10], 

















1 4.2 Attosecond Light-Field Control of Electron Emission and Acceleration from Nanoparticles | 431 

field alone, the CEP-averaged electron energy spectrum (Figure 14.8a, black line) 
exhibits a pronounced peak at low electron energies and a plateau-like extension to 
high energies. Partial energy spectra from trajectories with only a certain number 
of collisions show that direct electrons (red shaded area) produce the low energy 
feature and backscattered electrons (one or two collisions, blue shaded area) are 
dominant in the high-energy region, similar to atomic high-order ATI. The cut¬ 
offs of direct and backscattered electrons are at about 4 and 30 Up, in fair agree¬ 
ment with the modified classical atomic cutoffs 2 a 2 U p = 4.47 U p for direct and 
10a 2 Up — 23.72 U p for rescattered electrons (2 U p and 10U p in the atomic case), 
where a sa 1.54 is the field enhancement factor at the poles of the nanoparticle (cf. 
inset of Figure 14.8a). The roughly 30% higher backscattering cutoff in our model 
reflects that electrons are ejected with an initial displacement to the residual ion, 
that is, at the tunnel exit, which is neglected in the classical 10 U p cutoff law. How¬ 
ever, the simulations with the laser and polarization field alone predict an overly 
strong signal from direct electrons at low energies as well as energy cutoffs well 
below the experimental values. These discrepancies are almost fully resolved when 
taking into account the Coulomb field generated by liberated electrons and residu¬ 
al ions at the surface of the nanoparticle. In this case the direct electron emission 
is suppressed and the backscattering plateau extends up to 47 U p , close to the ex¬ 
perimental values (Figure 14.8b). Moreover, the intensity-dependent energy cutoffs 
show slopes similar to the experimental data (Figure 14.6). The increase in the cut¬ 
off energy can be attributed to two main processes: (1) the trapping field created 
by the positive ions at the surface relaxes the birth-time requirements for rescat¬ 
tering electrons that result in higher return energies, (2) Coulomb repulsion of the 
created electron cloud provides additional acceleration. 

Figure 14.9 compares typical fast trajectories from simulations both with and 
without the Coulomb term <£> free (red vs. green curves). In the first case, the opti¬ 
mum trajectory (launched about 0.4 fs after the field maximum) recollides with a 
kinetic energy of about 12 eV near the zero crossing of the laser, and escapes af¬ 
ter backscattering with a final energy of 31 eV. When including the Coulomb field 
0 {lee , the trajectory starts almost at the field maximum and recollides with a ki¬ 
netic energy of 23 eV, reflecting the effect of the attractive short-range trapping 
field. This return energy corresponds to ~ 23 U p (blue ellipse in Figure 14.9), about 
20 U p higher than the classical return energy in atomic gas. After backscattering 
and when the laser pulse has ceased, the trajectory including the Coulomb field 
has a kinetic energy roughly 10 eV higher, see inset of Figure 14.9. A further ener¬ 
gy gain of about 5 eV observed at later times results from space-charge repulsion 
in the escaping electron cloud, similar to an electronic Coulomb explosion. 

The electron acceleration in SiC >2 nanoparticles occurs via a novel mechanism, 
where the emitted electrons are accelerated by the combined action of the dielectri¬ 
cally enhanced near field and the surface-trapping potential produced by the pre¬ 
viously released electrons and residual ions. A similar acceleration process and its 
CEP control might be expected for other materials, including semiconductor and 
metal nanoparticles. Nurturing this expectation, high-energy electron emission ob¬ 
served recently in medium-sized Ag clusters was also ascribed to a rescattering 
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Figure 14.9 Evolution of the displacement 
and the kinetic energy of typical fast trajecto¬ 
ries. The green curves correspond to simula¬ 
tions with the laser and the polarization field 
alone whereas the red curves show results 


from full calculations including the Coulomb 
field <P free . The blue ellipse on the red curve in 
the lower panel indicates the energy gained at 
the moment, when the electron recollides with 
the nanoparticle surface. After [10]. 


process, where electrons are driven through the cluster by the plasmon-enhanced 
polarization field [47]. 

Lightwave nanoelectronics ultimately requires control of nanoscopic currents in 
surface assembled nanostructures. This sets a limit for the maximum intensity of 
the driving laser field, which must be kept sufficiently low to avoid damage to the 
assembled nanostructures. A first step into this direction was the demonstration of 
CEP-controlled electron emission and acceleration from tungsten nanotips [11]. In 
the experiment by Kruger et al., few-cycle pulses from a Ti:Sapphire oscillator were 
focused onto a sharp metal nanotip of 10-20 nm radius [11]. Featureless spectra 
were observed for cosine-type laser pulses (cpcv. = 0). when the electrons were 
emitted within a single subcycle interval at the maximum of the laser field. For 
sine-type laser pulses (cpcy. = Jt/2) spectral interference was observed, indicating 
that electrons were emitted within at least two time intervals within the pulse and 
accelerated to the same final energy. 

CEP-dependent electron acceleration up to keV energies by locally enhanced 
evanescent fields of laser-induced SPPs has been predicted for thin metal films [48, 
49]. The absence of a significant CEP dependence of electron spectra recently 
recorded from the metal film [50] was attributed to the nanoscale surface rough¬ 
ness of the sample randomizing the electron trajectories. The smearing of the CEP 
effects can be minimized in future experiment with atomically flat metal films. 
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Alternatively, experiments implementing nanometer-resolved electron detection 
could overcome this obstacle. 


14.3 

Few-Cycle Pump-Probe Analysis of Cluster Plasmons 

The previous section has discussed collective electron dynamics in nanoparticles 
excited by nonresonant near-infrared few-cycle laser fields and the resulting modi¬ 
fication of the release and acceleration of electrons via the buildup of polarization- 
induced near-fields. We now discuss a method for direct tracing of the short-time 
plasmonic response of nanosystems by spectral interferometry with few-cycle puls¬ 
es that was recently reported by Kohn et al. [51]. Below we introduce the working 
principle in terms of a simplified oscillator model and study the time-domain imag¬ 
ing of plasmon oscillations and the ionization-induced increase of the plasmon 
lifetime in few-nm-sized Na clusters as a computational example. For the follow¬ 
ing clusters were chosen as a model system that is well-known from strong field 
experiments and that can be described fully microscopically. The interferometric 
analysis with few-cycle pulses is, of course, applicable to other plasmonic nanosys¬ 
tems as well. 

Clusters in intense near-infrared (NIR) laser pulses are known for their extreme¬ 
ly high absorption of light due to the interaction of the laser field with a dense 
nanoplasma [52]. A key mechanism behind strong absorption and the resulting 
emission of fast electrons and highly charged energetic ions is resonant excitation 
of the cluster Mie plasmon, for recent reviews see [53, 54]. The plasmon frequency 
in metallic as well as preionized clusters from other materials is typically well above 
the laser frequency in early stages of the interaction. Noting the density depen¬ 
dence of the plasmon frequency in a spherical metallic drop ci) M ie = ^/epi/(3£om), 
with pi as the ion background charge density and e 0 as the vacuum permittivi¬ 
ty, resonant plasmon excitation requires a certain cluster expansion (timescale of 
nuclear motion) induced by laser-driven ionization and heating. Such a sequence 
of ionization, expansion, and resonant excitation may be realized with sufficient¬ 
ly long pulses or by appropriate pump-probe excitation [55, 56]. Though resonant 
plasmon enhancement is typical in strong-field laser-cluster experiments, its direct 
time-domain analysis has not been achieved yet. Such analysis is, however, impor¬ 
tant to advance the understanding of collective electronic processes in intense laser 
fields and their signatures in the electron and ion emission [57-59]. 

14.3.1 

Basics of Spectral Interferometry 

Using the electric field of a few-cycle laser pulse in the notation of Eq. (14.2), the 
field of a pulse pair with equal CEP reads 


Etot(t) — Ei as (t) + Elas(l At) , 


(14.5) 
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(a) hco [eV] 



Figure 14.10 Spectral interferometry re¬ 
sults with Gaussian 3fs FWHM pulses 
(ha )o = 1.54 eV) for three Lorentz oscilla¬ 
tor settings, (a) single pulse spectral intensity 
(gray) and normalized absorption cross sec¬ 
tions for ft> res = coo, 1.3ojo, and 2coq (red, 
green, blue) for y ~ 1 = 5fs lifetime; insets 
show electric field evolutions (black) and re¬ 
sulting spectral intensity distributions (red) 
for different delays; (b-d) delay-dependent 




modulation signals Mw(A t) (red) compared 
to results in linear spectrum approximation 
or constant cross section approximation; cor¬ 
responding (p lsa values as indicated; dashed 
blue curves show the pump-only dipole veloc¬ 
ity signal Vd (t); insets depict evolutions of the 
laser field (black), dipole velocity (blue), and 
absorbed energy (red) for indicated delays. 
After [51]. 


where A t is the pulse delay. Now we consider the energy absorption of a weakly 
dampened oscillator resulting from excitation with the pulse pair, which has the 
form 


oo 

Wabs(At) = - [ 

JT J 
—oo 


[l + cos(ft>At)l | E env lo) — o>o)| 2 /2jt 

----;-r- da> 

(a) ms - a)) 2 + y 2 


(14.6) 


where a> res and y are the resonance frequency and spectral width (inverse life¬ 
time) of the oscillator and E env (ai) = E env (t) exp(ia>t)dt is the envelope in 
the frequency domain. The nominator of the integrand is the spectral intensity of 
the pulse pair, containing the single pulse spectrum li as (ft') = I E env (a) — tu 0 )| 2 /4Jt 
times a spectral modulation with 2[1 + cos(<u A t)]. This tunable interference of the 
spectral intensity (cf. insets of Figure 14.10a) is the key feature of spectral interfer¬ 
ometry. The absorbed energy W(At) in Eq. (14.6) will now be considered for two 
approximations. 
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Linear Spectrum Approximation (LSA) 

For an oscillator resonance inside the laser spectrum, I\ as (<i>) can be linearized 
around a> les by = a + (u> — a) les )f) with a — li as (ft> re s) and /? = 

9has(ft>)/9ft)U=(u re5 - The integral in Eq. (14.6) becomes 

W ibs A ( At ) = 2 “ (l + \J 1 + c ls A c° s (fthesAt + ^lsa) exp(—y At) j (14.7) 

with c LS a = tan ^ LS a = Py/a- For a resonance at the maximum of li as (ft)), that is, 
for ft — 0, this linear spectrum approximation (LSA) reduces further to 

W a ^ A (At) = 2a(l + cos(cu res At)exp(— y At)) (14.8) 

The delay-dependent absorption contains a static offset and a dampened period¬ 
ic oscillation with the eigenfrequency and lifetime of the oscillator. For CEP = 0, 
the modulation provides a direct time-domain image of the dipole velocity of the 
oscillator after the first pulse. Besides a phase shift <p L sa and a scaled modulation 
amplitude (both known for a given laser spectrum), the plasmonic motion can be 
extracted even for a resonance located in the wings of the laser spectrum (/I/O), 
cf. Eq. (14.7). 

Constant Cross-Section Approximation 

The second limiting case is fully off-resonant excitation (co tes outside the laser spec¬ 
trum). Approximating the cross section by a 0 = a(a > 0 ) yields the constant cross- 
section approximation (CCA) 

OO 

= 2(J o J (1 + cos(aiAt))I hs (co)dcu 

— OO 

= <J 0 [2F 0 + A env (At) cos w 0 At] , (14-9) 

with the single pulse fluence F 0 =1/2 E^ nv (t)dt, the envelope autocorrelation 
-^env (At) = fl ^ E enw (t)E enw (t — A t)dt, and the total fluence in square brackets. 
Hence, for nonresonant excitation, the absorption is proportional to the field flu¬ 
ence. 

14.3.2 

Oscillator Model Results for Excitation with Gaussian Pulses 

For a Gaussian envelope E env (t) — E exp(—t 2 /Tg) with field amplitude E and pulse 
width T g , the LSA parameter is found as c L sa = tan^ LSA = — (o) tes — ft>o)> cf. 

Eq. (14.7). The full width at half maximum (FWHM) of the intensity is related by 
TfWhm = r g V2ln2. Excitation with pulses for CEP = 0 (T{„hm = 3 fs, 800nm) will 
now be considered for three oscillator configurations with resonances ® res = o>o, 
13a)o, and 2 a> 0 . A damping constant of try = 0.13 eV (lifetime r res = 5fs) is as- 
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sumed. These examples reflect (1) fully resonant, (2) near-resonance, and (3) non¬ 
resonant excitation. Normalized cross sections are shown Figure 14.10a in relation 
to the single pulse spectrum. The delay-dependent absorption can be measured by 
a dimensionless modulation 

W( At) 

M f ( At) = —±—L{At' » r res ) - 1 (14.10) 

w 

which is unity for A t = 0 and zero for pulse delays much larger than the oscilla¬ 
tor lifetime. The modulation signal M^ A (At) and M^, CA (At) for the approximat¬ 
ed energy absorptions in Eq. (14.7) or Eq. (14.9) are defined analogously. In Fig¬ 
ure 14.10b-d, the evolutions of M w (At) (solid red curves) are shown in relation to 
the applicable approximation M^ A (At) or M^, CA (At) (dashed, approximation as 
indicated). 

For the fully resonant and the near-resonant scenario (Figure 14.10b and c), the 
predictions of the linear spectrum approximation M^ A ( A t) (rescaled in amplitude 
as indicated) are in good agreement with M w (A t) and show dampened oscillations 
with high contrast. A closer comparison of the rescaled M^ A (At) signals with 
M w ( At) shows that the modulations appear in phase with the oscillator frequency 
and decay rate for A t > 6 fs, that is, outside the pulse overlap. 

For selected delays, time-domain evolutions of the laser field, dipole velocity, and 
absorbed energy are sketched as insets, providing a direct image of the dynamics 
being mapped into the modulation signals. Focusing on the upper time-domain 
plot in Figure 14.10b, a resonant dipole oscillation is excited by the pump pulse, 
that is, the dipole velocity and the laser field are in phase. For the chosen delay, 
the probe pulse arrives in phase with the dipole velocity (constructive interference) 
and the oscillator motion can be strongly amplified, resulting in a high-energy gain 
from the probe pulse due to coherent superposition of remaining coherent pump- 
induced plasmon motion. The lower illustration shows destructive interference, 
where the probe pulse stops and reverses the oscillator motion. Here the net energy 
gain from the probe is substantially reduced. The oscillation of the modulation 
parameter thus reflects the alternation of amplification and suppression of energy 
absorption from the probe pulse due to the residual oscillator motion. In turn, the 
decrease of the modulation amplitude with delay indicates the decay of the pump- 
pulse-induced oscillator motion. 

In the resonant scenario in Figure 14.10b, the modulation signals directly image 
the pump-induced motion of the oscillator. This can be inferred from the close-to- 
perfect agreement of M w (At) and the rescaled M^ A (At) with the dipole velocity 
Vd(t) for pump-only excitation (blue dashed curve in Figure 14.10b). Outside the 
pulse overlap region, signals are in phase and show the same relative amplitude 
evolution. 

A set of time-domain examples for the near-resonance scenario is shown in Fig¬ 
ure 14.10c (see insets), with trends and modulation effects similar to the fully res¬ 
onant case. The modulation signals (Figure 14.10c) are now phase shifted to the 
pump-induced dipole velocity by a small phase offset of the order of i^lsa- Howev¬ 
er, even for detunings as large as the width of the pulse spectrum as in our example, 
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the phase effect is small and may be neglected to the first order. The modulation 
signal still yields a reasonable image of the dipole velocity and the oscillator motion 
can be retrieved. 

Finally, for the nonresonant scenario in Figure 14.10d there remains no notable 
excitation after the pump pulse. The modulation parameter M w (At) almost exclu¬ 
sively images the trivial interference-induced fluence variations (interferometric 
autocorrelation) of the two pulses at small delays, as can be inferred from compar¬ 
ison to the M^, CA (At) data, cf. Eq. (14.9). This behavior allows identification of a 
nonresonant scenario. 

14.3.3 

Spectral Interferometry Analysis of Plasmons in Small Sodium Clusters 

We now apply semiclassical Vlasov simulations to calculate the excitation of pre¬ 
expanded Nai 47 clusters by a pair of intense 3 fs few-cycle pulses with CEP = 0 
at 800 nm. Details of the computational approach are described elsewhere [51]. To 
prepare resonant conditions, the ionic frame of the ground state is artificially ex¬ 
panded by a factor of 1.55 such that the plasmon is nearly resonant with an 800 nm 
laser field. To analyze the collective electron motion we begin with an inspection of 
selected time-domain results, see Figure 14.11a,b. 

The two scenarios in Figure 14.11a and b corresponds to pump-only excitation 
with intensities io — 10 12 and 10 13 W/cm 2 , respectively. In both cases, strong plas¬ 
mon oscillations are excited, as is reflected in the oscillations of the dipole velocity 
after the end of the laser pulse. The eigenfrequencies determined from dampened 
oscillator fits are very similar (tia> ms « 1.6 eV) for both intensities. 

Most interestingly, for the more intense pump pulse, the plasmon oscillations 
exhibits a substantially longer lifetime of r res = 7.7 fs over the result for the lower 
intensity scenario of 2.8 fs, which is a nonlinear effect of the excitation process. This 
behavior can be understood by considering the higher cluster ionization achieved 
with the stronger pulse, see the relative ionization (red curves) in Figure 14.11a and 
b. For the higher intensity, the remaining electron cloud is confined to a volume 
smaller than the ionic frame of the cluster (compare 3D plots in Figure 14.11a and 
b). When oscillating with a not-too-large amplitude, the electron cloud traverses on¬ 
ly the inner cluster region where the ion background potential is nearly harmonic. 

This effectively reduces plasmon dephasing by interactions with the anharmonic 
surface potential. Flence, the nonlinear effect yields an intensity-dependent reduc¬ 
tion of the plasmon lifetime. 

Having outlined the main physics of the test cases, we now apply the spectral 
interferometry analysis. Therefore, the cluster response for pump-probe excitation 
is calculated for systematic delay-scans. Modulation signals are given for the total 
absorption M w (At) and ionization Mg(At) as a function of pulse delay, see Fig¬ 
ure 14.11c and d. The modulation parameters show strong oscillations well beyond 
the pulse autocorrelation. Focusing on the region outside the pulse overlap, a near¬ 
ly perfect mapping of the pump-pulse-induced dipole velocity into the modulation 
signals is observed, that is, M w (At) rs Mg(At) a vq(t), where (t) is the corre- 
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t =7.67 fs 
j =+0.01 n _ 
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Figure 14.11 Plasmon dynamics and spectral 
interferometry analysis of Nai 47 under intense 
3fs FWHM few-cycle pulses at hcoo = 1.54 eV 
as calculated within the semiclassical Vlasov 
approach (cluster configurations and laser 
peak intensities as indicated), (a,b) Time- 
evolutions of the laser field, dipole velocity 
(relative to the peak field amplitude) and 


cluster ionization for pump-only excitation; 
Lorentz fits of the dipole velocity for t > 6 fs; 
3D snapshot images at t = 6fs. (c,d) de¬ 
lay scans of the modulation signals of the 
absorption and cluster ionization [Mw (At), 
Mq(A t)] and corresponding LSA fits. Af¬ 
ter [51] 


sponding dipole velocity for pump-only excitation. In particular, different lifetimes 
are clearly resolved and the dampened oscillator fits of the dipole signals and the 
LSA fits of Mw( At), M^(At) yield frequencies and lifetimes that agree within a 
small percentage. The extracted phase offsets are close to zero, as expected for fully 
resonant excitation. The modulation signals can be well described by the fit func¬ 
tions, except for short delays in the high-intensity scenario, where deviations due 
to nonlinearities can be found in the delay range At = 7... 9 fs, see Figure 14.lid. 

These results support that nonlinear spectral interferometry with few-cycle puls¬ 
es opens up an avenue toward imaging of strong-field-induced plasmons in metal 
clusters with subfs time resolution. In addition, as the to-be-scanned delay window 
can be as narrow as a few tens of fs, our approach is expected to provide valuable in¬ 
sights into the time-evolution of plasmonic properties in expanding clusters, which 
would be of great interest for nanoplasma science. 
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14.4 

Measurements of Plasmonic Fields with Attosecond Time Resolution 

It has been shown in the previous section for the case of spectral interferometry 
that the analysis of photoemitted electrons is a valuable tool for investigating plas¬ 
monic motion on ultrashort timescales. A different technique is inelastic scattering 
of high energy (200 keV) electrons, which has been used by Barwick et al. to image 
evanescent fields of carbon nanotubes excited by a femtosecond laser pulse [60]. In 
their case, the interaction with the plasmonic field leads to absorption and emis¬ 
sion of photon quanta by the electron. From a classical point of view this process 
is equivalent to the acceleration and deceleration of the electron in the plasmonic 
field. The time resolution of such an approach is so far limited to several tens- 
hundreds of femtoseconds, as determined from the duration of the electron puls¬ 
es [61]. Here, we will highlight an approach that might enable the measurements 
of the local field oscillations with attosecond time resolution. For a true subcycle 
measurement of plasmonic field oscillations the probe process has to be confined 
to a time significantly shorter than the field oscillation period. Such subcycle re¬ 
solved information may thus give very detailed insight into the plasmon dynamics, 
including the build-up and decay processes as well as any nonlinear effects. 

The attosecond streaking technique [62] is one of the most successful approach¬ 
es to fully characterize attosecond light pulses, few-cycle laser fields, and to mea¬ 
sure ultrafast electron dynamics in gases [63-65] and from surfaces [66, 67]. In at¬ 
tosecond streaking, electrons are photoemitted by an attosecond XUV pulse in the 
presence of a strong optical driving pulse, which accelerates or decelerates emit¬ 
ted electrons depending on their emission time with respect to the phase of the 
optical field. The technique permits to reconstruct the laser electric field from the 
measured photoelectron spectra by for example, time-of-flight (TOF) spectroscopy. 

In the classical picture, the change in the final drift velocity of the electron 
(photoemitted at time t e ) is proportional to the vector potential Vf(t e ) oc A(t e ) = 
f t to ° E(t)dt [62, 68]. From the obtained streaking spectrograms, the light field 
as well as the XUV pulse properties can be retrieved with high accuracy [5, 69]. 

This section discusses the implementation of the attosecond streaking technique 
for the real-time probing of plasmonic systems via attosecond nanoplasmonic 
streaking (APS) spectroscopy. We will furthermore describe the principal idea and 
the progress toward the implementation of APS spectroscopy with spatial electron 
imaging via the attosecond nanoscope. 

14.4.1 

Attosecond Nanoplasmonic Streaking 

Attosecond nanoplasmonic streaking is a two-color pump-probe technique (Fig¬ 
ure 14.12). First, plasmonic oscillations are excited by a few-cycle near-infrared 
(NIR) laser pulse (the pump pulse). In the second step, an attosecond XUV pulse 
(the probe pulse) will emit photoelectrons from the material. A photoemitted elec¬ 
tron released at time t e with an initial velocity v 0 will be accelerated in the plas- 
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At ' 


Figure 14.12 Principle of nanoplasmonic electrons from the nanoparticle, which will 

streaking. The driving NIR laser pulse ex- be accelerated in the local electric field. The 

cites plasmonic oscillations. The attosecond energy-resolved detection is achieved with a 
probe pulse with variable time delay emits time-of-flight (TOF) spectrometer. 


monic near-field E(r, t). The final shift in velocity can be expressed classically by 
the equation of motion 


oo 



(14.11) 


By measuring the shift in kinetic energy as a function of the delay between pump 
and probe pulses, the plasmonic field evolution can be mapped onto the photoelec¬ 
tron spectra. 

The absorption of XUV photons can result in the release of electrons from bands 
with a binding energy smaller than the photon energy, where the highest energy 
electrons will have a kinetic energy of 


Wkm = uv - Wf . 


(14.12) 


Here a>xuv is the XUV angular frequency and Wy is the work function of the sam¬ 
ple. This will lead to an energy spectrum of the photoelectrons that show distinct 
features of the band structure of the material. The penetration depth of the XUV 
radiation into solid metals is on the order of some tens of nanometers [70]. The free 
mean path of high-energetic electrons with a kinetic energy of about 100 eV, howev¬ 
er, is only some Angstroms [71]. As a consequence, only photoelectrons that are cre¬ 
ated close to sample surface are able to leave the sample without being inelastically 
scattered. This is advantageous for nanoplasmonic streaking, as the electron escape 
time from that layer is on the same order as the XUV pulse length. If additional 
electrons from deeper within the sample would be emitted, the additional travel 
time would result in the lowering of the temporal resolution. In addition to un¬ 
scattered electrons the photoelectron spectrum will show contributions from lower 
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states. These secondary electrons typically lead to a pronounced tail in the photo¬ 
electron spectrum at low kinetic energies, which arises from inelastic collisions 
and Auger decay [72, 73]. For nanoplasmonic streaking the unscattered electrons 
are of highest interest as their emission time is confined to a short (attosecond) 
time window. 


14.4.2 

The Regimes of APS Spectroscopy 


The most important difference of APS spectroscopy as compared to conventional 
attosecond streaking experiments performed on atoms is that the plasmon field 
E(r, t) is strongly localized at the nanoparticle’s surface. Especially for more com¬ 
plex geometries, the electric near-field can show complicated structure and has to 
he evaluated using numerical computations such as the finite difference time do¬ 
main (FDTD) or finite element (FEM) method. It is obvious that the streaking pro¬ 
cess governed by Eq. (14.11) will result in a quite different outcome depending on 
the exact plasmonic field geometry and the trajectory of the photoelectron through 
these fields defined by its initial conditions. 

For an easier understanding, we will now derive a simplified expression for 
E(r, t). For a single plasmonic resonance, the temporal envelope can be charac¬ 
terized by an exponential decay of the plasmon due to electron scattering and radi¬ 
ation damping [24]. The spatial decay of the near-field of an isolated nanoparticle or 
nanofeature of a surface-assembled nanostructure can be approximated by a mul¬ 
tipole expansion. The dipolar term ~ 1/r 3 is typically dominating already at short 
distances from the sample [74]. For sufficiently simple particle geometries, the spa¬ 
tial decay into free space along the normal to the surface can be well approximated 
by an exponential function. We will here consider electrons emitted parallel to the 
plasmonic field. For sufficiently high-field enhancement, where the laser field can 
be neglected, the resulting electric field acting on the photoelectrons includes two 
exponential decaying terms in addition to the oscillating time dependence: 


E(x, t) = E p exp ^ j exp ^ cos (a) res t + <p). (14.13) 

Flere £ p is the maximum field strength at the surface and tu res is the angular 
frequency of the plasmon oscillation, while T 2 and % are the temporal and spatial 
decay constants, respectively. This equation can be further simplified, if we assume 
a weak enough electric field compared to the electron energy. This implies that the 
change in velocity by acceleration in the electric field is small with respect to its 
initial value Av 0 <K v 0 and (for times t > t e ) the distance to the sample surface 
approximated by x(t) sa v 0 (t — t e ). Equation (14.13) can be written as 


E(x, t) = E p exp 


( 


-t -(t- t e )v Q 

Ti X 


j cos (a ) res t + (p) . 


(14.14) 


Essential parameters for the regime of attosecond nanoplasmonic streaking is the 
relation between the electron energy Wjdn, the plasmon frequency ® res = 2ir Tff] 
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and the spatial extent of the plasmonic field X- These quantities will define the 
interaction between electron and near-field and therefore determine the streaking 
spectra. Generally, one can distinguish between two limiting regimes. First, for an 
interaction much shorter in time than the period of the plasmonic oscillation, the 
instantaneous electric field probing regime is entered. With respect to Eq. (14.14), 
this is equivalent to T]” 1 <K v 0 x -1 , as usually T 2 > T res . On the other end, the pon- 
deromotive streaking regime is reached, if the plasmonic oscillations have already 
decayed before the electron has left the near-field region. This regime is equiva¬ 
lent to T 2 -1 v 0 x~ l , representing a much shorter plasmon lifetime than elec¬ 

tron travel time. For the calculations shown below for spherical metal nanoparti¬ 
cles, nanoplasmonic streaking often takes place in an intermediate region between 
these two extreme regimes. To characterize the streaking process quantitatively, the 
phase shift A (p s between the electric near-field oscillations and the streaked wave¬ 
form can be employed. This phase shift will vary between the instantaneous and 
ponderomotive regime from A cp s = Oto jt/2. 

With the simplifications made above, the electrons’ equation of motion is inte- 
grable. Introducing an effective decay time r s = xl v o> the shift in velocity as a 
function of emission time can be expressed by 



[(T 2 + r s ) cos(<M res t e + <p)~ T 2 r s a) tes sin(ft) res t e + cp)\. 


x 


(14.15) 


From this expression, we can see that the absolute change in final drift velocity is 
decreasing for higher plasmon frequencies. The interplay between T 2 , r s and a> tes 
defines the streaking regime [76]. The phase shift A cp s is given by 



(14.16) 


Figure 14.13c shows the phase shift A<p s as a function of electron energy and spa¬ 
tial decay length for a fixed decay time of T 2 = 10 fs. As can be seen in Eq. (14.15), 
besides the oscillatory terms, the temporal envelope is still given by exp(—t e /T 2 ). 
Consequently, the exponential decay constant T 2 of the plasmonic field oscillation 
can directly be recovered from the streaking spectra (see Figure 14.13b). 

14.4.3 

APS Spectroscopy of Collective Electron Dynamics in Isolated Nanoparticles 

We will now turn to the implementation of APS spectroscopy on isolated, spherical 
metal nanoparticles. As already shown in the previous section, the streaking ampli¬ 
tude as well as the phase shift is heavily dependent on the exact trajectory of a pho¬ 
toelectron. Additionally, the contrast in the streaking spectrograms can be reduced 
if the sample has large areas without noticeable field enhancement [75]. Numerical 
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Figure 14.13 (a) Calculated acceleration fields 
for different spatial decay parameters. The 
electron energy is 100 eV, £p = 10 10 V/m 
and Ti = lOOfs. (b) Simulated streaking 
spectra for the same parameters as in (a). 


(c) Map of phase shift as a function of spa¬ 
tial decay % length and electron energy for 
Tl = 10 fs. (d) Field enhancement profile for 
a Au nanosphere of radius 50 nm (cut through 
y = 0). After [75, 76). 


studies have tested the feasibility of such an integrated measurement using either 
isolated nanospheres [75] or nanopatterned surface structures [9, 77]. A numeri¬ 
cal study on isolated gold nanospheres by StiKmann et al. showed the dependence 
of the resulting streaking spectrograms on the electron emission position on the 
sphere [75]. Spherical particles show an inhomogeneous field enhancement pro¬ 
file (see Figure 14.13d). A large phase-shift and small amplitude is observed in the 
streaking spectrogram if the emission occurs at the sides of the sphere. This is due 
to the fact that those electrons initially experience weak or even opposite electric 
fields after liberation. The smallest streaking amplitude is observed for a = 90°. 
As examples, Figure 14.14a,b show streaking spectra for different emission posi¬ 
tions a (with a being the angle with respect to the pole of the sphere as illustrated 
in Figure 14.13d). The sphere diameters are 10 and 100 nm, the electron kinetic 
energy is 100 eV and the pulse length is 5 fs (FWHM of a Gaussian envelope) at 
an intensity of 10 12 W/cm 2 . To see the influence of these retardation effects on 
the streaking spectrograms, a large number of trajectories were computed with 
their relative probabilities determined by the emission position, the XUV pulse 
spectral bandwidth and pulse length. Figure 14.14c and d shows these simulated 
streaking spectrograms for the two sphere sizes. The retardation effects are more 
pronounced for the larger sphere size and results in a stronger blurring of the 
streaking spectrogram. 
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Figure 14.14 Streaking spectrograms for different emission positions from (a) 10 nm Au 
spheres and (b) 100 nm Au spheres, (c),(d) Simulated streaking spectrogram composed of 
1.5 X 10 5 electrons for 10 nm and 100 nm sphere diameter. After [75], 


Similar results were shown for coupled systems on a substrate [77], where the 
streaking process from the gap region of a coupled antenna was simulated. The 
results show that, due to the high homogeneity of the field enhancement with¬ 
in the gap region, averaging over electron emission positions yields clear streak¬ 
ing spectrograms predominantly in the ponderomotive regime [77]. For either ap¬ 
proach nanoplasmonic streaking seems to be achievable, but the reconstruction 
of the near-fields remains a challenge. The envelope can be easily identified (see 
Eq. (14.15)) and should give good results for the lifetime of the oscillation. The res¬ 
onance frequency can also be easily obtained given sufficient temporal resolution. 
The spatiotemporal properties of the subcycle evolutions of the nanoplasmonic 
field will, due to the retardation effects, in most cases require comparison of the 
measured data with numerical simulations for an exact recovery of the waveform. 


14.4.4 

Attosecond Nanoscope 

Combining the described nanoplasmonic streaking technique with ultrahigh, 
nanometer spatial resolution is highly desirable for measurements on surface 
assembled nanostructures. 

Photoemission electron microscopy (PEEM) has been successfully applied for 
the imaging of plasmonic fields with femtosecond time resolution [78, 79]. Exper¬ 
iments on plasmonic systems usually employ two-photon-photoemission (2PPE), 
where two photons (typically in the UV region) are utilized to photoemit an elec¬ 
tron from a nanostructured sample (see, e.g. [80]). This results in a nonlinear de¬ 
pendence of the local photocurrent on the local surface field strength j ~ |E| 4 and 
as a consequence plasmonic near-fields can be efficiently imaged. Phase-resolved 
measurements are able to trace propagation effects of traveling SPPs and monitor 
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Figure 14.15 Principle of the attosecond 
nanoscope (ATN). A short NIR pulse induces 
plasmonic oscillations which are probed by 
a time-delayed attosecond XUV pulse. The 
streaked photoelectrons are imaged with a 
time-of-flight PEEM (TOF-PEEM), where their 


time-of-flight and position are detected by a 
MCP/delay-line detector. Streaking spectro¬ 
grams for each image point can be measured 
by scanning the delay between the pump and 
probe pulses. 


the build-up and decay of SPPs [80]. Furthermore, coherent control of femtosecond 
laser pulses can be exploited to spatially control the excitation of plasmons [81]. 

Stockman et al. proposed to combine PEEM and attosecond nanoplasmon- 
ic streaking for the noninvasive, direct probing of nanoplasmonic fields with 
nanometer spatial and attosecond temporal resolution [9]. The principle of the 
attosecond nanoscope (ATN) is shown in Figure 14.15. A short infrared laser pulse 
excites the collective electron dynamics on a nanostructured surface and then a 
time-delayed attosecond XUV pulse emits photoelectrons from the surface. These 
electrons are accelerated in the plasmonic near-fields as described in the previous 
section. But unlike before, now the detector is a PEEM, which enables the imaging 
of photoelectrons from the sample surface with nanometer resolution. A recently 
developed time-of-flight PEEM (TOF-PEEM) allows (in addition to the measure¬ 
ment of their emission position) the measurement of electron kinetic energy 
spectra [82]. By scanning the delay between the NIR pump and XUV probe puls¬ 
es, a streaking spectrogram is obtained for each image point on the TOF-PEEM, 
representing a small volume on the sample surface. From these spectrograms, the 
local field oscillations for each image point can be reconstructed. 

The study by Stockman et al. focused on the instantaneous regime of nanoplas¬ 
monic streaking [9, 83]. Simulations showed that on a rough silver surface (see 
Figure 14.16a), hot spots with field enhancement factors of Q = 30 and a spatial ex¬ 
tension of a few nanometers are expected [9]. These hot spots are so small that the 
electron escape time is much smaller than the period of the plasmonic oscillation 
(r s <SC T res ). This results in a direct mapping of the instantaneous local electrostatic 
potential <P(r,t e ) onto the streaking spectrogram. 

Results of the calculations by Stockman et al. [9, 83] for the nanostructure in Fig¬ 
ure 14.16a are shown in Figure 14.16b. An attosecond XUV pulse at 90 eV with 
a pulse duration of 170 as was employed. The XUV pulse is synchronized with a 
few-cycle optical field 5 fs in duration for the excitation of the nanosystem and both 
are focused onto the sample. Due to their large kinetic energy and short emission 
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Figure 14.16 (a) Ag nanostructure employed in the calculations, (b) Snapshots of streaking 
spectrograms for two time delays between a few-cycle excitation pulse and attosecond XUV 
probe pulse. After [83], 

time, the XUV-emitted valence band photoelectrons escape from the nanosized re¬ 
gions of local electric field enhancement within a fraction of the oscillation period 
of the driven plasmonic field. These photoelectrons are accelerated or decelerat¬ 
ed by the local plasmonic field, which defines their energy. The imaging using 
the XUV-emitted photoelectrons by an energy-resolving PEEM probes the electri¬ 
cal field potential at the surface as a function of the XUV-pulse incidence time and 
emission position with ultrahigh resolution. The spatial resolution is defined by the 
aberrations of the TOF-PEEM electron optics. Lin et al. have achieved 25 nm spatial 
resolution with a recently developed TOF-PEEM in threshold photoemission mode 
using UV excitation [82]. The temporal resolution is determined by the duration 
of the attosecond pulse and the time-of-flight of the photoelectrons through the 
local-field region, which can be on the order of (a few) hundred attoseconds. As 
an example, Figure 14.16b shows two snapshots of the spatially resolved spectro¬ 
grams for different near-infrared (NIR) pump-XUV probe delay times of 66.45 and 
67.60 fs on the left and right, respectively [83]. Streaking amplitudes of up to about 
10 eV were obtained for an NIR intensity of 10 GW/cm 2 , where the direct streaking 
of the electrons by the external NIR field can be neglected. These theoretical results 
demonstrate the potential of ATN for the direct, noninvasive spatiotemporal prob¬ 
ing of collective electron motion. Accordingly, the implementation of the ATN has 
a huge potential to boost the development of lightwave electronics. 

14.4.5 

Experimental Implementation of the Attosecond Nanoscope 

For the successful implementation of the attosecond nanoscope several aspects 
have to be considered. When using a PEEM in conjunction with pulsed lasers, 
space charge effects will limit the maximum number of electrons that can be emit¬ 
ted per laser shot [84]. The emitted electrons will repel each other on their way 
through the electron optics causing a blurring of the image and spectral shifts. With 
respect to space charge effects it is important to note that the PEEM optics itself is 
energy selective. Contrast apertures must be inserted in the back focal plane of the 
objective lens [73] to obtain high-spatial resolution [82]. These apertures reduce the 
acceptance angle for the photoelectrons with respect to their lateral momentum 
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Figure 14.17 (a) UV-PEEM image of Au 
squares illuminated by an Hg arc lamp with 
an exposure time of 2 min. Intensity profile ex¬ 
tracted from the region marked on the image 
gives a spatial resolution of 150 nm. (b) XUV- 
PEEM image illuminated by attosecond XUV 
pulses under the same conditions with an ex¬ 
posure time of 1.5 h. Intensity profile extracted 


from the region marked on the image gives 
a spatial resolution of 200 nm. (c) Full ener¬ 
gy spectrum ofXUV excited photoelectrons 
integrated over the whole Au sample area 
(secondary electron emission peak marked 
by the purple region), (d) Sample geometry. 
After [87], 


component. Consequently, the transmission decreases with higher photoelectron 
energy, which may according to Watts et al. [85] be expressed by 


m _ 1 

~ 1+ WJC ’ 


(14.17) 


where C is dependent on the PEEM geometry and W a is the photoelectron energy. 
The interplay of space charge effects and transmission poses constraints on the 
maximum applicable XUV intensity [86, 87]. Another challenge of using a TOF- 
PEEM is the compensation for chromatic aberration, as the electron spectrum to 
be imaged has a spectral width of at least several electron volts originating from the 
broadband XUV excitation with an attosecond source [87]. In recent experiments 
these difficulties could be confirmed: Chew et al. tested the imaging capabilities 
of a TOF-PEEM with attosecond XUV pulses centered at 93 eV [87] and Mikkelsen 
et al. explored photoemission electron microscopy in conjunction with attosecond 
pulse trains [86]. In both studies, the XUV pulses were produced at a repetition rate 
of 1 kHz. 

Figure 14.17 shows results from the study by Chew et al. [87]. Here, an isolated 
attosecond pulse is spectrally selected from the cutoff region of the XUV spectrum 
produced by a few-cycle NIR pulse by applying a Zr/Si 3 N 4 filter in combination 
with a multilayer mirror (for more details on the setup, see [87]). The TOF-PEEM 
is equipped with an MCP/delay-line detector (DLD) providing temporal and spa¬ 
tial information about the recorded photoelectrons. Figure 14.17a and b shows a 
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Figure 14.18 (a) TOF-PEEM images excited with XUV light at different HHG target gas pres¬ 
sures (100, 90, 80, 70, 60, 50, 45, 40mbar). (b) Electron kinetic energy spectra of XUV emitted 
photoelectrons at different HHG target gas pressures in mbar. After [87], 


comparison between images obtained from an Hg lamp and an attosecond XUV il¬ 
lumination of the chess-board nanostructured Au sample shown in Figure 14.17d. 
The spatial resolution may be determined by the image quality of a nanostructure 
edge (as shown in the lower part of Figure 14.17a and b) and is very similar for 
both light sources. It should be noted, however, that a small contrast aperture was 
used and the XUV image is mainly composed of low energy, secondary electrons, 
as is evident in the measured, spatially integrated kinetic energy spectrum shown 
in Figure 14.17c. Nevertheless, a peak between 80 and 90 eV indicates the success¬ 
ful recording of high-energy electrons from the direct XUV-emission of electrons 
from the Au Fermi edge, which have been considered in the theoretical proposal 
for the ATN [9] and were crucial for reaching the instantaneous streaking regime. 

Due to space charge effects, the achievable PEEM image quality can strongly 
depend on the incident XUV fluence and the photoelectron energy. Figure 14.18 
shows energy-integrated TOF-PEEM images (consisting largely of secondary elec¬ 
trons) acquired for different XUV fluences (here, the target pressure in high- 
harmonic generation was varied to alter the XUV fluence). For single-photon 
photoemission, the number of photoelectrons is proportional to the XUV fluence 
and for a sufficiently low XUV fluence, space charge effects can be avoided. A sim¬ 
ilar conclusion was reached by Mikkelsen et al. [86], who used trains of 30 eV XUV 
pulses to image a nanostructured Au film [86] with a conventional PEEM without 
time-of-flight. A TOF-PEEM allows for the distinction between the otherwise domi¬ 
nating secondary photoelectrons and the direct photoelectrons (see Figure 14.18b). 
Chew et al. found in their studies that predominantly the secondary electrons are 
affected by the build-up of space charge (as observed by spectral broadening) while 
the direct electrons are not affected [87]. Unfortunately, so far, the use of the con¬ 
trast apertures in the TOF-PEEM, together with a repetition rate of 1 kHz, limited 
the count rates for the direct electrons such that the spatial and energy-resolved 
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detection of direct electrons would take too long to realistically perform a pump- 
probe imaging experiment using just these electrons. The implementation of the 
ATN will therefore benefit largely from the use of high-repetition rate attosecond 
XUV sources. Motivated by this and other applications, such sources are being 
developed (see next section for a nanoplasmonic approach to the realization of 
MHz rate XUV sources). 


14.5 

Nanoplasmonic Field-Enhanced XUV Generation 


High-harmonic generation is a highly nonlinear process between a medium (e.g. 
a rare gas) and an intense femtosecond laser field [88, 89]. In order to achieve the 
necessary, high intensity of a few-cycle driving pulse for attosecond XUV genera¬ 
tion (> 10 13 W/cm 2 for Xe as a target [90]), typically amplified laser systems are 
employed operating at kHz repetition rates [39, 91, 92]. Motivated by various appli¬ 
cations of high-repetition rate XUV sources (high-resolution spectroscopy [93, 94] 
and time-resolved measurements [87]) various approaches have been followed for 
the generation of XUV pulses at (up to) MHz rates. 

One approach is to directly generate XUV light from amplified femtosecond 
MHz laser systems (see e.g. [95]). Another approach is to seed a passive enhance¬ 
ment cavity with the output from a femtosecond MHz oscillator (see e.g. [93]). 
Despite impressive progress concerning the circulating power in such cavities [96], 
such systems are hard to stabilize and the outcoupling of the XUV light remains a 
challenge to their more widespread application [96]. 

An alternative approach, introduced by Kim et al. in 2008 is to employ nanoplas¬ 
monic field enhancement for the generation of XUV pulses (nano-HHG) at MHz 
repetition rates [97]. The production of XUV light is based on the near-field 
within the gap of Au bow-tie nanoantennas (see Figure 14.19), arranged in an 
array on a thin sapphire substrate, which is back-illuminated by a 10 fs pulse 


Antenna array 



Figure 14.19 (a) Principle of nanoplasmonic 
high-harmonic generation. Noble gas atoms 
are inserted into the gap region of a nanoplas¬ 
monic antenna. These antennas are illuminat¬ 
ed by a short resonant NIR laser pulse. Due to 


the field enhancement the HHG process can 
take place in the antenna gap region, (b) The 
samples are placed on a transparent substrate 
(sapphire in [97]). Various geometries can be 
used. 
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from a Ti:sapphire laser oscillator. The incident laser intensity of approximately 
10 11 W/cm 2 was increased by plasmonic field enhancement and reached sufficient 
strength to generate harmonic radiation in Ar, which was injected between the bow- 
ties. Kim et al. claim the generation of XUV light with photon energies between 
11 to 26 eV at the full repetition rate of the Tksapphire oscillator of 75 MHz [97]. 
The interpretation of these results was recently challenged by Sivis et al., who 
only observed an enhancement of multiphoton and strong-field fluorescence in 
bow-tie nanoantennas [98], Kim et al. claim that the local rare gas pressures that 
were realized at the bow-tie nanostructures are responsible for the different ob¬ 
servations [99, 100]. Further studies will be required to resolve this dispute and 
clarify the importance of coherent versus incoherent XUV emission from such 
nanostructures. An alternative approach to the nanoplasmonic field-enhanced 
XUV generation at MHz repetition rates was recently presented by Park et al., who 
employed nanostructured waveguides and demonstrated the generation of XUV 
light up to 70 eV at an incident laser intensity of about 5 x 10 11 W/cm 2 [100, 101]. 

The temporal properties of XUV pulses generated via nanoplasmonic field en¬ 
hancement have not yet been studied. In the discussion below we will neglect inco¬ 
herent processes and show how for metallic nanoellipsoids the temporal evolution 
of the near-field within the gap of a coupled nanoantenna is influenced by the 
antenna geometry, and how this approach can be extended to the generation of 
isolated attosecond pulses. 

14.5.1 

Tailoring of Nanoplasmonic Field Enhancement for HHG 

In contrast to traditional XUV sources where the generation process is driven di¬ 
rectly by the electric field waveform of the laser, nanoplasmonic-field-enhanced 
HHG has an additional degree of complexity due to the local plasmonic fields. This 
provides the opportunity to optimize both the laser parameters and the nanostruc¬ 
ture configuration in order to tailor the resulting XUV pulses. In the computa¬ 
tions described below and outlined in [102] coupled ellipsoids were used instead of 
bow-tie antennas. These antennas can be produced in large quantities by chemical 
synthesis [103] and in aligned arrays on surfaces (see, e.g. [104]), so that the fabri¬ 
cation of such arrays with small separation between the ellipsoids can be achieved 
more easily when compared to the lithography techniques used to produce other 
configurations such as bow-tie nanostructures [16]. 

Important from an experimental point of view is the damage threshold of the 
sample. The scattering processes of hot electrons will first equilibrate the tem¬ 
perature of the electron gas, which will then heat the lattice by electron-phonon 
scattering. If the fluence of the laser is too high, the nanostructure can potentially 
melt [105]. The reported damage threshold of Au nanostructures is on the order 
of 10 11 W/cm 2 maximum peak intensity [106]. For the realization of HHG in no¬ 
ble gases such as Xe and Ar, it is necessary that the field enhancement is at least 
30-40 [97]. 
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Symmetric configuration 



100 nm 100 nm 

Asymmetric configuration 



100 nm 100 nm 


(b) 

Figure 14.20 Results showing (a) the near¬ 
field amplitude (normalized to 1), (b) di¬ 
mensions of the coupled nanostructures 
and the enhanced plasmonic fields for a 



carrier-envelope phase of (c) ipcE = 0 and 
(d) <Pce — ti/2 for the symmetric (solid green 
line) and asymmetric (dashed black lines) 
configurations, respectively. After [102], 


In the described calculations, the peak intensity of an 800 nm laser with a pulse 
duration of 3.5 fs is 1 x 10 11 W/cm 2 . Symmetric and asymmetric configurations of 
coupled ellipsoids were considered (with the geometries shown in Figure 14.20b). 
In both cases the enhanced plasmonic fields were calculated at the center of the 
g = 5 nm gap between the ellipsoids using the FDTD technique. For details on the 
computations, see [102]. In addition to the nanostructure configuration, the CEP 
of the few-cycle driving laser field is expected to offer an additional and impor¬ 
tant degree of control over the response of the localized plasmonic field enhance¬ 
ment [79, 107]. The corresponding plasmonic field responses were determined for 
the symmetric and asymmetric ellipsoid configurations with CEPs, cpcv. = 0 and 
jt/ 2. The results are shown in Figure 14.20. 

Isolated, attosecond XUV pulses can be obtained via HHG by a number of well- 
established techniques (see e.g. [45]) including the application of few-cycle laser 
pulses with well-defined electric fields in combination with spectral filtering of the 
XUV light from the cutoff region [29]. This technique has led to the generation 
of the shortest isolated XUV pulses to date of only 80 as duration [30]. The near¬ 
field amplitudes of the symmetric and asymmetric configurations are shown in 
Figure 14.20a. Both spectra exhibit one dominant peak at 882 and 845 nm for the 
symmetric and asymmetric configurations respectively, and are both intentionally 
slightly off-resonant with the central wavelength of the driving laser field to facili¬ 
tate a faster plasmonic response. 
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The reduced spatial symmetry in the asymmetric configuration results in the 
appearance of a secondary peak centered at approximately 698 nm. The effect of 
symmetry has a straightforward physical interpretation. For the center-symmetric 
systems, there are two longitudinal surface plasmon modes: these are modes of the 
dipole of the individual ellipsoids directed along the axis of symmetry. Using parity 
arguments, these can be described as symmetric and anti-symmetric (or even and 
odd, respectively) [102]. The even mode, where the dipoles of both ellipsoids oscil¬ 
late in phase, is bright and strongly red-shifted due to opposite charges facing one 
another across the gap, which reduces the electrostatic energy. With the odd mode, 
however, it is the like charges that are separated across the gap resulting in a blue- 
shift. Figure 14.20c and d shows the enhanced plasmonic fields for the symmetric 
and asymmetric structures and CEPs of <Pce = 0 and tpcE = Jt/2, respectively. 
The maximum amplitudes for the symmetric and asymmetric configurations were 
found to be similar with 43.5 and 43.3, corresponding to intensities of 1.89 x 10 14 
and 1.88 x 10 14 W/cm 2 , respectively, which is sufficient for HHG from Ar. 

Although the maximum field enhancement is very similar for both nanostruc¬ 
ture configurations, the decay of the plasmonic field differs: the symmetric struc¬ 
ture shows a long, smooth exponential decay with a time constant of about 10.2 fs. 
For the asymmetric structure, the subsequent decay is strongly modulated, which 
can be attributed to the beating pattern between the two different modes within 
the structure. Although not immediately obvious, the subtle effect of the CEP caus¬ 
es a shift in the phase of the oscillations of the enhanced plasmonic fields shown 
in Figure 14.20c and d. As shown in the following section, both the CEP and the 
nanostructure configuration have a profound effect on the resulting high-harmonic 
spectra and the production of single and multiple, subfemtosecond XUV pulses. 

14.5.2 

Generation of Single Attosecond XUV Pulses in Nano-HHG 

The enhanced plasmonic fields calculated in the previous section were used to de¬ 
termine the corresponding high-harmonic spectra by employing the single-active 
electron model [108]. The results are shown in Figure 14.21. 

The high-harmonic spectra, Figure 14.21a and c, display a number of common 
features. All spectra show a series of peaks corresponding to the odd harmonics 
of the driving laser field. For example, the dominant peak centered at 1.55 eV is 
the photon energy of the laser with the two subsequent peaks at 4.65 and 7.75 eV 
corresponding to the third and fifth harmonics. There is an extended region from 
17 to 58 eV where the odd harmonics are of a similar intensity, before falling off 
rapidly with photon energy. These correspond to the plateau and cutoff regions 
of the high-harmonic spectra, respectively. While for the current parameters, the 
plateau region remains largely independent of the CEP and nanostructure config¬ 
uration, the cutoff region displays a strong dependence on both of these variables. 
The cutoff with the highest energy XUV photon, W max , is given classically by 


Wmax = 3.17 Up + IP , 


(14.18) 
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Figure 14.21 High-harmonic spectra cal¬ 
culated from the enhanced plasmonic fields 
for symmetric (solid green lines) and asym¬ 
metric (dashed black lines) nanostructure 
configurations for a CEP of (a) ipcE = 0 and 
(b) <Pce = tt/2. Also shown are the corre¬ 
sponding temporal pulse profiles following 




spectral filtering within the cutoff region 
of the high-harmonic spectra for a CEP of 
(c) ipcE = 0 and (d) tpcE = Jt/2. The dotted 
red lines indicate a Gaussian fit to the tempo¬ 
ral profiles and the FWHMs are also indicated. 
After [102], 


where IP is the ionization potential of the atom (or molecule) and U p is the pon- 
deromotive potential of the electron within the field. 

As both the symmetric and asymmetric configurations had near-identical en¬ 
hancements and therefore, effective intensities, their high-harmonic spectra show 
equal cutoff energies of 68 eV. However, as can be seen in Figure 14.21a and c, 
the behavior within the cutoff region varies depending upon the configuration and 
CEP. To examine potential temporal XUV pulse profiles resulting from the spec¬ 
tral selection of a portion of the cutoff region a Gaussian filter of FWHM = 5 nm 
centered at 60 eV was used. The filtered spectral data were subsequently Fourier 
transformed to obtain the temporal pulse profiles shown in Figure 14.21c and d. 
The CEP is found to have a significant impact on whether single or multiple XUV 
pulses are produced within the cutoff region. The CEP will affect the phase of 
the plasmonic field, which in turn determines whether multiple electron trajecto¬ 
ries contribute to HHG or only one. The production of attosecond pulse trains or 
single attosecond pulses is correspondingly indicated by either a modulated or a 
smooth spectrum, respectively. As can be seen from Figure 14.21b and d, single 
XUV pulses are predicted from the symmetric and asymmetric configurations for 
CEPs y>cE — 0 and it/2, respectively. We can conclude from these results that a 
suitable tayloring of the nanostructure configuration and CEP of the incident laser 
field can enable the generation of isolated attosecond XUV pulses in nano-HHG. 
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Note that these conclusions are drawn on the basis of the simple modeling of the 
nano-HHG process in [102], which did not include spatially dependent fields dur¬ 
ing the electron excursion. Such improved computations were recently performed 
by various authors [109-112]. The accurate prediction of the absolute phases of 
plasmonic fields remains a challenge for future theoretical work, which shall be 
compared to experimental studies expected to emerge in the very near future. 


14.6 

Conclusions and Outlook 

The control of the collective electronic response of nanostructured materials with 
the waveform of a laser field is one of the first experimental achievements in this 
emerging field of attosecond nanophysics. In the first studies employing few-cycle 
pulses on dielectric nanoparticles [10] and metal nanotips [11] the carrier-envelope 
phase has been shown to be a crucial parameter for the control of the electron 
emission and electron acceleration from these nanostructures. 

Future studies may employ synthesized light fields spanning over several oc¬ 
taves [113], which could provide full control over collective electron motion on the 
nanoscale. The lightwave control of electron motion in nanostructures is an impor¬ 
tant part of the development of lightwave (nano)electronics. Existing experimental 
approaches employing CEP-stabilized few-cycle laser fields will in the near future 
be complemented by those utilizing attosecond XUV pulses providing access to at¬ 
tosecond temporal resolution. This will give unprecedented, novel insight into the 
collective electron dynamics for dielectric, semiconductor, and metal nanostruc¬ 
tures and will enable us to explore in detail how plasmons are formed and decay 
on a subcycle timescale. We have introduced three concepts for the time-resolved 
measurement of plasmonic fields: (1) spectral interferometry as shown for the ex¬ 
ample of metallic clusters, (2) attosecond nanoplasmonic streaking, and (3) the 
attosecond nanoscope. It is likely that more concepts will be developed in the near 
future. At present, the theoretical development is ahead of experimental implemen¬ 
tation, but significant progress has already been made implementing, for example, 
the ATN [82, 86, 87]. 

We expect that the theoretically developed concepts, when put into practice, to 
give novel insight into field-dependent phase transitions in nanomaterials and the 
generation of coherent light via the emission, acceleration and recombination of 
electrons from nanostructures or in the enhanced local fields near nanostructures. 
As was shown in [10, 31], even for moderate field intensities dielectric nanopar¬ 
ticles show new, field-dependent effects on an ultrafast timescale. These results 
were collected at laser intensities where the dielectric response of the medium 
is still linear. Extension of the experiments toward higher laser intensities might 
lead to a regime where the instantaneous medium response is highly nonlinear 
in nature and exhibits novel properties. Time-dependent density-functional theo¬ 
ry calculations for Si0 2 have predicted the optical breakdown of this dielectric at 
about 10 15 W/cm 2 [114]. Dielectric nanofilms can metalize in strong adiabatic and 
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nonadiabatic fields without optical breakdown [27, 115]. Recent experimental and 
theoretical work elucidated that these field-induced changes in the optical and elec¬ 
tronic properties of a dielectric follow the electric field [28]. Furthermore, a laser 
field with controlled waveform enabled ultrafast switching of a dielectric from an 
insulating to a conducting state within an optical cycle [6]. Such nonlinear behav¬ 
ior of nanomaterials in strong, ultrashort laser fields may be utilized to realize a 
nanometer sized, light-controlled field-effect transistor (FET) providing one of the 
building blocks for lightwave (nano)electronics. 

The integration of attosecond science and nanotechnology will yield unprece¬ 
dented insight into collective, multielectron behavior, where the information con¬ 
tained in a time-resolved experiment may significantly exceed what can be obtained 
by other (time-integrated) means. 
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15 

Strong-Field Interactions at EUV and X-Ray Wavelengths 

Artem Rudenko 


15.1 

Introduction 

The invention of lasers in the beginning of the 1960s revolutionized optical science 
and technology and created the tools for a new era of research. Nowadays, laser 
applications include precision processing of materials, testing of ultrahigh-speed 
semiconductor devises, data storage and retrieval, for example, in CD-players, data 
transmission through optical fibers, and sophisticated surgical treatment in neu¬ 
rology and ophthalmology. In the field of science and analytics, it is almost im¬ 
possible to imagine modern spectroscopy without laser light sources. Lasers have 
a unique ability to concentrate enormous amount of energy in a very small spa¬ 
tial region and in a very short time interval. State-of-the-art laser systems therefore 
permit the study of light-matter interactions at unprecedentedly high intensities 
and field strengths (up to, or even exceeding, the field experienced by an electron 
in a hydrogen atom). Such systems provide experimental tools for time-resolved 
measurements on extremely short timescales. 

One major motivation for modern laser physics is the dream to “film” chemi¬ 
cal reactions in real time. The timescale of chemical reactions is defined by the 
motion of atoms in the reacting molecules. Despite the development of fast stro¬ 
boscopic photography techniques in the 1930s, the microsecond exposure times of 
cameras were still orders of magnitude too slow to obtain snapshots of molecular 
motion that occurs on the picosecond (ps) rotational and femtosecond (fs) vibra¬ 
tional timescales. With the rapid evolution of laser technology in the early 1980s, 
laser systems with subpicosecond pulse duration became routinely available and 
provided experimental tools for achieving this long-sought goal. A key experimen¬ 
tal approach is the “pump-probe technique,” where a first (pump) laser pulse initi¬ 
ates a process of interest, for example launches a molecular reaction, and a second 
(probe) pulse arrives after a well-defined time delay to sample (“photograph”) the 
evolution of molecular structure in time. To employ this technique, the effective 
duration of the pump and probe pulses (i.e., the “exposure time”) has to be shorter 
than the timescale of the process of interest. With femtosecond pulses, the dynam- 
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ics of numerous photo-induced processes, ranging from bond-breaking in simple 
diatomic molecules to intramolecular rearrangement in large organic and biolog¬ 
ical complexes, became accessible to experimental investigation. This opened an 
entirely new field of femtochemistry [1], and a pioneer of the field, A. Zewail, was 
awarded the Nobel Prize in chemistry in 1999. 

Amazing progress was achieved over the last decades in time-resolved imaging 
of light-induced molecular reactions. But the employed optical femtosecond lasers 
soon showed their fundamental limitations for spatial and temporal resolution. 
Both limitations originate from the wavelength range of the light sources. Since the 
laser wavelength typically lies in the range of a few hundred nanometers to a few 
micrometers, subnanometer spatial resolution (the scale required to trace atomic 
motion in a reactions) cannot be achieved by a direct optical probe scheme. There¬ 
fore, typical femtochemistry experiments employ indirect probe methods based, for 
example, on absorption of light, laser-induced fluorescence, action mass spectrom¬ 
etry, or a variety of ionization-based schemes (such as ion time-of-flight measure¬ 
ments, photoelectron spectroscopy, Coulomb explosion imaging, etc.). The wave¬ 
length also determines the length of one optical cycle, which is ~ 1 fs for ultraviolet 
(UV) and few femtoseconds for infrared (IR) light. The optical cycle is the ultimate 
limit for the pump and probe pulse duration and, thus, for the time resolution 
achievable. 

A quest for subnanometer spatial and subfemtosecond temporal resolution be¬ 
gan at the end of the twentieth century and led to the development of short-pulsed, 
short wavelength radiation sources in the extreme ultraviolet (EUV) or X-ray do¬ 
main. 1 ’ Angstrom spatial resolution can nowadays be routinely achieved in X-ray 
crystallography at synchrotrons, which represent one of the most advanced tools 
for the imaging of static matter [2]. Beginning with the pioneering work of von 
Laue, Bragg and many others in the beginning of the twentieth century, the field 
of X-ray diffraction developed into a routine, yet indispensable technique for struc¬ 
ture determination in a broad range of disciplines. X-ray diffraction created the 
basis for most of our current knowledge about structure in fields from biology to 
condensed matter physics, and is an almost exclusive tool for the analysis of macro- 
molecular structure [3]. Thus, the idea to exploit a similar approach for obtaining 
time-resolved snapshots of evolving molecular structure is appealing. The realiza¬ 
tion of this idea, however, requires X-ray pulses with femtosecond or subfemtosec¬ 
ond duration. These kinds of pulses became available very recently, provided either 
by high-order harmonic generation (HHG) with optical or IR lasers, or by fourth- 
generation accelerator-based sources, the so-called free-electron lasers (FELs). 

Beyond the vision of time-resolved structure analysis, the availability of ultrafast 
and intense X-ray pulses might also resolve two fundamental problems of state-of- 
the-art X-ray imaging, namely, the issue of radiation damage [4] and the necessity to 
crystallize samples. If the imaging pulse is intense enough to provide a reasonable 
diffraction pattern (i.e., enough scattered photons) within its ultrashort duration, 

1) Although there is no universally recognized convention, we will refer to the wavelengths from 124 
to 10 nm as “extreme ultraviolet,” and to shorter wavelengths as “X-rays.” 
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then the imaging process can be faster than any light-induced structural change 
of the sample [5]. Within this “diffraction before destruction” scheme, the radia¬ 
tion dose delivered to the sample can be increased by many orders of magnitude 
compared to conventional X-ray crystallography, enabling diffractive imaging of 
nanoscale crystals [6-8] or even single particles [9, 10]. 

Most novel imaging schemes with short-wavelength light sources, both time- 
resolved and static, require high radiation intensity. The coherent diffractive 
imaging concept mentioned above requires the scattering of a huge number of 
X-ray photons in the sample within a very short time. Time-resolved pump-probe 
schemes, ultimately aiming for subfemtosecond temporal resolution, typically re¬ 
quire photoabsorption from both the pump and the probe pulses, that is, would 
rely on (at least) a two-photon process. Thus, the prerequisite for the development 
of these imaging techniques is a basic understanding of nonlinear light-matter 
interactions in the high-frequency, short wavelength regime. 

This chapter provides an overview of recent experimental studies, which inves¬ 
tigated nonlinear interactions of intense, short, high-frequency light pulses with 
atoms and molecules. Section 2.1 offers a discussion of “strong field” terminolo¬ 
gy, followed by a brief description of available light sources and basic experimental 
techniques in Sections 15.2.2 and 15.2.3. Section 15.3 addresses experiments on 
nonlinear ionization of atoms and molecules in the EUV regime, starting with a 
very basic two-photon reaction, single ionization of He (Section 15.3.1). The discus¬ 
sion of double and multiple ionization follows in Sections 15.3.2 and 15.3.3. The 
consideration of molecular dynamics under intense EUV pulses is presented in 
Section 15.3.4. Section 15.4 deals with EUV-pump/EUV-probe experiments, with 
an emphasis on the multiphoton nature of this time-resolved technique. Finally, 
Section 15.5 discusses experiments on multiple ionization of atoms and molecules 
by intense, ultrafast X-ray pulses. 


15.2 

Experimental Background 

15.2.1 

What Is a “Strong” Field? 

The importance of nonlinear light-induced reactions was recognized immediate¬ 
ly after the practical realization of a laser. At that time, the lowest order nonlin¬ 
ear process, the simultaneous absorption of two photons by an atom, was already 
discussed by Goppert-Mayer [11]. The first experimental evidence for this phe¬ 
nomenon was provided by Hughes and Grabner in radio frequency absorption 
spectra of molecular RbF [12]. The realistic perspective for the development of in¬ 
tense optical laser light sources stimulated theoretical studies on nonlinear light- 
matter interactions. Already in 1964, the pioneering work of Keldysh [13] and a 
series of related papers [14-16] established basic concepts for our understand¬ 
ing of strong-field-induced phenomena. This work postulated conditions for the 
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applicability of the “multiphoton” or the quasistatic “field” description of nonlin¬ 
ear optical processes. According to Keldysh, the nonlinear interaction (e.g., ioniza¬ 
tion) can be gauged depending on the value of the so-called adiabaticity parameter 
y = ^/lP/2 Up [13], nowadays known as the Keldysh parameter. (Here, IP is the 
ionization potential, U p = I / 4a > 2 the ponderomotive potential, I is the light inten¬ 
sity, and at its frequency; atomic units are used throughout, if not stated otherwise.) 
The Keldysh parameter reflects the ratio of the tunneling time, that is, the average 
time the electron needs to tunnel out of an atom through the potential barrier sup¬ 
pressed by the external field, to the duration of the laser field cycle. For y » 1, the 
interaction can be better understood as discretized multiphoton ionization, while 
for y <5C 1 it is best described in terms of field ionization. Although this simple 
classification has a limited range of applicability and should not be considered as a 
universal criterion [17-19], the Keldysh parameter proved to be useful and instruc¬ 
tive for the practical treatment of nonlinear light induced phenomena. 

Until very recently, studies of nonlinear light-induced processes have been re¬ 
stricted to the optical and infrared domain, where y is typically close to or smaller 
than 1. In the first decade of the twenty-first century, the rapid development of 
laser-based HHG [20-23] and accelerator-based FEL [24-28] light sources enabled 
the generation of intense, ultrashort EUV or even X-ray pulses. Those, in turn, ex¬ 
tended experiments on multiphoton nonlinear interactions toward much shorter 
wavelengths [29-48]. Due to the fundamental nature of multiphoton processes, and 
also in view of practical applications, enormous theoretical interest focused on the 
description of few-photon, few-electron interactions for simple atomic and molec¬ 
ular systems in this energy range (see [49-69] for an incomplete selection of recent 
publications). Most of the high-frequency nonlinear interactions can be reasonably 
described within low-order perturbation theory [70, 71]. 

For EUV and X-ray radiation, where the photon energy hen approaches or even 
exceeds the ionization potential, the concept of tunneling and the physical mean¬ 
ing of the Keldysh parameter are less clear. In those cases, the Keldysh parameter 
becomes inappropriate for gauging nonlinear interactions [17-19]. A more general 
judgment about “strong-field” effects beyond the perturbative limit is possible by 
comparing the ponderomotive potential U p to the photon energy. U p represents the 
cycle-averaged energy of a free electron (or a nearly free electron, for example, in 
a high Rydberg state) oscillating in the light field. Nonperturbative, “strong-field” 
behavior can be expected when U p approaches or exceeds hat. Typical values of U p , 
corresponding to one atomic unit of the field strength, are shown in Table 15.1 for 
different wavelengths. As can be seen from the table, much higher intensities are 
needed for nonperturbative effects in the EUV and X-ray domains as compared to 
the optical or infrared regime. 

Ponderomotive effects might already become important for X-ray wavelengths 
when Up reaches tens of eV, approaching binding energies of valence electrons, 
that is, at intensities considerably lower than those estimated from the condition 
U p — hat in Table 15.1. But such intensities have not yet been realized in experi¬ 
ments; the highest demonstrated intensities up to now were ~ 10 16 W/cm 2 for the 
EUV [37, 72] and ~ 10 18 W/cm 2 [73, 74] for the X-ray domain. 
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Table 15.1 Ponderomotive energies Up corresponding to one atomic unit of the field strength 
(E = 1 a.u. = 5.14 X 10 9 V/cm; / = 3.52 X 10 16 W/cm 2 ) and intensities / for which the 
condition Up = tiro is fulfilled, calculated for exemplary IR, EUV and X-ray wavelengths. 


Wavelength X (nm) 

Photon energy 
hro (eV) 

Up for E = 1 a.u. (eV) 

(/ = 3.52 x 10 16 W/cm 2 ) 

Intensity / for which 

Up = tiro (W/cm 2 ) 

800 

1.55 

2095.1 

2.6 X 10 13 

20 

62 

1.31 

1.67 x 10 18 

1.0 

1240 

0.0033 

1.33 x 10 22 


Therefore, most of the processes discussed in this chapter can be considered 
as multiphoton phenomena and can be reasonably described within the low-order 
perturbation theory. Nevertheless, already under the intensities available now, one 
might encounter a very high degree of nonlinearity: the number of photons ab¬ 
sorbed by a single atom can be as high as 19 for the X-ray [75] and 50 for the 
EUV [37] domain. For the latter case, there is an ongoing debate on whether these 
observations can be explained within the perturbative treatment [37, 71, 76-79]. 

15.2.2 

Basic Parameters of Intense High-Frequency Radiation Sources 

The discussion above brings us to the characteristics of currently available light 
sources. In the last decades of the twentieth century, atomic, molecular, and opti¬ 
cal physics greatly benefited from the development of third-generation synchrotron 
radiation facilities. These facilities delivered high average radiation flux tunable in 
a very broad energy range from the UV to X-ray domain [80]. However, experi¬ 
ments performed with synchrotron light were restricted to linear processes, that is, 
to one-photon absorption processes. Nonlinear phenomena at photon energies of 
tens of eV or higher became accessible in the beginning of the twenty-first century 
with the development of intense, laser-like, short-pulsed radiation sources. All of 
the observations considered here are based on those novel light sources and were 
carried out using HHG-based or FEL sources. Although considerable progress was 
achieved toward realization of plasma-based soft X-ray lasers [81, 82], up to now 
their temporal and coherent properties [82] (see also Chapter 5) have prevented 
studies of nonlinear reactions. 

Figure 15.1 depicts the peak brilliance of different light sources as a function of 
their photon energy. The peak brilliance denotes the number of photons per sec¬ 
ond, per unit source size, within one unit of solid angle and 0.1% bandwidth, mea¬ 
sured at the peak of the radiation pulse). In the photon energy range considered in 
this chapter (EUV to X-rays), FELs are by far the most brilliant sources currently 
available. Covering an enormous bandwidth from 10 eV to more than 10 keV, these 
machines provide one billion times higher brilliance and orders of magnitude 
shorter pulses as compared to the third-generation synchrotrons. Therefore, most 
of the experimental data on intense light-matter interactions presented here stem 
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Figure 15.1 Peak brilliance of various FEL facilities as compared to state-of-the-art synchrotrons 
and optical lasers including high-harmonic sources (HHC). PBSXRL - plasma-based soft X-ray 
laser. The upper HHG point corresponds to the setup described in [83], 

from FEL facilities. Nevertheless, it should be noted that the most intense HHG- 
based sources deliver pulses intense enough to induce nonlinear processes and 
several important early experiments were performed using this approach [29, 30]. 

Table 15.2 summarizes the essential parameters of several FEL and HHG-based 
sources. For the latter, several examples for experimental arrangements delivering 
maximal numbers of photons in a given energy range are included. The repetition 
rate of those examples is limited to 10 Hz; typical repetition rates of HHG experi¬ 
ments lie in the kHz regime, defined by the properties of the driving IR lasers, but 
such experiments deliver lower photon numbers. Even though these sources are 
inferior to FELs in terms of photon numbers, especially for X-ray frequencies, they 
are readily available in many laboratories worldwide, and are capable of delivering 
pulses shorter than 100 as. This short pulse duration potentially provides exper¬ 
imental tools for time-resolved imaging of electronic motion in atoms via EUV 
pump-EUV probe experiments. With the rapid development of laser technology, 
pj energies per pulse are expected to become routinely available at EUV frequen¬ 
cies [22, 23, 83] and the photon energy range will be extended into the soft X-ray 
regime [84, 85]. 
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Table 15.2 Parameters of FEL and HHG-based 
radiation sources. For the FEL facilities, not all 
of the characteristics listed in the table can be 
achieved simultaneously. For FELs, the photon 
energy range indicates the region in which the 
particular machine can operate; for the HHG 


Light source 

Photon energy 
range (eV) 

Photons/pulse 

Pulse 

duration (fs) 

Repetition 
rate (Hz) 

FLASH 3 ’ 

0.028-0.31 

10 12 -10 13 

30-300 

up to 1000 e) 

SCSS b) 

20-24.8 

10 12 -10 13 

30-100 

20 

LCLS c) 

0.45-10.0 

10 12 -10 13 

3-300 

120 

SACLA d) 

4.5-19.5 

up to ~ 5 x 10 11 

10-30 

20 

European 

XFEL (design) 

280-24800 

10 12 -10 14 

2-100 

up to 27 000 e) 

HHG [83] 

16.8-29.1 

3 x 10 12 

~ 30 

10 

HHG [84] 

280-520 

6 x 10 7 

40 

10 

HHG [86] 

~ 16-23 

3 x 10 10 

~ 0.5 

10 


a) Free-Electron LASer in Hamburg 

b) SPring 8 Compact SASE Source 

c) LINAC Coherent Light Source 

d) SPring 8 Angstrom Compact free-electron LAser. SASE stands for “self-amplified spontaneous 
emission” 

e) These facilities deliver radiation in pulse trains generated at 10 Hz repetition rate and containing 
up to 100 (FLASH) or 2700 (XFEL design) pulses per train. 

15.2.3 

Detection Systems 

Experimental studies of nonlinear interactions in the EUV and X-ray domain often 
require completely new designs of experimental end stations and particle detection 
systems. Since two or more photons have to be absorbed, these experiments need 
high peak intensities (typically > 10 12 W/cm 2 ) on target, corresponding to huge 
numbers of photons per pulse (up to ~ 10 12 —10 13 at FLASH and LCLS). However, 
the photon energy typically lies well above the relevant ionization potentials and 
single-photon ionization occurs with probabilities that exceed those for nonlinear 
processes by orders of magnitude. This creates a large linear background contribu¬ 
tion to the signal. The signal to noise ratio is reduced because the (nonlinear) re¬ 
actions of interest can be triggered only in the focal region, whereas single photon 
ionization can occur all along the trace of the beam through the reaction chamber. 
For yield measurements, this issue can be partly resolved by increasing the target 
density. For differential measurements (e.g., energy- or angle-resolved detection), 
space charge effects and particle detector limitations often restrict the effective tar¬ 
get densities to < 10 10 —10 11 particles/cm 3 , leading to a very low observation rate 
for the nonlinear events of interest. 


sources it gives the limits of the photon spec¬ 
trum measured in a given setup. In the latter 
case, the indicated pulse energies/photon 
numbers are given for the whole generated 
spectrum. 
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Electron detector 


Figure 15.2 Sketch of a reaction microscope spectrometer. 

A large variety of methods obtain spectroscopic information about ions and elec¬ 
trons emitted from an atomic or molecular target after the interaction with intense 
EUV/X-ray pulses. The list ranges from standard ion time-of-flight (TOF) spectrom¬ 
eters equipped with high count-rate particle detectors or arrays of electron TOF 
spectrometers placed around the interaction region [87] to very efficient magnet¬ 
ic bottle spectrometers [88] that can record single-shot electron spectra with high 
resolution and sophisticated multiparticle ion-electron imaging spectrometers [89- 
91]. Some of these advanced imaging systems will be briefly discussed below. 

Velocity map imaging (VMI) spectrometers allow the measurement of kinetic en¬ 
ergy and angular distributions for electrons or ions with high count rates [92, 93]. 
A static electric field is generated by two electrodes (repeller and extractor) and 
projects charged particles, onto a large-area microchannel plate (MCP) detector. A 
phosphor screen in combination with a fast CCD camera records the 2D image, 
which directly reflects the 2D momentum distribution in the detector plane (for 
details see [94]). The 3D momentum distribution is reconstructed from the mea¬ 
sured 2D projection using a mathematical inversion procedure. In the case of ion 
detection, a sub-ps electrical gate can be applied to the MCP to collect momentum 
images of mass selected ions. 

The coincident detection of multiple ions and electrons becomes possible with 
a multiparticle imaging spectrometer (“reaction microscope,” REMI [95]). REMI 
measures the 3D momentum vectors of all charged fragments [89]. This technique 
is based on the cold-target recoil ion momentum spectroscopy (COLTRIMS) [96, 
97], combined with electron imaging [98]. As sketched in Figure 15.2, the photon 
beam is focused onto a collimated supersonic gas jet (~ 10 10 particles/cm -2 ) in 
the center of an ultrahigh vacuum chamber (~ 10“ 11 mbar). Ions and electrons 
are guided by weak electric (1-50 V/cm) and strong magnetic (10 G) fields, applied 
along the spectrometer axis, onto two position-sensitive and multihit capable MCP 
detectors. The detectors are equipped with delay line-anodes allowing one to resolve 
the hit position and time for each particle. REMI achieves close to 4 it solid-angle 
detection for low-energy particles. Initial momentum vectors can be reconstructed 
from the measured arrival position and time on the detector. REMI allows highly 
differential and even kinematically complete measurements [43, 89, 95, 99]. 
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Recently it was demonstrated that the VMI and REMI approaches can be com¬ 
bined in order to perform coincidence measurements for somewhat higher frag¬ 
ment energies [91,100,101]. Here, the double-sided VMI-type focusing spectrome¬ 
ter is designed to focus ions and electrons in opposite directions onto two time- and 
position-sensitive delay line detectors, similar to REMI. As a further extension, a 
combination of a “reaction microscope” or VMI with two large area X-ray CCD 
detectors was used for experiments at LCLS in the “CFEL-ASG Multi-Purpose” 
(CAMP) instrument enabling the detection of charged particles in coincidence with 
scattered or fluorescent photons from the target [91]. 


15.3 

Atoms and Molecules under Intense EUV Light 

15 . 3.1 

Two-Photon Single Ionization of Helium 

Two-photon single ionization (TPSI) represents the most basic example of a non¬ 
linear light-induced process. Its simplest realization would be TPSI of a hydrogen 
atom. However, the production of atomic hydrogen targets is experimentally dif¬ 
ficult and TPSI of He became the fundamental test grounds for our understand¬ 
ing of this basic nonlinear process. TPSI also plays an important role for mod¬ 
ern ultrafast science and is extensively used as a nonlinear signal for the char¬ 
acterization of femtosecond or attosecond EUV light sources ([102-105], see also 
Section 15.4.1). 

Low-order perturbation theory predicts the yield of ions Y produced by direct 
w-photon absorption to be proportional to the nth power of light intensity [70,106]: 

Y = o n I n , (15.1) 

where a n is a generalized n-photon cross section. For nonresonant TPSI of He (see 
Figure 15.3a) below saturation intensities, one would expect the quadratic intensity 
dependence of the ion yield. Figure 15.3b shows the measured intensity depen¬ 
dence of the He+ yield produced by SCSS EUV FEL pulses at 20.45-eV photon 
energy. The experimental data indeed manifest a slope of 2 (within the experimen¬ 
tal uncertainty) for the intensity-dependent yield curve confirming the nonlinear 
origin of the signal. 

The quadratic intensity dependence was considered as primary evidence for 
two-photon absorption in many early TPSI experiments [102-104, 107]. Howev¬ 
er, because of saturation effects, possible intermediate resonant states, and the 
second harmonic of the EUV radiation often present in the beam (and varying 
with the primary beam intensity), the measured slope can significantly deviate 
from 2, sometimes leading to a serious controversy in the interpretation of experi¬ 
mental data [108, 109]. Photoelectron energy spectra [104] provide complementary 
information of the TPSI reaction. However, absorption of two photons at the fun¬ 
damental wavelength or one photon at the second harmonic would lead to the 
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Figure 15.3 (a) Schematic illustration of the 
TPSI process. The dashed line depicts a virtual 
intermediate state, (b) Intensity-dependent 
yields of He+ (two-photon transition) and 


H 2 + (one-photon reaction, residual gas con' 
tribution) at 20.45-eV photon energy. The 
maximum intensity is ~ 10 14 W/cm 2 . 


same photoelectron energy. Thus, the most unambiguous characterization of TP¬ 
SI can be achieved if not only the energies but also the emission angles of the 
created photoelectrons are measured, that is, a fully differential measurement is 
performed. 

The results of such differental measurements are presented in Figure 15.4. Here, 
momentum vectors for the photoelectrons and the He + ion were measured (Fig¬ 
ure 15.4a). Since the two absorbed photons carry negligibly small momenta, the 
final-state ion recoil momentum is coupled with the momentum of the electron. 
We can therefore apply the momentum conservation law to extract the electron mo¬ 
menta and angular distribution from the measured ion data. The result is shown 



Figure 15.4 (a) Recoil-ion momentum distribution for single ionization of He by 20.45-eV SC- 
SS photons, e indicates the FEL polarization axis, (b) Electron angular distribution for single 
ionization of He, extracted from the data presented in (a). Solid line: TDSE calculation [110]. 
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Figure 15.5 Recoil-ion momentum distribution for single ionization of He by 44-eV FLASH 
photons. The arrow indicates the direction of the FEL polarization. 

in Figure 15.4b. In both Figure 15.4a and b, a lobe perpendicular to the polariza¬ 
tion direction is discernible. This lobe is absent in Figure 15.5, where the He“*“ 
ion momentum distribution produced by one-photon absorption is displayed. This 
nondipole contribution arises from the superposition of s- and d-wave emission 
and unambiguously proves that He + is formed in a two-photon transition. The 
observed angular distribution is well reproduced by a calculation with the full¬ 
dimensional time-dependent Schrodinger equation [110, 111]. 

For TPSI, the electron angular distribution is given by [112]: 

^ (l + P 2 i + (E)P 2 cos 0 2 + /3 1 +(E)P i cos 0 2 ) , (15.2) 

where E denotes the photon energy, a(E) the partial photoionization cross section, 
6 the electron emission angle with respect to the FEL polarization direction, P 2 the 
second, and P 4 the fourth-order Legendre polynomials; /3 2 and /? 4 represent the 
anisotropy parameters associated with respective Legendre polynomials. A fit to the 
experimental data in Figure 15.4b reveals values of ji 2 — 1.01 ± 0.014 and /5 4 = 
1.42 ± 0.016, in good agreement with the theoretical predictions at this photon 
energy. For a given photon energy, these parameters can be linked to the phase 
shift between s and d partial waves [110]. 

As can be seen from the sketch in Figure 15.3a, TPSI is a nonresonant second- 
order process at a photon energy of 20.45 eV (note that the spectral width of the 
SCSS pulses does not reach the ls2p state at 20.98 eV [26, 105]). Therefore, TPSI 
offers a perfect tool for the temporal characterization of the EUV pulse via second- 
order autocorrelation, which will be discussed in Section 15.4.1. For the resonance- 
enhanced TPSI the dynamics is more complicated, defined by the competition of 
resonant and nonresonant contributions. The observables of the ionization pro¬ 
cess, in particular the photoelectron angular distribution, might thus depend not 
only on the wavelength of radiation but also on its pulse duration [111]. 
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15.3.2 

Few-Photon Double Ionization of Helium and Neon 


15.3.2.1 Direct and Sequential Channels in EUV Double Ionization 

The most basic nonlinear light-matter reaction involving more than one electron 
is two-photon double ionization (TPDI) of the He atom. Due to its fundamental 
nature, this process has received enormous theoretical attention (see, e.g., [49- 
51, 53-57, 62-68,113-117]) as soon as the possibility of its experimental realization 
appeared on the horizon. Surprisingly, the calculated total cross sections for TPDI 
of He (cttpdi) vary over more than one order of magnitude [66], even for mod¬ 
erate intensities where second-order perturbative approaches are expected to be 
valid. Two measurements of cttpdi were recently performed for photon energies of 
41.8[29, 30] and 42.8 eV [36], employing HHG and FLASH radiation, respectively. 
The measurements did not resolve the problem of conflicting theoretical predic¬ 
tions, mainly due to the fact that neither the experimental pulse profile nor the 
pulse duration was precisely known. The estimated experimental intensity there¬ 
fore exhibits relatively large error bars and the experiment can not discriminate 
between different theoretical predictions. 

Two channels are usually distinguished in TPDI. As illustrated in Figure 15.6, 
“sequential double ionization” (SDI) is allowed if the photon energy hu> is larger 
than the ionization potential IP + of the singly charged ion. It is usually seen as 
proceeding sequentially in time, with two independent photo absorption events, 
one by the atom and one by the singly charged ion. The direct, or “nonsequential 
double ionization” (NSDI) is the only possible process at lower photon energies 
(IP+ > ha), but 2ftft)>IP + + IP, with IP and IP + being the ionization potentials 
of the neutral and the ion, respectively) NSDI requires the “instantaneous” absorp¬ 
tion of two photons through an intermediate virtual state (“vs” in Figure 15.6) and 
is considered to be a highly correlated process, with a smooth energy partition be¬ 
tween the two electrons at lower photon energies. When approaching the border 
for sequential ionization at IP+ = ha>, distinct features are predicted. In principle, 
also sequential mechanisms can be considered at these photon energies. Howev¬ 
er, the second ionization step would require direct two-photon absorption by the 
singly charged ion and SDI thereby becomes a stepwise three-photon process. This 



hu = 38 eV 


h •*> = 44 eV 


SDI 

N 


NSDI 


Ne 2 * 


‘ Hj Ne' 


3-photon 

SDI 
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Figure 15.6 Schematic of direct and sequential ionization of He and Ne at 38 and 44 eV, and 
of the relevant energy levels. VS: virtual state. The dashed line indicates an intermediate excited 
state in Ne - * - . 
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is expected to become a dominant channel at intensities higher than those needed 
for direct TPDI [36, 38, 59, 117]. 

Since the ratio of direct or sequential channels is determined by the relation 
between photon energy and atomic structure (ionization potentials), considerable 
theoretical efforts extended calculations for EUV double ionization to other rare 
gas atoms, for example, Ne [52, 58-61, 69], and Ar [52, 60,118]. Ne is often a more 
convenient experimental target than He [38, 39, 43] and provides a good model for 
the qualitative understanding of ionization mechanisms. 

As discussed in Section 15.3.1, low-order perturbation theory predicts the yield of 
ions to be proportional to I n , where I is the radiation intensity and n is the number 
of absorbed photons. Experiments on He mentioned above [29, 30, 36] revealed the 
dominance of the two-photon NSDI channel at light intensities up to 10 14 W/cm 2 , 
reflected in the linear intensity dependence of the double-to-single ionization ra¬ 
tio. This is equivalent to a quadratic intensity dependence of the doubly charged 
ion yield if single ionization is not saturated. However, for example, the double 
ionization of Ne at 42.8 eV, where sequential TPDI is energetically allowed, dis¬ 
played the same intensity dependence (see Figure 15.7a) [36]. In the same work, 
the Ne^/Ne 1-1- ratio was presented for 38.8 eV, where sequential TPDI is energet¬ 
ically forbidden. The ratio exhibited a quadratic intensity dependence, indicating 
that three photons are involved in the ionization process. However, as shown in 
Figure 15.7b (for 38.4 eV and at somewhat lower intensities, [38]), a nearly quadrat¬ 
ic intensity dependence of the Ne 2+ yield has been observed up to intensities of 
~ 6 x 10 12 W/cm 2 , the lowest value used in [36], and a dependence of 1 26 was 
found at higher intensities. This most likely reflects a transition from two-photon 
NSDI to three-photon SDI [117]. From this assessment, one can clearly conclude 
that, as was previously realized for the single-photon [119] and the strong-field 
(multiphoton) [99] regimes, measurements of the total cross sections alone do not 
allow definite conclusions about the physical mechanisms underlying few-electron 
ionization dynamics, and differential data are required for further insights. 



Figure 15.7 (a) Intensity-dependent ratio of 
the doubly to singly charged ion yield. The 
data are taken at photon energies of 38.4 and 
42.8 eV, as indicated in the figure (from [36]). 
(b) Intensity-dependent yield ofNe 2 + ions 


measured at 44 eV. The inset shows the inten¬ 
sity dependence of the H 2 + yield (produced 
by one-photon absorption), measured under 
the same conditions to confirm the linearity of 
the intensity scale [38]. 
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15.3.2.2 Recoil Ion Momentum Distribution for Double Ionization 
of Helium and Neon 

Figure 15.8 depicts the first differential data for TPDI of He: the recoil ion mo¬ 
mentum distribution of doubly charged ions. In contrast to single ionization (Fig¬ 
ures 15.4 and 15.5), where momentum conservation requires the ion momentum 
distribution to balance the electron momentum, for double ionization the ion mo¬ 
mentum reflects the sum of momenta for both emitted electrons: 

Pion = ^ ' ^el ( ^ ' -Pphotons ^ • (15.3) 


Momentum distributions of the He 2+ ions in Figure 15.8 were obtained at pho¬ 
ton energies of fun = 44 eV (a) and 52 eV (b). The data are shown in the plane de¬ 
fined by the jet propagation direction and the spectrometer axis, and are integrated 
over the third momentum component parallel to the FEL beam propagation. The 
FEL intensity was estimated as I rs 10 14 W/cm 2 . 

The distribution in Figure 15.8a displays a distinct maximum at the origin and 
the majority of events lie well within the circle marking the maximum He 2+ mo¬ 
mentum upon two-photon absorption. This maximum momentum can only be 
reached if both electrons are emitted in the same direction with equal energies. 
This behavior clearly differs from the momentum spectra obtained for single ion¬ 
ization (Figure 15.5), as well as those for double-ionization induced by a single 
photon with similar energy above the threshold (see [119]): the latter cases mani¬ 
fest a pronounced dipole-like shape. Since, for double ionization, the momentum 
of the doubly charged ion is balanced by the sum of the momenta of both emitted 
electrons, the dominance of the events with very low ion momenta indicates that 
the two electrons are preferentially emitted back-to-back into opposite hemispheres 
and with similar energies. The electrons thus largely compensate the momenta of 
each other. This is in striking contrast with the observation for single-photon dou¬ 
ble ionization, where back-to-back emission along the polarization direction is for¬ 
bidden by the dipole selection rules. Since this limitation is lifted for the case of 



Figure 15.8 Recoil-ion momentum distri¬ 
butions for double ionization of He at 44 (a) 
and 52 eV (b). The arrow indicates the direc¬ 
tion of the FLASH polarization. Py denotes 
the momentum component parallel and Pj_ 


— perpendicular to the polarization direction. 
The data are integrated over the third momen 
turn component (parallel to the FLASH beam 
propagation direction). 
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Figure 15.9 Calculated recoil-ion momentum distributions for double ionization of He at 42 eV 
(a), 50 eV (b) and 60 eV (c). Circles in (a,b) mark the maximum possible He 2 + momentum after 
two-photon absorption, (a) and (b) from [63], (c) from [39], 


TPDI, the qualitative difference between the ion momentum distributions can be 
readily understood. 

In contrast to the data of Figure 15.8a, the spectrum at 52 eV (Figure 15.8b) ex¬ 
hibits two maxima at longitudinal momenta close to ±1 a.u. This is in good qual¬ 
itative agreement with recent theoretical predictions illustrated in Figure 15.9. Ac¬ 
cording to a series of calculations [51, 56, 57, 63-65, 68,116], a change of the energy 
distribution shape between both electrons should be expected. As discussed in the 
literature, for example, in [63] for photon energies of 40-45 eV, equal energy shar¬ 
ing between both emitted electrons is required to overcome the attraction of the 
nucleus and to promote both electrons into the continuum (see Figure 15.9a). As 
the photon energy approaches the SDI threshold (54.4 eV), the asymmetric ener¬ 
gy sharing starts to dominate. It should be noted that, even though this general 
trend can be clearly seen in multiple calculations, different theoretical approach¬ 
es predict significantly different energy sharing at specific photon energies. In the 
case of asymmetric energy sharing, both electrons are still preferentially emitted 
back to back, but one of them receives most of the excess energy. This leads to a 
maximum signal at nonzero momentum values in the total ion recoil momentum 
(Figures 15.8b and 15.9b). The momentum distribution has been considered as a 
signature of the SDI via a virtual intermediate state and was dubbed “virtual se¬ 
quential ionization” [51, 56, 57]. Indeed, the theoretically predicted signal starts to 
resemble the one predicted for photon energies above the SDI threshold as shown 
in Figure 15.9c (taken from [39]). 

The fine structure of the “virtual sequential ionization” contribution in TPDI of 
He at 50-52 eV differs in various calculations, sometimes exhibiting four maxima 
(see Figure 15.9b) [56, 57, 63, 69]. Unfortunately, the momentum resolution of the 
present experiments (limited, among other factors, by space charge effects) does 
not allow one to reliably discriminate between these theoretical predictions. Fac¬ 
tors defining the experimental resolution, its convolution with the outcome of the 
calculations as well as the comparison to results from various theoretical approach¬ 
es are described in detail in [120]. In the future, with increased repetition rates for 
microbunches at FLASH, space charge effects might be significantly reduced and 
fully differential cross sections might be measured as ultimate benchmark for the¬ 
ory. 
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Figure 15.10 Same as Figure 15.8, but for Ne at 38.8 eV (a) and 44 eV (b). The inner and outer 
circles in (a) indicate the maximum possible Ne 2 + momentum after two- and three-photon 
absorption, respectively. 

Within the available photon energy range and limited FLASH beamtime, exper¬ 
iments on SDI of He could not be performed yet. However, this channel has been 
studied in detail for Ne. Figure 15.10 displays ion recoil momentum distributions 
for double ionization of Ne at 38 (a) and 44 eV (b). As apparent from the sketch 
presented in Figure 15.6, the sequential regime for TPDI is reached for Ne at a 
photon energy of 44 eV. This is reflected in the observed momentum spectrum 
(Figure 15.10b), which exhibits a ring-like structure, corresponding to the intuitive 
expectations for sequential TPDI. Here, the two electrons are emitted independent¬ 
ly along the polarization direction, one from the neutral atom and one from the 
ground state of the singly charged ion. Each electron exhibits a dipole-like shape in 
its momentum distribution. The recoil spectrum of the doubly charged ion should 
then reflect the convolution of these two dipole structures. For He, we would expect 
a clear two-ring structure with outer and inner rings on both sides: this reflects the 
situation where the electrons either go into the same or opposite hemispheres (see 
Figure 15.9c). For Ne, this structure is smeared out due to several factors: (i) there 
are different electron energies in the continuum (depending on the final state of the 
doubly charged ion, see Figure 15.11); (ii) the emission patterns of the two electrons 
are different, with a /3-parameter of the second between 0 and 0.5, that is, close to 
isotropic emission [52]; (iii) the experimental momentum resolution achievable for 
Ne is lower as compared to He because the internal gas-jet temperature is higher, 
resulting in a broadening of the spectrum (A p ~ 0.7 a.u., see [39, 120]). 

Figure 15.10a displays the momentum distribution of Ne 2+ ions obtained at a 
photon energy of fiat = 38.8 eV (at intensities I > 2 x 10 13 W/cm 2 , where dou¬ 
bly charged ion yields showed a 1 2 6 intensity dependence). Here, sequential TPDI 
is energetically forbidden, and the recoil-ion momentum spectrum clearly resem¬ 
bles the pattern observed in Figure 15.8a for He. This indicates the dominance 
of the direct TPDI channel and dominating back-to-back electron emission. How¬ 
ever, in contrast to Figure 15.8a, where essentially all events show momenta well 
below the maximum sum-momentum of both electrons, a noticeable amount of 
counts in Figure 15.10a lie outside this expected maximum momentum (depicted 
as a circle). The contribution of a three-photon channel, though not dominating, 
is therefore not negligible under these experimental conditions. This qualitatively 
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Figure 15.11 (a) Coincident two-electron 

energy spectrum forTPDI of Ne, interacting 
with 44-eV FLASH photons. The dashed line 
shows the electron energy spectrum, (b) 2D 
momentum distribution of electrons for the 


same reaction. The numbers in both panels 
mark electrons from the first (1) and second 
(2, 3) sequential ionization steps. (2) and (3) 
correspond to the Ne 2 "*~ ion left in the 3 P and 
3 D states, respectively (from [89]). 


agrees with the observed slope of the intensity-dependent Ne 2+ yield, which lies 
between 2 and 3, as observed in Figure 15.7 [38]. According to some theoretical 
predictions, the transition between two-photon direct and three-photon sequential 
mechanisms should occur at a well-defined intensity [59, 117]. The observation 
of nonnegligible contributions from both channels might thus seems surprising. 
One possible reason for this, as well as for somewhat different slopes of the Ne 2+ 
yield curves observed in [36, 38], originates from the role of the intermediate reso¬ 
nance for the second step in the sequential channel. There are a number of excited 
states in the Ne + ion between 38 and 39 eV. Ionization caused by different parts 
of the rather broad (and fluctuating) FEL pulse spectrum may proceed via different 
pathways, enhanced by a resonance with the excited states. This effect can also ex¬ 
plain the lowering of the slope in the intensity-dependent ion yield curve (note that 
measurements [36, 38] have been performed at slightly different photon energies). 


15.3.2.3 Sequential TPDI of Ne at 44eV: A Kinematically Complete Experiment 

Difficulties with the separation of different contributing pathways, as discussed in 
the previous subsection, would be readily resolved if coincident electron spectra 
were available. Unfortunately, because of low cross sections and experimental diffi¬ 
culties outlined in Section 15.2.3, no fully differential data could be acquired under 
conditions where direct TPDI dominates. However, fully differential data were ob¬ 
tained for sequential TPDI of Ne at 44 eV [43] and shed new light on this seemingly 
simple process. 

SDI is characterized by several features [121]: first, the electrons are considered 
to be emitted independent of each other. Second, whenever sequential TPDI is en¬ 
ergetically allowed, it is expected to dominate the total cross section. Third, the pre¬ 
dicted photoelectron spectrum is characterized by two lines, defined by the energy 
conservation law and the two ionization potentials. While the latter two expecta- 
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tions are in line with the results of recent, more elaborate calculations [65,122], the 
former has been questioned and angular correlation between the emitted electrons 
was predicted [60], pointing to a more complex nature of the process. 

In Figures 15.11-15.13, we present electron spectra for SDI of Ne at 44eV. Note 
that all electrons measured here are detected in coincidence with Ne 2+ ions and, 
thus, fulfill the momentum conservation condition (Eq. (15.3)). Figure 15.11a dis¬ 
plays the coincident two-electron energy distribution, integrated over all emission 
angles (with the dotted line showing the integrated energy spectrum). Apart from 
a small contribution from false coincidences (indicated by the arrow), the corre¬ 
lated energy spectrum consists of four distinct peaks, symmetric with respect to 
the main diagonal. For each pair of peaks, the energy of the electron from the first 
ionization step is centered at 22.5 eV (peak 1), which is identical to the measured 
energy of electrons from single ionization. The second electron either emerges 
with a kinetic energy of about 3 eV (peak 2), or with nearly zero energy (peak 3), in¬ 
dicating that the Ne 2+ ion is left in the 3 P 0 ,i ,2 state (40.9 eV above the Ne + ground 
state; the triplet fine structure is not resolved), or in the 1 D 2 state (44.1 eV). The 1 So 
final state (47.1 eV) is energetically not accessible for sequential TPDI. The contri¬ 
butions from direct TPDI, which would be distributed along the lines parallel to 
the second diagonal [64, 65], cannot be observed in the spectrum. 



Figure 15.12 (a) Measured (full circles) and 
fitted (solid red line) angular distribution of 
the second-step electrons in TPDI of Ne at 
44 eV. (b) Measured and calculated angular 
asymmetry parameters \ (black) and 
(blue) as a function of the photon en 
ergy. Inset (red): -parameter for the 


electrons from the first step of TPDI. Open 
symbols: experiment [43]; full symbols: exper¬ 
iment [124]; solid lines: multiconfiguration 
Hartree-Fock calculation [43, 60]; dashed 
lines: multiconfiguration Dirac-Fock calcula¬ 
tion [43, 60]; dashed-dotted lines: Hartree- 
Fock calculation [52], 
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Figure 15.11b displays the 2D momentum distribution of the electrons orig¬ 
inating from double ionization. Three dominant structures (marked by the ar¬ 
rows) correspond to the different electron energies of Figure 15.11a. The outer 
ring (Eq. (15.1)) corresponds to the 22.5-eV electrons from the first ionization step, 
the middle ring (Eq. (15.2)) reflects electrons with ~ 3 eV energy from the second 
step leading to the 3 P final state of Ne 2+ , and the spot close to zero (Eq. (15.3)) 
originates from low-energy electrons emitted in the second step, corresponding to 
the 1 D final state. 

From the measured momenta for each final state, we reconstructed their emis¬ 
sion angular distributions (see, e.g., Figure 15.12a for the second electron emitted 
with the Ne 2+ left in the 3 P state) and extracted angular asymmetry parameters 
(/?) from fits (e.g., the full red line in Figure 15.12a). The asymmetry parameters 
contain /3 2 and /3 4 parameters, as expected theoretically for a two-photon process 



Figure 15.13 Experimental (a) and theoretical (b) probability density distribution of two emitted 
electrons as a function of (cos(0i), cos(@ 2 )), where d is the emission angle with respect to the 
FLASH polarization direction. Inset: sketch of the experimental geometry. From [43], 
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(see Eq. (15.2)). The resulting angular parameters /3 obtained for the electrons from 
the first step (^/3) and the second step (l 1 */?) are presented in Figure 15.12b. Again, 
only the events where the Ne 2+ ion is left in the 3 P final state are included. 

In Figure 15.12b, the experimental /3-values (open symbols) are compared with 
theoretical predictions. The solid and dashed lines represent results of multicon- 
figurational Hartree-Fock (MCHF) and Dirac-Fock (MCDF) calculations [43, 60]. 
For a direct comparison, the theoretical results were averaged over the unresolved 
3 To,i ,2 final states of the Ne 2+ ion (see [60]). The predicted state-selective pa¬ 

rameters considerably deviate from each other. Our experimental value lies much 
closer to the MCHF result, which is slightly above the upper limit of the experimen¬ 
tal error. Noticeably, recent calculations by Kheifets [52] (shown as a dashed-dotted 
line in Figure 15.12b) predict an even lower value, thus placing our experimental 
point exactly in-between these two theoretical curves. A similar behavior can be ob¬ 
served for the T>/1 2+ parameter. Here, both MCHF and MCDF calculations yield 
almost identical values, again lying at the upper limit of the experimental error bar, 
whereas the results of [52] are close to the lower one. 

Figure 15.12b also shows T)/? 2-1- and I 1 */? 3 " 1 " parameters, obtained in the noncoin¬ 
cident experiment of Braune et al. at 47.5 eV [123] (full symbols without error bars). 
The W/? 2-1- value agrees well with the prediction of the MCHF calculation, and, 
accounting for the expected wavelengths dependence, also with our experimental 
result. The value for M/3 2+ is much lower than all three theoretical values. Corre¬ 
spondingly, it also considerably differs from the value obtained in the coincidence 
experiment described above. 

The coincidence scheme allows one not only to measure the electron angular 
distribution for the second ionization step, but also for the first step (which is not 
feasible in noncoincident photoelectron spectroscopy because these electrons have 
the same energy as those from single ionization). Since, according to the theoretical 
expectations [60], both electrons in sequential TPDI are not emitted independently, 
effects related to double-ionization might be imprinted in the angular distribution 
of the electrons emitted in the first step. The electron angular momenta of these 
electrons should then differ from those obtained for pure single ionization. Up to 
now, we have considered the electron angular distribution for the second ionization 
step independently. However, as discussed in [60, 124], one might expect angular 
correlation between the electrons, mainly as a consequence of the polarization of 
the intermediate ionic state. In order to explore this, we plot in Figure 15.13a the 
measured emission angle of the first electron 0\ versus that of the second elec¬ 
tron 0 2 and compare it with the theoretical (MCDF) angular correlation function 
(Figure 15.13b). One observes a similar pattern in theory and experiment. A slight 
but significant asymmetry in the theoretical data reveals an angular correlation, 
but cannot be clearly identified in the experimental results with statistical signifi¬ 
cance. However, some difference reflected in the nonzero value of the /3 4 parameter 
for the first step slightly outside the statistical error bar can be observed 

(I 1 >/? 4 + = — 0.12±0.11, red data point in the inset of Figure 15.12b). Analysis of this 
effect in the framework of the MCHF and MCDF approaches [43] yields nonzero 
values of W/3 2+ = 0.08 and T)/? 2- * - = 0.06, respectively (red full and dashed lines 
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in the inset of Figure 15.12b). Thus, even though the observed deviations from ze¬ 
ro are weak, we did find a discrepancy between theory and experiment beyond the 
statistical experimental error. 

Modifications of the angular distribution for the first step electrons compared to 
single ionization raise a very general question concerning the nature of sequential 
TPDI: it appears counterintuitive that the second electron, which might be emitted 
much later within the FEL pulse duration, influences the emission characteristics 
of the first electron. This brings us back to the conclusion stated in the initial paper 
on the subject [121], which claimed that “there is no way of distinguishing sequen¬ 
tial from simultaneous” processes, that is, that the timing of the electron emission 
cannot be resolved from the experimental observables. 

15.3.3 

Multiple Ionization of Atoms 

Under intense EUV light, more than two electrons can be released from an atomic 
target. The general mechanism of multiple ionization attracts considerable interest 
because this is the dominant process when intense high-frequency radiation inter¬ 
acts with matter. To induce multiple ionization, few or many EUV photons need 
to be absorbed. (The regime of inner-shell ionization, which routinely produces 
more than one electron per absorbed photon becomes accessible only at high pho¬ 
ton energies and will be considered in Section 15.5.) Therefore central questions 
concern the characteristic timescales for multiphoton absorption and whether the 
final charge state is reached by direct multiphoton absorption, or by sequential 
stripping of electrons via intermediate states (see e.g., [31, 37, 44, 47, 59]). As in 
the case of double ionization, the issue could be addressed experimentally by col¬ 
lecting differential data. However, coincident measurements for these few-electron 
nonlinear reactions are very difficult because of low signal-to-noise ratio (see Sec¬ 
tion 15.2.3). Noncoincident photoelectron spectroscopy (also quite challenging) can 
yield valuable information only for sequential channels. To the best of our knowl¬ 
edge, only one differential measurement in this regime has been reported so far 
(angle-resolved photoelectron spectroscopy of sequential three-photon triple ion¬ 
ization of Ne by 90.5-eV FLASH photons [125]). Recoil ion momentum spectra do 
not provide as much information as for single or double ionization because they 
reflect the sum momenta of several emitted electrons emitted into different direc¬ 
tions. 

Due to the experimental limitations described above, the most common observ¬ 
able for studying multiphoton multiple ionization of atoms at EUV wavelengths 
is the intensity-dependent ion yield. As discussed in Section 15.3.1 its slope in 
double-logarithmic representation yields information about the number of pho¬ 
tons involved (Eq. (15.1)). For sequential multiphoton processes, which proceed 
via long-lived intermediate states, the yield may diverge from the expected I n de¬ 
pendence. First, since lifetimes of the intermediate states are typically larger than 
the pulse duration, the yield does not depend on the latter, that is, it is defined 
by the pulse fluence (pulse energy per unit area) and not by its intensity. Second, 
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Figure 15.14 Ion yield of Ar( 1—4 H~ and H 2 ~*~ 
as a function of FLASH intensity at 28.2-eV 
photon energy. An energy scheme relevant 
for multiple ionization of Ar is plotted in the 
inset. The number of arrows indicate the pho¬ 


ton numbers absorbed from the initial state 
to the respective final ionic state. The num¬ 
bers in parenthesis are the first four ionization 
potentials of Ar. SI and NSI: sequential and 
nonsequential ionization. From [44], 


since the total transition probability is given by the convolution of the probabilities 
for all intermediate steps, every saturated step reduces the apparent value of n in 
the intensity-dependent yield curve as compared to the actual number of absorbed 
photons. Thus, it is sometimes claimed that this slope for the sequential process is 
given by the number of photons involved in the last step [31]. 

Figure 15.14 displays intensity-dependent yields of Ar" + (n = 1—4) ions, mea¬ 
sured at FLASH with 28-eV photon energy. The inset of the figure sketches two pos¬ 
sible scenarios for reaching the highest charge state observed. The quadratic inten¬ 
sity dependence (n = 2) is observed for double ionization. However, both sequen¬ 
tial and direct TPDI are energetically allowed and we cannot distinguish between 
these channels on the basis of this observation (as discussed in Section 15.3.2.1). 
For triple and quadruple ionization, the slopes are consistent with a minimum of 
three or six photons required to reach the respective final states. This points toward 
the dominance of nonsequential channels (direct for Ar 3+ , and likely a two-step 
channel for Ar 4+ ). The data do not offer unambiguous evidence, since saturation 
of the first ionization steps might reduce the determined slopes. 

Most studies of intensity-dependent ion yields for few-photon, few-electron re¬ 
actions in the sequential regime revealed slopes lower than the minimum num¬ 
ber of photons needed to reach corresponding charge states [31, 47]. Figure 15.15 
presents the example of neon ionization, where all measured ionization processes 
manifest the full number of photons required to reach the final ionic state. The 
yields of Ne* 1—3 )+ ions, measured at the SCSS EUV FEL at 24.3-eV photon energy, 
are shown as a function of the FEL intensity. At this photon energy one photon is 
required to ionize a neutral neon atom, two photons to ionize the singly charged 
ion, and three photons to ionize Ne 2+ to Ne 3+ . The measured slopes for Ne 1+ , 
Ne 2+ and Ne 3+ ion yields fit perfectly to this scheme, showing slopes of 1, 3 and 
6, respectively. Thus, triple ionization of neon at this photon energy proceeds via 
three sequential steps, involving one-, two-, and three-photon absorption. 
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Intensity /10 14 W/cm 2 

Because of the severe detector saturation at 
the arrival time of 20 l\le ions, 22 Ne^ yield was 
used to determine the slope of the intensity- 
dependent curve for single ionization. 


Figure 15.15 Measured yields of Ne( 1—3 )+ 
ions as a function of SCSS intensity at 24.3- 
eV photon energy. For Ne 14 ~, the yield of 
both 20 Ne and 22 Ne isotopes, are shown. 


15.3.4 

EUV-Induced Fragmentation of Simple Molecules 


For molecules, the absorption of a few EUV photons resulting in the ejection of two 
or more electrons typically leads to further disintegration (dissociation, Coulomb 
explosion) of the created molecular ions. Therefore, apart from electron-electron 
correlation, one needs to consider specific molecular issues, such as the role of 
nuclear motion on the timescale of the EUV pulse and the coupling between elec¬ 
tronic and nuclear degrees of freedom. FEL pulse durations currently range from 
few to few hundred fs and match the characteristic timescale of atomic motion 
in molecules. This leads to very rich dynamics and creates multiple possibilities 
to study light-induced molecular reactions. Every two- or multiphoton absorption 
process in the EUV or X-ray domain essentially corresponds to a pump-probe mea¬ 
surement, where the first absorbed photon creates a molecular wave packet (typical¬ 
ly in a highly excited or ionic state, possibly bound or dissociating). The following 
photoabsorption step probes the wave packet on the timescale of the pulse [126], 
Following the first experimental evidence of two-photon molecular ionization ob¬ 
tained at FLASH [33] and SCSS [40], a lot of effort was devoted to disentangle dif¬ 
ferent multiple molecular ionization pathways, in particular those proceeding via 
direct and sequential few-photon absorption [44-46, 48, 127]. 

15.3.4.1 Direct and Sequential Two-Photon Double Ionization of D 2 

A fundamental test ground for studies of the interactions of light with molecular 
systems is the hydrogen (or deuterium) molecule. Hydrogen is the only molec¬ 
ular system that is readily accessible by theory. Beautiful kinematically complete 
experiments on single-photon induced double ionization have been reported re- 
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Figure 15.16 (a) KER spectrum of noncoincident D+ fragments at 38-eV photon energy, taken 
under an emission angle of 90° ± 5° with respect to the light polarization axis, (b) KER spec¬ 
trum measured for coincident D+ + D+ pairs, in comparison with theory (see text). 

cently, addressing some fundamental aspects of quantum mechanics [128, 129]. 
The possibility of multiphoton absorption adds a new dimension to these studies. 
The pulse durations of the novel FEL sources match characteristic timescales of vi¬ 
brational motion and of fast dissociation in these simple molecular systems, giving 
intriguing insight into few-photon-induced fragmentation. 

Here, we consider fragmentation of the D 2 molecule, irradiated by intense 
FLASH pulses at hat = 38 eV, and trace the mechanisms of TPDI. Similar to the 
atomic case, there are two basic TPDI pathways: direct and sequential. For the lat¬ 
ter channel, the photons are assumed to be absorbed via an intermediate stationary 
state of the ion (assumed to be the ls<7 g ground state of D 2 + , which is populated 
with a probability of about 95% in the first absorption step). Sequential ionization 
therefore occurs in two steps, which might be separated in time, whereas both 
photons are absorbed simultaneously through a virtual intermediate state in the 
case of direct ionization. This implies that TPDI occurs close to the equilibrium 
internuclear distance (R) of the neutral molecule. The signature of both TPDI path¬ 
ways can be expected in the kinetic energy release (KER) spectra of the Coulomb 
exploding doubly charged molecule. The KER is related to the internuclear distance 
R due to repulsion of two positively charged protons (deuterons). 

To gain insight into the various processes that might occur upon absorption of 
the first photon, we plot the KER spectrum for noncoincident D + fragments in 
Figure 15.16a. These fragments are formed via dissociative channels of D 2 + . Only 
fragments emitted perpendicular to the polarization direction (6 = 90° ± 5°) are 
considered here. For comparison, we also show theoretical ah initio results obtained 
using the time-dependent method developed in [130]. 

The experimental data are in excellent agreement with the ah initio calculations 
and with previous measurements for one-photon single ionization [131]. All rel- 
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evant fragmentation pathways, namely ground-state dissociation (maximum at 
£ker = 0), dissociation via the 2pit u channel (Erer « 9eV), as well as contribu¬ 
tions and interferences involving the decay of doubly excited (Q2) states [129], are 
well resolved (Figure 15.16a). 

The KER spectrum for coincident D + + D + fragments integrated over all emis¬ 
sion angles is shown in Figure 15.16b. Two bands are visible in the experimental 
data. The high-energy band at 18 eV corresponds to a Franck-Condon transition 
from the molecular ground state to the repulsive Coulomb state. Such a high KER is 
expected for direct TPDI. However, sequential ionization with a very short time gap 
between both absorption steps or with absorption of the second photon when the 
ionic wave packet reaches its inner turning point may also contribute to this band. 

The low KER region, however, is only accessible via sequential ionization. This al¬ 
lows a quantitative separation of both pathways with the help of theory. Advanced 
many-particle quantum calculations by Martin et al. (included in [48]) deliver ab¬ 
solute cross sections for the sequential part along with relative KER distributions 
for direct TPDE By comparison with the experiment, both pathways can be disen¬ 
tangled. Moreover, first conclusions on the relative importance of both processes 
can be obtained. Thus, coincident KER spectra encode the time between sequen¬ 
tial ionization steps. This provides a basis for an experimental concept sometimes 
referred to as “molecular clock” [132]. 

15.3.4.2 Multiple Ionization and Fragmentation of N 2 Molecules 

The ionization and fragmentation of a nitrogen molecule exposed to intense FEL 
pulses offers an example of a multielectron process with a large variety of possi¬ 
ble fragmentation pathways. N 2 is a simple few-electron diatomic system, and its 
interaction with light has been studied extensively, both experimentally and the¬ 
oretically. A wealth of data was reported for single-photon interactions (see, e.g., 
general examples [133-137], fragmentation by intense laser fields [138, 139], two- 
color time-resolved studies [140], and high-resolution electron impact coincidence 
measurements [141]). Recently, experiments on multiple ionization of N 2 by few 
EUV photons were performed at FLASH and SCSS. Total ionization cross sec¬ 
tions [33, 34], time-of-flight spectra [40], as well as energy and angular distribu¬ 
tions [44-46] of the ionic fragments have been reported for different fragmentation 
pathways. 

Figure 15.17 shows a sketch of the potential energy curves of N 2 that can be 
reached by few-photon absorption from the N 2 ground state. Figure 15.18 displays 
a photo-ion-photo-ion-coincidence (PIPICO) spectrum measured at FLASH at a 
photon energy of 44 eV. Here, the TOF spectrum of the first detected ionic fragment 
is plotted as a function of the TOF of the second. True coincident events, resulting 
from three different Coulomb explosion channels (N 2 + —>■ N + + N+, N 2 + —> 

N 2 + + N+ and N 2 + ->• N 2+ + N 2+ ), can be identified as hyperbolic lines and 
obey momentum conservation. False coincidences (fragments originating from two 
different molecules) appear as diffuse background. Based on the measured ion 
kinetic energies, we can separate different channels of N 2 fragmentation. 
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Figure 15.17 Sketch of the relevant potential energy curves of the N 2 molecule as a function of 
the internuclear distance R. Arrows 1 and 2 denote the states accessible by one 44-eV photon 
from the ground state of the neutral and the singly charged molecule, respectively. 
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Figure 15.18 Photo-ion-photo-ion coinci¬ 
dence spectrum measured for N 2 fragmen¬ 
tation at 44 eV. The time-of-flight of the first 
ion is plotted versus the time-of-flight of the 


second. Overlay: ion yields as a function of the 
FEL intensity / for the same experiment. The 
symbols and solid lines depict experimental 
data and fits, respectively. 
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The number of photons involved in the fragmentation process is revealed via 
the intensity-dependent yield for the particular pathway. Similar to the data in Fig¬ 
ures 15.3b, 15.7b, and 15.14, the linearity of the intensity scale was ensured by 
inspecting the H 2 + ion yield (not shown here), originating from single-photon 
ionizationwith a slope of 1 in a double-logarithmic representation (see also [38, 44, 

45]). 

The result of this analysis is presented in the inset of Figure 15.18. Surprisingly, 
the slopes of the yield curves indicate that several pathways require more photons 
than expected based on the energy of the final states. Dissociative molecular di¬ 
cations Nj" 1 " —>• N + + N + , but also bound doubly charged molecular ions Nj" 1 " 
(X^ + ), are predominantly created by two-photon absorption. This can be easily 
understood for the dissociative states A 1 /7 U , d 3 /7 g , and D 1 2,+, since none of them 
can be populated via a one-photon absorption. But the situation is different for the 
state (43 eV above the neutral N 2 ground state), which is energetically ac¬ 
cessible by one 44-eV photon (see Figure 15.17). An exceedingly small one-photon 
cross section close to the single-photon double ionization threshold is the most 
likely explanation. Sequential two-photon double ionization involving, for example, 
excited states of N 2 + is expected to have comparatively larger cross sections [44]. 

The asymmetric dissociative dication channel (Nj -1- —> N 2 + + N) is dominated 
by three-photon absorption, even though only two photons would suffice to reach 
the final state. Here, a one-photon threshold for the (y, 2 e) reaction has been estab¬ 
lished recently at 55 eV, with a cross section of only 5 x 10“ 21 cm 2 at ~ 10 eV excess 
energy [136]. At 44 eV, this excess energy is just reachable by two-photon SDI via 
the bound N 2 + states or dissociative Fband. Those states are predominantly pop¬ 
ulated via single-photon absorption [140], such that the cross section for the (2 y, 

2e) pathway is intuitively expected to be small. The dominance of the three-photon 
channel does therefore not seem unreasonable. Certainly surprising, however, is 
that as much as five photons need to be absorbed for the creation of dissociating 
N 2 3+ ions, even though, according to the potential curves given in [142], two pho¬ 
tons would be enough for nonsequential triple ionization and three would allow to 
reach this final state via the sequential pathway. 

Further insight into the fragmentation dynamics can be gained from the angu¬ 
lar distribution of the detected ionic fragments. In Figure 15.19 we present the 
measured angular distribution as a function of KER for all N + fragments. Non¬ 
coincident dissociating fragments (predominantly created by one-photon absorp¬ 
tion) preferentially emerge along the FEL polarization axis (Figure 15.19a). Ions 
from the Coulomb explosion produced by two-photon absorption (N + + N + coin¬ 
cidences, Figure 15.19b) exhibit a clear maximum in the perpendicular direction 
for the A 1 77 u and d 3 /7 g final states and only the fragments in the D 1 X U + state 
are predominantly ejected along the laser electric field. The FEL pulse duration is 
much shorter than the rotational period of the molecule and we thus found strong 
evidences that the A 1 /7 U and d 3 /7 g states cannot be created via the dissociating F- 
or Ff-bands by absorption of a second photon. Both states are most likely reached 
through bound N 2 + states. 
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Figure 15.19 Polar density plots of ion an¬ 
gular distribution and KER for various frag¬ 
mentation channels. 9 denotes the angle with 
respect to the FEL polarization axis (horizon¬ 
tal) and the radius represents the KER. The 


curve overlays display the KER spectra inte¬ 
grated over all fragment emission angles, (a) 
Noncoincident N + fragments, (b) N"*" + 
coincidences, (c) Noncoincident N 2 + ions. 
From [45], 


Considering the angular distribution of the N 2+ fragments in Figure 15.19c, we 
observe low-energy ions emerging along the FEL polarization axis. These most¬ 
ly result from the N 2 + —> N 2+ ( 2 P) + N( 4 S) dissociation channel. This pathway 
can therefore proceed via both dissociative and bound intermediate states of N 2 + . 
Fragments with KER > 10 eV originating from the N 2-1- + N + channel are emit¬ 
ted preferentially in the perpendicular direction. This pathway, involving in total 
five photons as discussed above, does therefore not proceed through the dissoci¬ 
ating F- or H-bands of N 2 + , but rather via the bound states of the singly charged 
ion and via one of the bound or dissociating states of N 2 2 + (with the exclusion 
of the state, which decays along the FEL polarization axis). The above con¬ 

straints on the possible intermediate states involved in the production of highly 
charged fragments will become crucial for the understanding of time-dependent 
N 2 dynamics discussed in Section 15.4.2.2. 
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15.4 

EUV Pump-EUV Probe Experiments 

The ultrashort pulse duration of EUV or X-ray FELs and HHG-light sources 
creates unprecedented possibilities for time-resolved imaging of fundamental 
light-induced reactions on fs or even subfemtosecond timescales [126, 143]. As 
a consequence, a variety of experimental techniques for EUV/X-ray as well as 
IR/EUV/X-ray pump-probe measurements have been developed. Since this chap¬ 
ter deals with nonlinear interactions, we will focus here on one-color EUV (X-ray) 
pump-probe experiments, which necessarily involve at least two photoabsorption 
steps (the pump and the probe). This configuration is particularly important, since 
it has a potential for dynamic measurements with attosecond time resolution. All 
HHG-based isolated attosecond light pulses are generated at EUV frequencies 
and, thus, attosecond pump/attosecond probe schemes currently imply an EUV 
pump/EUV probe experiment. It should be noted that existing isolated attosecond 
pulses rarely contain enough photons for pump-probe measurements, although 
promising results in this direction have been recently reported [86]. At FELs, the 
FEL pump/FEL probe scheme offers a time resolution that is superior to laser- 
FEL experiments because it is not subject to jitter between the stochastic SASE 
FEL pulse and a synchronized external laser [126]. 

15.4.1 

Split-and-Delay Arrangements and Characterization of the EUV Pulses 

A variety of split-and-delay units, based on geometrical (or wavefront) pulse seg¬ 
mentation, have been brought into operation for HHG setups and at FEL facilities. 
Usually, one of two approaches was used. The first technique relies on a grazing 
incidence Mach-Zehnder geometry [144, 145] that offers an almost photon-energy 
independent transmission (between 50 and 70%) in a broad photon energy range. 
The second approach uses a back-reflecting focusing mirror, which is physically 
separated into two parts for pulse-pair creation [146]. The time delay between both 
pulses is adjustable, with a typical resolution < 1 fs, by moving one half-mirror with 
respect to the other along the FEL beam axis by means of a high-precision piezo¬ 
stage. Figure 15.20 depicts an example of the split-mirror arrangement used at 
FLASH and SCSS in combination with a “reaction microscope” setup [89,105,146]. 

These types of split and delay units have been widely employed for temporal 
characterization of HHG and FEL pulses via second or higher order autocorrelation 
measurements. The second-order autocorrelation spectrum is given by 



(15.4) 


where I is the signal strength and E is the electric field strength. One of the most 
common nonlinear signals employed for these measurements is TP SI of He, as 
considered in Section 15.3.1 [102-105]. The choice is based on the relative sim¬ 
plicity of the TPSI process, both in terms of experimental requirements and in- 
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Figure 15.20 Schematic of an EUV/EUV experimental pump-probe setup with split-mirror stage 
and the ion-detection part of the reaction microscope. 

terpretation of the results. Figure 15.21a shows an autocorrelation trace measured 
at the SCSS with 20.45-eV photon energy and using the split-mirror experimental 
setup as shown in Figure 15.20. The autocorrelation trace exhibits a broad maxi¬ 
mum with ~ 40 fs-FWHM, superimposed with a narrow peak (~ 10 fs-FWHM) at 
zero delay time. As follows from FEL theory [147] and from the partial coherence 
model [148] (and corresponding to direct observations in the spectral domain [26]), 
each individual FEL pulse comprises several subpulses (or modes) [145-150]. Each 
subpulse is intrinsically coherent, giving rise to a sharp spike in the autocorrela¬ 
tion spectrum at zero delay, whose width is a measure of the subpulse duration or 
the coherence time. The underlying broader contribution can be attributed to the 
temporal width of the pulse envelope averaged over many fluctuating FEL pulses. 
From the data we extract a coherence time of ~ 8 fs and an average pulse dura- 



fa) Delay / fs (b) Delay / fs 


Figure 15.21 (a) Experimental second-order 
autocorrelation spectrum measured at SCSS. 
The yield of He+ ions (same signal as in Fig¬ 
ure 15.4) is shown as a function of the pump- 
probe delay, (b) Experimental autocorrela¬ 
tion trace measured with the N 2 ^ fragments 


(22eV < Eker < 40eV). In both (a) and (b), 
the solid line represents a sum of two Gaus- 
sians with FWHM of 40 and 8fs in (a), and 40 
and 5 fs in (b). The dashed and dotted lines 
correspond to the broad and narrow Gaus¬ 
sian, respectively. 
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tion of 28 ± 3 fs-FWHM, much shorter than the 100-150 fs expected from electron 
bunch length measurements. The comparison with a statistical pulse shape model 
(partial coherence model, PCM [148] also suggested a 6 fs tilt of the FEL pulse-front 
across the 10-mm beam diameter [105]. 

Figure 15.21b shows the autocorrelation trace obtained with the same experi¬ 
mental setup at FLASH, using 45.5-eV photon energy and employing N 2 multi¬ 
ple ionization to generate a nonlinear signal. Although the shape due to the pulse 
structure is convoluted with some molecular dynamics, the same essential features 
can be observed. We extract a pulse duration of 40 ± 10 fs and a coherence time of 
5 ± 1 fs, in good agreement with other autocorrelation tests [41, 144, 150] and in¬ 
terferometric measurements [145]. 


15.4.2 

Nuclear Wave Packet Imaging in Diatomic Molecules 


15.4.2.1 Vibrational Wave Packet Motion in D 2 + 

Figure 15.22 shows the results of a proof-of-principle experiment [151] on one of 
the simplest molecular systems, the deuterium molecular ion. As sketched in Fig¬ 
ure 15.22a, a first EUV photon at 38 eV removes one electron from a D 2 molecule, 
creating a bound D 2 + molecular ion. With about 95% probability, the Is cr g ground 
state of D 2 + is populated and a coherent vibrational nuclear wave packet is creat¬ 
ed. The wave packet oscillates with a period characteristic for the ionic ground-state 
potential energy surface (PES) The EUV probe pulse removes the second electron, 
causing Coulomb explosion of the D 2 2+ molecule with a kinetic energy release of 
the D + fragment proportional to 1 /R. 



Delay l ime (fs) 

0 10 20 30*40 50 60 70 80 



Figure 15.22 (a) Sketch of the pump-probe 
scheme with the pump photon launching a 
nuclear wave packet in the lsrtg state of D 2 + 
and the second photon probing it by ionizing 
the cation to the repulsive PES of the dication 


The molecule can undergo direct TPDI as in¬ 
dicated, causing background signal that was 
subtracted in the evaluation the data; (b) ex¬ 
perimental KER versus the delay time between 
the pump and probe; (c) theory. From [126], 
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The KER spectrum as a function of the delay time is shown in Figure 15.22b 
and extends from 7 to 23 eV. The data comprehensively visualize the ultrafast vibra¬ 
tional motion in the ground state of the D 2 + molecule. Two pronounced horizontal 
bands around E K er = 18 and 10eV can be attributed to ionization of D 2 + at the 
inner or outer classical turning points. Projections for kinetic energy release (KER) 
related to the inner and outer turning points allowed us to extract the time the 
molecule needs for a complete vibrational period. The measured value of 22 ± 4 fs 
is in good agreement with the theoretical prediction shown in Figure 15.22c. For 
the theoretical treatment, the time-dependent Schrodinger equation (TDSE) was 
solved separately for the two ionization steps, using 10-fs cosine-square-shaped 
XUV pulses. Single ionization by the pump pulse (D 2 —> D+) was treated without 
essential approximations by including all electronic and vibrational (dissociative) 
degrees of freedom (see [151]). 

The nuclear wave packet can be ionized at any R from the inner to the outer 
turning point. We might ask whether the ionization probability is R-independent. 
In the present case, the experimental results indicate (within the error bars) an R- 
independent ionization probability. This is in slight disagreement with a theoretical 
calculation predicting a distinct dependence of the D 2 + ionization probability on 
the internuclear distance [48, 151]. Details about the R-dependent ionization prob¬ 
ability of the D 2 + molecular ion are discussed in [151]. 

It might come as a surprise that the ultrafast nuclear motion, with a round trip 
time of around 22 fs, can be observed at all with SASE pulses that have an FWHM 
of ~ 40 fs. But [152] showed that a time resolution on the order of the 5 ± 1-fs coher¬ 
ence length of the pulses can be reached in jitter-free measurements. Even though 
the fine structure of the wave packet motion as predicted by theory (Figure 15.22c) 
is washed out, the salient features survive and can be extracted. 

15.4.2.2 Dissociation Dynamics of the N 2 Molecule 

The wave packet motion in N 2 + and N 2 2+ molecular ions, excited by 38 and 46-eV 
photons at FLASH, was investigated in similar manner as that of D 2 [89,153]. Here, 
the decay dynamics of a variety of metastable PES in the N 2 2+ dication is observed 
by probing the dissociating molecule via inspecting N + + N + , N 2+ + N + and 
N 2+ + N 2 + Coulomb exploding fragments in coincidence (see Figures 15.18 and 
15.19). The main features in delay-dependent KER data are reproduced by a clas¬ 
sical model [153] and are shown in Figure 15.23. Again, the nuclear wave packet 
motion in several intermediate states was observed along the entire reaction co¬ 
ordinate, from the intermediate bound metastable state, populated via the Franlc- 
Condon transition at the ground state N 2 equilibrium internuclear distance, to the 
dissociated atoms. 
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Figure 15.23 Measured KER spectra as a func¬ 
tion of pump-probe delay and compared with 
classically calculated KER curves, K( r), for 
different break-up channels: (a) N^~ + N - * - , 

(b) N 2 + + N+, and (c) N 2 + + N 2 +.The 


classical calculations were performed for the 
dissociative: 2 2 Z U , 2 2 /7 u , 3 2 /7 u , 3 2 X g , 4 2 /7 u , 
4 2 X u , 5 2 X u and the bound states of 

N 2- *"; and the d issociative a 3 IJ U and bound 
D 3 S+ states oflN^ 2- * - . From [153]. 
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15.4.3 

isomerization Dynamics of Acetylene Cations 

Tracing of chemical reactions along an entire reaction coordinate with femtosec¬ 
ond time resolution is one new research area created by the availability of ultra- 
short EUV and X-ray light sources. Of particular interest are isomerization reac¬ 
tions, which are ubiquitous in functional biological systems, for example, in vi¬ 
sion or photosynthesis. A first study of isomerization was performed for acetylene 
cations [154]. 

As schematically depicted in Figure 15.24, the linear (Docf,) acetylene cation 
[HC=HC] + undergoes isomerization with a proton moving from one side of the 
molecule to the other, forming the nonlinear (C 2 ,.) vinylidene [H 2 CC] + . Isomer¬ 
ization occurs via a concerted bending mode that bends both hydrogen atoms out 
of the acetylene molecular axis. Through absorption of a 38-eV photon, the A 2 .T g + 
excited ionic state is formed (Figure 15.24a). Earlier photoelectron spectroscopy in¬ 
dicated ultrafast relaxation of this state within 51 fs [154]. Neither absorption nor 
emission bands of the dipole-allowed transition to the X 2 n u ground state have 
been observed, nor can the state dissociate into H + + C 2 H or H + C 2 H + final 
channels due to the existence of high potential energy barriers. An effective redis¬ 
tribution of energy via isomerization or vibronic coupling was suggested by theory 
(see [154]) but, lacking conclusive time-dependent measurements, the ultimate rea¬ 
son for the ultrafast decay of the state remained under intense debate. 

Upon pumping of the C 2 H 2 by the first 38-eV FEL photon, isomerization of the 
acetylene A 2 .S g + state might proceed to the vinylidene X 2 f>i or A 2 B 2 states, both 
are nearly degenerate with the acetylene excited state. The occurrence of isomeriza¬ 
tion is probed as a function of time by absorption of a second photon. The second 
absorption event creates the dication as depicted in Figure 15.24b. If isomeriza- 



(b) W 

Figure 15.24 (a,b) Schematic of acetylene-vinylidene isomerization, (c) Yield of the CH 2 “^~ + C“^ 
coincident fragments as a function of the pump-probe delay. From [126]. 
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tion has taken place, Coulomb explosion into the C - * - + CH^" fragments will occur 
and offers conclusive evidence for the process [154]. By recording the yield of the 
respective fragments in coincidence and as a function of the pump-probe delay 
(Figure 15.24c), the isomerization time was measured to be 52 ± 15 fs. For the 
analysis, a kinetic energy release window of 5.8 eV < KER < 8eV was used. The 
observation provides clear evidence for the existence of a fast, nonradiative decay 
channel, which was postulated 40 years ago by Herzberg [155]. 

These experiments give a first glimpse of molecular dynamics studies with in¬ 
tense, short-pulse EUV radiation, in combination with many-particle fragment¬ 
imaging spectrometers. Using EUV pump pulses produced by splitting FEL or 
HHG beams provides efficient access to highly excited metastable states and, due 
to the intrinsic time stability between the two pulses, enables few femtoseconds or 
even attosecond time resolution. 


15.5 

Experiments in the X-Ray Domain 

As detailed in Chapters 5 and 17 of this book, there is strong motivation to bring 
intense short-pulsed accelerator- and HHG-based radiation sources into the sub¬ 
nanometer wavelength regime. This development is to a large extent driven by the 
vision of single-shot high-resolution imaging of biological objects [5, 156]. The first 
source of this type was realized in 2009 with the startup of the LCLS, the world’s 
first X-ray FEL. First years of LCLS operations triggered tremendous scientific activ¬ 
ity in a very broad range of disciplines, ranging from chemistry and biology to mate¬ 
rial science and matter under extreme conditions. The common theme of all these 
studies is the interaction of intense ultrafast X-rays with building blocks of matter. 
Therefore, understanding the response of individual atoms and small molecules 
to intense X-ray pulses is considered essential for most applications. Many early 
LCLS experiments addressed this topic. 

Even before the LCLS became operational, a lot of progress in this direction had 
been achieved at the FLASH facility in Hamburg, where available photon energies 
reached the water window [25]. Several experiments on nonlinear ionization were 
performed in the transition region between the EUV and X-ray domains, address¬ 
ing inner-shell electrons of heavy rare gas atoms [37, 76, 77, 157]. Among them 
was the surprising observation of a very high degree of ionization in Xe (up to 
Xe 21+ ), at intensities of ~ 10 16 W/cm 2 . This process requires the absorption of up 
to fifty 93-eV photons [37]. The result triggered a lot of discussions on the nature of 
light-matter interactions in the regime of superintense fields and X-ray frequen¬ 
cies. One controversial question, which is still not completely clarified, is whether 
the observed behavior can be explained within the perturbative picture [37, 71, 76- 
79]. Even though the ponderomotive energy at these parameters remains small as 
compared to the photon energy; it was argued that nonperturbative effects or a col¬ 
lective electron response might be responsible for the unexpectedly high level of 
ionization [76-78]. 
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The experiments [37, 76, 77] were performed in the transition regime between 
EUV radiation, addressing valence electrons, and X-rays, interacting predominant¬ 
ly with the inner-shell electrons. For Xe at hio ~ lOOeV, the first one or two pho¬ 
tons interact primarily with 4 d electrons, resulting in double or multiple ionization 
via Auger decays. Later, photons can be absorbed sequentially, releasing valence 
electrons until the valence ionization potential becomes larger than the photon en¬ 
ergy (this occurs for Xe 7+ ). To reach higher charge states, direct multiphoton ab¬ 
sorption steps are required. Thus, reaching Xe 21+ at this photon energy involves a 
complicated sequence of inner-shell, single-photon valence shell, and multiphoton 
transitions. 

15.5.1 

Multiple Ionization of Heavy Atoms: Role of Resonant Excitations 

In contrast to the EUV regime discussed above, first experiments performed at 
LCLS showed that multiphoton multiple-ionization of atoms at X-ray frequen¬ 
cies proceeds predominantly via a sequence of single-photon absorption steps. 
For atomic Ne [73] and molecular N 2 [158, 159], the measured data were in good 
agreement with theory based on sequential single-photon absorption [160]. It was 
shown that all electrons from these light elements can be stripped, provided the 
photon energy is larger than the ionization potential of all intermediate ionic 
ground states. With intense LCLS pulses, several novel effects were observed. 
These include double core hole creation, where a second photon is absorbed by the 
atomic inner shell before the first vacancy relaxes via Auger decay [73,161-164], or 
frustrated X-ray absorption because of efficient inner-shell depletion [73, 158]. The 
contribution from direct (“nonsequential”) two-photon absorption was found to be 
very small [165, 166]. 

First measurements on a heavier rare gas atom, for example, Xe at 1500 eV re¬ 
vealed a surprisingly high degree of ionization [75] (similar to the experiment [37] 
at FLASH). As illustrated in Figure 15.25, charge states as high as Xe 3S “*“ were pro¬ 
duced. The theoretical model based on the sequential ionization scheme, which 
was very successful for lighter elements, predicts Xe 27-1- as the highest accessible 
charge state [75, 167, 168]. This is in good agreement with intuitive expectations, 
since the ionization potential of Xe 27+ exceeds the photon energy. Interestingly, 
while the model fails for 1500-eV photon energy, it provides good agreement with 
experimental data at 2000 eV (see Figure 15.25) as well at 850 eV [169]. Detailed 
comparison of the experimental data with theory at two different photon energies 
indicates that highly charged ionic states at 1.5 keV are produced via resonant path¬ 
ways, as schematically illustrated in Figure 15.26. These resonances, which occur 
in highly charged xenon ions produced during the course of a single femtosecond 
X-ray pulse, are not included in the simulation [75, 167, 168]. The latter account 
for bound-free transitions. Inclusion of the bound-bound (resonant) transitions is 
beyond the current computational limits [167]. 

As the binding energy of the xenon M-shell (n — 3) electrons surpasses the 
1.5-keV photon energy for charge states higher than Xe 18+ , direct single-photon 
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Figure 15.25 Comparison of experimental 
and simulated xenon charge state yields for 
80-fs LCLS pulses, (a) Xenon ion TOF spec¬ 
tra at photon energies of 1.5 keV (black) and 
2.0 keV (red) for 2.4—2.6 mj pulse energy, (b) 
Experimental xenon charge state distribution 
extracted from (a) (bars) after deconvolution 
of overlapping charge states and comparison 


to theory (circles with lines) calculated for an 
80-fs X-ray pulse with a pulse energy of 2.5 mj 
and integrated over the interaction volume. 
The theoretical charge state distributions are 
scaled such that the total ion yield integrated 
over all charge states agrees with the total ion 
yield in the experiment. From [75]. 


ionization (left blue arrow in Figure 15.26) from this shell is no longer possible. 
However, the electrons can still be resonantly excited into densely spaced Rydberg 
states and unoccupied valence orbitals (red arrows). Based on the calculated cross 
sections [75], we expect resonant excitations to occur for any given charge state 
above the resonance threshold, which excites several electrons into Rydberg states. 
The multiply excited states can then be ionized by Auger decay and other auto- 
ionizing transitions mediated by electron-electron interaction (green arrows). 

Ionization of a Rydberg electron by absorption of another photon is unlikely: cal¬ 
culations indicate that the corresponding photoionization cross sections are very 
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Figure 15.26 Ground-state binding energies 
for M-, N-, and O-shell electrons in xenon for 
charge states between Xe 14- * - and Xe 38 “K The 
arrows denote schematic ionization pathways. 
Unoccupied orbitals are shown explicitly up to 
7f, but densely spaced Rydberg orbitals (gray 
lines) cover the entire energy range up to the 
continuum. To illustrate the occurrence of res¬ 
onances at a photon energy of 1.5 keV, lines 
parallel to the 3s, 3p, and 3d binding energies 
shifted by 1.5 keV are drawn as blue dashed 
lines. For charge states between Xe 19_ *~ and 
Xe 35- * - , they intersect with the binding en¬ 
ergies of various outer orbitals; hence the 
possibility of resonant transitions from the M 
shell to those outer shells. Below this REXMI 
region, M-shell photoelectrons can be created 
by direct single-photon ionization (left blue 


arrow). For charge states higher than Xe 18- * - , 
3s, 3p and/or 3d electrons can be resonantly 
excited into unoccupied valence orbitals (red 
arrows). The resulting M-shell holes are re¬ 
filled by Auger decay (green arrows, left). Elec¬ 
trons excited into outer orbitals can undergo 
Auger decay or other autoionizing transitions 
involving other outer-shell electrons (green ar¬ 
rows, middle and right), especially if multiply 
excited states are created (red arrows, right). 

In some cases, Auger decay may also lead to 
other core-excited states, which can be ionized 
by a second X-ray photon (blue arrow, right). 
At a photon energy of 2.0 keV, resonances can 
only occur for charge states Xe 29- * - and higher, 
as shown by the dotted blue lines represent¬ 
ing the 3s, 3p, and 3d binding energies shifted 
by 2.0 keV. From [75]. 


small. However, Auger decay and autoionization of these core-excited states ef¬ 
ficiently deplete the outer shells and refill the lower lying levels, thus continu¬ 
ously fuelling the resonance-enabled X-ray multiple ionization (REXMI) pathway. 
(Note that the effectiveness of fast Auger and autoionization decay processes of 
hollow atoms has also been observed experimentally [170].) In even higher charge 
states, direct photoionization (right blue arrow, Figure 15.26) of excited intermedi¬ 
ate states reached via Auger decay, becomes increasingly efficient; the binding en¬ 
ergy of electrons in the n = 4 shell approaches 1.5 keV for increasing ionic charge. 
Finally, for charge states above Xe 35 “*“, the photon energy is no longer sufficient 
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Figure 15.27 Xenon ion yield for selected 
charge states at 1.5-keV photon energy as a 
function of X-ray fluence. To correct for gas 
detector nonlinearities at LCLS pulse energies 
below 1 mj, the gas detector readings were 

to excite resonant transitions from the M shell, which agrees with the observed 
cut-off in the experimental charge-state spectrum at Xe 36 “*“. The resonant nature of 
multiphoton absorption in Xe at 1500 eV is also confirmed by the simultaneously 
measured fluorescence spectra [75]. 

In this context, it should be noted that REXMI pathways would also be accessible 
for a photon energy of 2.0 keV, but starting at much higher charge states (q > 
29) when the M-shell ionization potential begins to exceed 2.0keV (Figure 15.26). 
However, even for the highest peak fluence in our experiment, charge states with 
q > 29 are populated only with low probability [75]. Therefore, REXMI does not 
play a significant role in our 2.0-keV data, although it should become important 
at 2.0-keV photon energy if higher peak fluences are available and charge states 
with q > 29 can be efficiently created. In general, this effect is very similar to 
resonance-enhanced ionization observed in the EUV domain (see, e.g., [118, 171, 
172]). However, the very broad range of charge states accessible, along with the 
broad spectrum of the LCLS, opens multiple resonance channels within the same 
X-ray pulse. 

In Figure 15.27, the measured yields of several exemplary Xe charge states are 
shown as a function of the LCLS pulse energy or pulse fluence. Under these condi¬ 
tions, ionization is a sequential process and these variables offer more information 
than the pulse intensity (see Section 15.3.3). As the pulse duration was not changed 
in the course of this experiment, intensity-dependent experiments would yield the 
same results. From the slopes in the double-logarithmic plot in Figure 15.27, we 
can conclude that the highest charge states are produced by the absorption of more 


recalibrated using a linear ion signal (H+ ions 
created from residual gas). Calculated ion 
yields (without inclusion of REXMI) are shown 
as solid lines [75], 









504 


75 Strong-Field Interactions at EUV and X-Ray Wavelengths 


oxa 


0C4 


0 03 


002 . 


a 

e 

3 

i 

•6 

5 

h. 

6 

T3 

7 

>* 


O 0*1 


0 00 


k7- 


• 1.5 k*V. 2.4-2 6 mj 
- 2.0 k*V. 24-2.6 mJ 


Kf*' 



“Kr 1 * 


6000 8000 10000 12000 14000 16000 18000 

Ion time of flight (ns) 



16 14 12 10 

Krypton charge state 


Figure 15.28 (a) Krypton time-of-flight spectra 
measured at LCLS at photon energies above 
(2keV, red) and below (1.5 keV, black) the 
L-edge. The pulses have a nominal pulse dura¬ 
tion of 80fs and 2.4-2.6-mJ pulse energy, (b) 
Experimental krypton charge state distribu¬ 


tion extracted from (a) (bars) and comparison 
to theory (circles with lines). The theoretical 
charge state distributions are scaled such that 
the total ion yield, integrated over all charge 
states, agrees with the total ion yield in the 
experiment. From [173], 


than ten 1.5-keV photons. It should be noted that the presence of intermediate res¬ 
onances may lead to slopes that are smaller than the number of absorbed photons 
(e.g., if the transitions are saturated) and the values derived from Figure 15.27 only 
represent a lower limit. The slopes are, however, in good agreement with energet¬ 
ic considerations based on the minimum ionization energy (that is, the sum of 
all ground-state ionization energies) that is required to reach a given charge state. 
For Xe 26+ , this sum of all ground-state ionization energies is 9.2 keV, for Xe 30+ 
it is 15.9 keV and for Xe 3S “*“ it is 28.6 keV. This corresponds to the absorption of 
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Krypton charge state 


Figure 15.29 Ground-state binding energies 
for electrons in the L-, M-, and N-shells in 
krypton ions of charge state up to Kr 22 ^ - , to¬ 
gether with schematic ionization pathways: 
direct photoionization is depicted as blue 
arrows, resonant transitions as red arrows, 
and Auger decay as green arrows. To illustrate 
the occurrence of resonances at a photon en¬ 
ergy of 2 keV (1.5 keV), lines parallel to the 
2s and 2p binding energies shifted by 2 keV 


(1.5 keV) are drawn as purple dotted (dashed) 
lines. For charge states between Kr 9- *" and 
Kr 20- * - , the dotted I ines intersect with the bind¬ 
ing energies of valence or Rydberg orbitals; 
hence resonant transitions from the L-shell 
to outer shells are possible at 2-keV photon 
energy. For 1.5-keV photon energy, the region 
of energetically accessible and electric-dipole- 
allowed resonances is limited to Kr 14- * - to 
l<r 17+ . From [173], 


at least 7, 11, and 19 photons of 1.5 keV. These numbers emphasize the dramatic 
enhancement of ionization as a result of the REXMI mechanism, which opens the 
ionization channels beyond Xe 28+ and more than doubles the energy that can he 
absorbed per atom as compared to our expectations without accounting for reso¬ 
nant excitations. 

REXMI is expected to be a general phenomenon for X-ray ionization of heavy 
atoms. Its signatures have also been observed in Kr L-shell ionization [173]. Fig¬ 
ure 15.28 shows the measured and calculated charge state distributions for multi¬ 
ple ionization of Kr by intense 80-fs LCLS pulses at 1.5 and 2-keV photon energies. 
The relation between theory and experiment here is reversed compared to the Xe 
data in Figure 15.25. Namely, the measured charged state distribution at 1.5 eV is 
in good agreement with the predictions of the model [167,168], whereas the theory 
strongly underestimates the highest charge states at 2-keV photon energy. This be¬ 
havior can be readily understood within the REXMI picture (see Figure 15.29): at 
1.5 keV, the photon energy is below the L-edge of Kr, such that mostly M-shell elec¬ 
trons are ionized. As can be seen from Figure 15.29, resonant bound-bound transi- 
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tions are expected to play only a minor role under these conditions. Therefore, the 
model [167,168] describes the experimental results reasonably well (Figure 15.28b). 
At 2 keV, above the Kr L-edge, resonant excitations (wide red arrow in Figure 15.29) 
from the L-shell lead into Rydberg orbitals. The resonant channels open up after 
the direct ionization of the L-shell electrons becomes inaccessible, at the charge 
state Kr 9+ for the 2s and at Kr 12+ for the 2p orbitals. In order to illustrate where 
resonant transitions are energetically accessible, purple dotted (dashed) lines are 
drawn in Figure 15.29 parallel to the 2s and 2p binding energies, but shifted by 
2keV (1.5 keV). After resonant excitation, the resulting L-shell vacancies are filled 
via Auger decay. Thus, resonant excitations significantly enhance photoionization 
levels at 2-keV photon energy, explaining the large discrepancy between theory and 
experiment. 

As discussed in [75,173], REXMI can significantly enhance the amount of energy 
absorbed per high-2 atom. This might have serious implications for local radiation 
damage in coherent diffractive imaging [174] (see also Chapter 17), if the photon 
energy can drive REXMI processes. In particular, this can be important in the vicin¬ 
ity ofhigh-2 impurities [175], (e.g., S, Fe, or Se atoms often contained in biological 
samples), which might lead to the appearance of “hot spots” in the diffraction pat¬ 
tern because of the local charge redistribution. This effect is considered in the next 
section. 

15.5.2 

Multiphoton Ionization of Molecules Containing High-Z Atoms 

Since most envisaged applications of intense, ultrafast X-rays deal with extended 
polyatomic systems, the role of the environment in multiple ionization of individ¬ 
ual atoms becomes an important issue. A first step in this direction can be made 
by comparing the ionization dynamics of an isolated atom with that of an atom in 
the presence of molecular partners. In Figure 15.30, the ionization of an isolated 
Kr atom is compared to the ionization of a small polyatomic molecule contain¬ 
ing an embedded Se atom (CH 3 SeH, methylselenol, see Figure 15.30a). Kr and 
Se have similar electronic structure and similar photoabsorption cross sections at 
2 keV, the photon energy that was used for this experiment [176]. The photoabsorp¬ 
tion cross section of Se is more than 50 times higher than that of the rest of the 
molecule. X-rays are therefore almost exclusively absorbed by the Se atom. Note 
that the highest charge state of Kr observed in Figure 15.30c (16+) is significantly 
lower than that given in Figure 15.28, due to a considerably lower pulse energy in 
the ~5-fs pulses used here. No effects of frustrated absorption were found for Kr 
ionization by 80 and 5-fs pulses [173]. 

Here it should be noted that the LCLS pulse duration quoted throughout this 
chapter are the “nominal” values defined from the length of the electron bunch. 
Therefore, they only provide a rough estimate of the actual temporal width of the 
X-ray pulse. For longer pulses, dedicated pulse duration measurements [177] sug¬ 
gested that the actual X-ray pulse might be considerably shorter than these nomi¬ 
nal values (cf. also Section 15.4.1). This appears plausible, since the electron bunch 
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Figure 15.30 (a) Structure of the methylse- 
lenol molecule, (b) Measured yield of coin¬ 
cident Se and C ion pairs for different final 
charge states, (c) Sum charge induced on 
the molecule compared to the charge state 
distribution observed in Kr under the same 


conditions. The heavy ion charge represents 
the sum of Se and C charges measured in co¬ 
incidence, whereas CHsSeH charge denotes 
the total charge of the molecule assuming 
that four H+ ions were produced. From [176], 


length should give an upper limit for the X-ray pulse duration. For the ultrashort 
(sub-10-fs) pulses used in [176] the simulations from the measured bunch param¬ 
eters suggest that the X-ray pulse might be as short as a few femtoseconds [178], 
in a reasonable agreement with recent THz streaking measurements (A.L. Cava- 
lieri and R. Kienberger: Investigation of the time structure of LCLS’s few fs X-ray 
pulses, unpublished results, 2013). 

Figure 15.30b depicts the measured charge state distribution of Se and C ions 
detected in coincidence. Considering only selenium and carbon ions, the high¬ 
est charge state combination observed with statistical significance is Se 9 “*“ + C 3+ . 
Although proton fragments were detected as well, they were not used for the de¬ 
termination of the total charge state of the molecule: typically more than one pro¬ 
ton is ejected, and the total detection efficiency becomes very low for coincidences 
of more than three particles. Therefore, in order to estimate the total charge, we 
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assume that all hydrogen fragments are charged, which is well justified for high¬ 
er charge states [179], but might overestimate the total charge for lower charge 
states. The estimated total charge for the methylselenol molecule is shown in Fig¬ 
ure 15.30c in comparison with the charge state distribution measured for the Kr 
atom under identical experimental conditions. The results in Figure 15.30c show 
that the charge on the Se atom is much lower than that on Kr, but the total charge 
induced on the molecule (up to 16+) is very similar to the atomic case. The charge 
initially localized on the heavy Se atom is efficiently redistributed to its molecular 
partners [176]. 

The dominant ionization mechanism in the X-ray regime is core-shell photoion¬ 
ization, followed by Auger decay (except for K-shell ionization of heavy atoms, 
where fluorescent decay dominates). For Se or Kr, a vacancy in the L-shell causes 
multiple ionization via an Auger cascade. The first relaxation step with the highest 
probability is an “intra atomic” LMM Auger decay (hole lifetime ~ 500 as) in the Se 
atom, producing mainly 3d (less likely 3p) vacancies [180]. It is followed by a decay 
of these M-shell vacancies involving the valence electrons of Se and their neighbors 
(MW Auger), which occurs on an ~ 10-fs timescale [180]. The latter step causes 
a considerable portion of the total charge to be distributed over all molecular con¬ 
stituents, even though the initial inner-shell photoabsorption and the first Auger 
decay are very likely to be localized on the Se atom. 

More insight into the charge rearrangement and nuclear dynamics upon mul¬ 
tiple inner-shell ionization can be obtained by examining the measured kinetic 
energies of the ionic fragments (Figure 15.31). In Figure 15.31a-c, the measured 
KERs of selenium ions (a), carbon ions (b), and protons (c), detected in coinci¬ 
dence, are presented for three different charge state combinations. In all cases, we 
observe a broad energy distribution with a KER maximum shifting toward higher 
energies with increasing total charge state. To relate these results to the molecular 
geometry, we performed a simple simulation of the molecular Coulomb explosion 
(CE), assuming instantaneous removal of the electrons at the neutral ground-state 
equilibrium bond lengths and angles. The results of the simulation are shown as 
vertical lines in Figure 15.31a-c. 

For the lowest charge state (Se + + C“*“), the simulated energies of carbon and se¬ 
lenium ions fit well to the maximum of the KER, whereas they increasingly overes¬ 
timate the experimental results for higher charge states. The simulated proton en¬ 
ergies are much larger than the measured ones for all charge states. The consider¬ 
able discrepancy between the measured KERs and simulated CE energies for high¬ 
er charge states is a direct indication for the motion of the nuclei on the timescale 
of multiple ionization. Low charge states are predominantly produced by single 
photon absorption, upon ultrafast core-vacancy decay. In this case, the final charge 
state is reached before nuclear motion occurred, resulting in kinetic energies of 
the heavy ions that are in reasonable agreement with the simulation. The lightest 
ionic fragments, that is, protons, are considerably displaced even within this very 
short time (in 1 fs, a proton with one atomic unit of kinetic energy (27.2 eV) moves 
about 3.5 A, that is, more than a bond length per fs). Therefore, the protons never 


75.5 Experiments in the X-Ray Domain 


509 



Figure 15.31 The kinetic energy distributions of Se, C, and H ions for three different fragmenta¬ 
tion channels. The vertical blue lines indicate simulated energies for given charge states assum¬ 
ing the equilibrium geometry of the neutral molecule [176], 

exhibit the simulated CE energies corresponding to the equilibrium internuclear 
distances H eq (Figure 15.31c). 

In general, the production of higher charge states involves sequential absorption 
of two or more photons with a femtosecond-scale time delay between the absorp¬ 
tion steps. Each absorption triggers new Auger cascades. However, the removal of 
the first few electrons can already trigger the dissociation of the molecule [181]. 
By the time the final charge state is reached, the bond lengths have significantly 
increased. This leads to lower Coulomb repulsion energies for a given charge state 
combination and, thus, larger deviations from the CE model (as can be clearly ob¬ 
served in Figure 15.31). These deviations indicate that the bond length can increase 
by more than 50% within the timescale of multiple ionization, that is, within the 
time defined by the ultrashort pulse duration (~ 5 fs) and the lifetime of the Auger 
processes leading to the final charge state of the molecule. These data provide a 
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quantitative estimate of the radiation damage induced by an X-ray pulse on such a 
small molecule. 


15.6 

Summary and Outlook 

Free-electron lasers, along with high-harmonics based femtosecond and attosec- 
ond sources, opened a new era for the study of light-matter interactions, expand¬ 
ing nonlinear physics and time-resolved measurements into the EUV and X-ray 
domain. Isolated attosecond pulses from HHG in gas targets, with pulse dura¬ 
tions shorter than 100 as, are nowadays available in a few laboratories world-wide 
(see, [22, 23, 86, 182-184] and Chapters 10 and 12) and intensitites approach the 
range needed for attosecond pump-attosecond probe experiments [86]. In parallel, 
HHG driven by mid-infrared lasers at few micron wavelength allowed the gen¬ 
eration of rather intense kV X-ray pulses in the lab (see [84] and [85]). Intense 
femtosecond or attosecond pulses can be generated by HHG using the plasma 
mirror approach [185-187]. There are also promising developments in the field of 
plasma-based soft X-ray lasers, with a realistic perspective to reach mj-scale for a 
lab-based femtosecond source [82] (see also Chapter 5). On top of this, FLASH, SC- 
SS, SACLA, and LCLS continue their operation with optimized performance (e.g., 
FLASH reaching the effective repetition rate of 1 kHz, self-seeding demonstrated 
at LCLS, etc.). The first seeded EUV FEL is FERMI at Elettra and has been suc¬ 
cessfully commissioned [188]. The multikilohertz European XFEL, as well as XFEL 
facilities in Switzerland, China, and Korea are currently being build, as well as the 
next-generation machines FLASH 2 and LCLS 2. Thus, the superior properties of 
the novel light sources open up exciting research possibilities for ultrafast EUV 
and X-ray science and the rapidly increasing availability of these facilities makes 
experiments much more systematic and reproducible. 

Numerous questions concerning basic few-photon reactions still need to be an¬ 
swered. One important example is the paradigm reaction of direct two-photon dou¬ 
ble ionization of He, where controversy remains despite more than hundred the¬ 
oretical papers published within last two decades. No kinematically complete ex¬ 
perimental data have been reported for this reaction, (in fact, no data beyond ion 
yields and momentum distributions) . With rapidly increasing repetition rates of 
intense EUV sources, this experiment might become feasible in the nearest future. 
The controversy regarding Xe 21+ production at 90 eV [37] is yet to be resolved, 
with alternative explanations being put forward [71, 76-79]. In the X-ray domain, 
experiments on a simple system have been performed and there are growing de¬ 
mands for systems with an increasing degree of complexity. It remains to be es¬ 
tablished whether the same level of understanding can be reached for complex 
systems. On the other hand, the theory of intense X-ray-matter interaction has re¬ 
ceived enormous experimental input over the last few years and now tries to deliver 
the increasing level of detail required for the future, more elaborate experiments. 
In particular, some well-established quantum optics concepts are being revisited in 
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the X-ray domain, with the most prominent example being the LCLS-driven X-ray 
laser [189]. 

The success of early coherent diffractive imaging experiments at LCLS gave birth 
to a new field of femtosecond nanocrystallography, which already came from the 
proof-of-principle experiments [6-8] to real biological applications [190]. On the 
other hand, the enormous intensities needed for high-resolution single particle 
imaging are yet to be realized. When such intensities (higher than ~ 10 20 W/cm 2 ) 
will become routinely available (e.g., in the 100 nm focus of the Coherent X-ray 
Imaging end station at LCLS), there will be another important call for basic atomic 
and molecular experiments: one might need to revisit basic mechanisms of X-ray 
interactions with matter approaching the real “strong field” regime. Dedicated ra¬ 
diation damage studies will be required on rather large objects serving as targets 
for imaging schemes [7, 174], as well as on simple systems aiming to highlight 
individual atom dynamics as a response to the ultraintense X-ray field [176]. 

Numerous opportunities emerged for time-resolved experiments. As a direct 
continuation of the measurements described in Section 15.4, several ongoing and 
proposed projects aim at investigating other structural rearrangement reactions. 
Among those are isomerization processes (e.g., in haloethanes), ring-closure and 
-opening reactions in allene cations or in 1,3-cyclohexadiene, tracing ultrafast 
charge rearrangement in dissociating sulfur- or iodine-containing molecules upon 
core-shell photoabsorption, as well as watching the interatomic Coulombic decay 
of Ne dimers, predicted to occur on a 90-fs timescale [191]. In this contribution, 
only EUV-pump-EUV-probe schemes have been considered. However, numerous 
other pump-probe arrangements, mainly in two-color configuration, have been 
realized (see, e.g., reviews [126, 192, 193] for an incomplete selection of FEL and 
HHG-based experiments). Some HHG-based experiments featured ~ 20-as time 
resolution [194]. At FLASH and LCLS, significant efforts have been undertaken 
to overcome the time jitter between the FEL pulses and a synchronized external 
laser [195-198]. In addition, two different types of split mirrors and delay units for 
X-rays are being developed, and first X-ray pump, X-ray probe experiments have 
been performed (R. Coffee: Time-resolved Auger relaxation via transient X-ray 
bleaching in 0 2 , unpublished results, 2013). The breadths and the mere number 
of projects underline the huge potential of EUV and X-ray experiments and, in 
particular, of pump-probe experiments appreciated by the ultrafast and strong 
field science community. 
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Ultraintense X-Ray Interactions at the Linac Coherent Light 
Source 

Linda Young 


16.1 

Introduction 

Ultraintense, tunable X-ray pulses recently available from the LCLS, the world’s 
first hard X-ray free electron laser, increase the intensity and fluence available in 
a single X-ray pulse up to a billion-fold over that typically available at synchrotron 
facilities. As a result the LCLS has provided a unique opportunity to investigate 
nonlinear phenomena at short wavelengths. After an introduction to basic X-ray 
processes, we review initial experiments at the LCLS that establish basic principles 
of X-ray interactions with matter at intensities approaching 10 18 W/cm 2 at wave¬ 
lengths down to 0.6 nm. Throughout the chapter interactions with neon atoms are 
discussed. Neon is taken as a prototypical example as it is a second row element 
with sufficient complexity to display basic inner-shell processes, Auger decay, ra¬ 
diative relaxation, and shakeup excitation and ionization. The complexity of inner- 
shell processes induced in molecules is briefly discussed. Nonresonant processes 
that selectively address inner- and outer-shell electrons and X-ray-laser-driven res¬ 
onant processes, such as Rabi flopping of inner-shell electrons, are discussed. The 
first use of the LCLS for laser-pump/X-ray probe studies of molecular dynamics 
is discussed. Characterization of LCLS pulse properties, pulse energy, duration, 
profile, jitter, focus is described, as this knowledge is critical for predictive theoret¬ 
ical models. Finally, an outlook presents prospects for generating a fully coherent 
X-ray pulse via self-seeding techniques, a matter of considerable impact for atomic 
physics and imaging experiments. 

The first laser was built in 1960 by Ted Maiman at Hughes Research Laborato¬ 
ry [1]. It consisted of a flashlamp-pumped 1-cm ruby rod with silvered end faces that 
exhibited stimulated emission at 6943 A. Visible lasers and their applications have 
since become widely appreciated and are commonly found in everyday appliances. 
However, long-wavelength visible lasers can not be used to fabricate objects at the 
nanoscale, interrogate matter on the atomic scale, or for high-resolution metrology 
and microscopy. Envisioning such applications, scientists have long dreamt of pro¬ 
ducing an X-ray laser. Early proposals dating from the 1960s suggested schemes to 
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Figure 16.1 Peak X-ray brilliance as a function of time [16]. Steep slope starting in the 1960s 
is due to the utilization of synchrotron radiation. The last point at 2010 is a result of the SASE 
X-ray FELs. 


produce population inversion based upon collisional recombination [2], photoion¬ 
ization [3], and electron impact excitation [4-6]. Since then, soft X-ray lasing has 
been achieved at large-scale tabletop installations, for example, using a laser-heated 
plasma [7], and more recently using smaller scale capillary discharge devices [8] 
and optical-laser-pumped soft X-ray lasers [9, 10]. These remarkable tabletop soft 
X-ray lasers have reached sub-10 nm wavelengths with pulse energies at the milli- 
joule level. However, because they operate on specific transitions in highly ionized 
atoms, they do not yet provide the wide tunability or general accessibility of short- 
wavelength accelerator-based free-electron laser (FEL) facilities which have come 
to life within the past decade (for a recent review see [11]). Most notably, the free- 
electron laser facility in Hamburg, now named FLASH, has undergone a continual 
upgrade [12-15] from observed laser action at ~ 1000 A [12] to current operations 
down to 40 A. 

The first hard X-ray free-electron laser, the LCLS at SLAC, lased at 1.5 A in 
April 2009 [17], coming to life in a scientific environment fertilized by the ear¬ 
lier work at FLASH. This X-ray FEL, first proposed in 1992 [18], uses the last 
1 km of the SLAC linear accelerator to send a relativistic electron beam of up 
to 14GeV through an ~100-m undulator array [19] where self-amplified sponta¬ 
neous emission (SASE) [20-22] produces quasi-coherent X-ray radiation. The hard 
X-ray radiation pulses produced by SASE FELs have duration on the femtosecond 
timescale, a pulse energy on the millijoule level, and a bandwidth of ~ 0.5%. The 
radiation therefore offers roughly a billion-fold gain in peak brightness over that of 
synchrotron radiation (see Figure 16.1). Wide tunability of photon energy is accom¬ 
plished by changing the electron beam energy, and the LCLS has demonstrated 
lasing from ~ 26 to 1.2 A (480-10 000 eV). The enormous potential of X-ray FELs 
was recognized early on and there are multiple large scale projects planned or in 
operation, for example, SACLA in Japan [23], which demonstrated lasing at 1A in 
June 2011, and the European XFEL [24] scheduled to come online in 2014, FERMI 
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at Elettra in Trieste, the SwissFEL, the PAL XFEL and others [25]. The properties 
of individual SASE X-ray pulses from these X-ray FEL facilities are comparable, 
though the pulse repetition rate differs. The unprecedented peak brilliance of the 
X-ray FEL facilities makes them unique in the world for studying short-wavelength 
nonlinear phenomena, as described in this chapter, and for novel applications 
such as biomolecule imaging [26]. Indeed, focused LCLS SASE pulses have an 
extremely high fluence concentrated in a single pulse —10 13 X-ray photons/pm 2 , 
or the equivalent of 10 5 /A 2 . This may be compared to the nominal dose at which 
damage occurs for biological samples 200/A 2 [26, 27]. Corresponding damage 
may be suppressed on the short femtosecond timescale relevant for X-ray FEL 
pulses. The broad energy tunability and short pulse duration down to a few fem¬ 
toseconds [28, 29] of these X-ray FELs therefore promise molecular movies with 
atomic-scale time and spatial resolution. 


16.1.1 

Comparison of Ultrafast, Ultraintense Optical, and X-Ray Lasers 


It is interesting to compare the evolution of optical lasers with that of X-ray light 
sources. The experimental realization of SASE FELs led to a dramatic increase in 
X-ray intensity. The increase mirrors the development of the optical laser intensity 
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Figure 16.2 Focused optical laser intensi¬ 
ty as a function of time. The steep slope in 
the 1960s stems from utilization of nonlin¬ 
ear optical effects and the steep slope in the 


mid-1980s reflects developments resulting 
from chirped pulse amplification methodolo¬ 
gy. Adapted from [30] (Copyright (2007) by the 
American Physical Society.) 
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Table 16.1 I ntense optical lasers vs X-ray FELs. 



Thsapphire 

LCLS 

Photon energy 

1.5 eV 

800 eV 

Pulse energy 

1 mj 

lmj 

Photons per pulse 

5 x 10 15 

10 13 

Pulse duration 

30 fs 

100 fs 

Focused spot size 

1 pm 

1 pm 

Flux 

5 x 10 35 cm -2 s —1 

10 33 cm 2 s —1 

Intensity 

10 17 W/cm 2 

10 17 W/cm 2 

Period 

2.7 fs 

2 as 

Number of cycles 

11 

40000 

Ponderomotive energy U p 

6000 eV 

25 meV 

Displacement a 

53 nm 

0.00016 nm 


after the discovery of chirped pulse amplification in 1985 [31]. Figure 16.2 shows 
the focused optical laser intensity as a function of time. More than two decades ago 
optical laser intensities reached a magnitude where the laser electric field equals 
that binding the electron in a hydrogen atom (51V/A). Optical lasers with this in¬ 
tensity can give rise to coherent X-ray pulses. Because of the strong electric field 
of the optical laser, and its low frequency, it is possible for an outer electron to 
tunnel through the suppressed Coulomb barrier that occurs every half cycle of the 
laser. The ratio of the optical frequency to the tunneling frequency is given by the 
Keldysh parameter y [32] ( y 2 = Wb/2U V where U p — Io/4o>q is the ponderomo- 
tive energy, I 0 and a) 0 are the intensity and frequency of the laser and Wj, is the 
binding energy of the tunneling electron - all quantities in atomic units). After the 
electron is freed, it is accelerated in the laser field to a displacement of a = E/a> l 
and, upon field reversal, is driven back to the residual ion from which it originat¬ 
ed. There the electron may recombine with the parent ion to produce a series of 
high-order odd harmonics [33-36] that can reach X-ray wavelengths in the water 
window [37, 38] (for comprehensive reviews see [39-42]). The distinguishing char¬ 
acteristic of strong-field interactions of atoms with optical lasers is the dominance 
of field-driven electron motion - as characterized by the large ponderomotive ener¬ 
gies. 

The interaction with strong-field X-ray pulses, as produced by present X-ray 
FELs, is quite different. Table 16.1 compares nominal parameters of a common ul¬ 
trafast optical laser (Ti:sapphire, 1.55 eV) used to produce high-harmonic radiation 
in the X-ray regime with those of the LCLS X-ray FEL operating at 15 A(800eV). 
In both cases, the pulse energy is 1 mj and the focal spot size is on the order of 
1 pm. For the Ti:sapphire laser, these parameters create a ponderomotive energy of 
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6000 eV, whereas the value for the LCLS operating at 800 eV is only 25 meV. 11 As a 
consequence, the displacement is large for the optical laser, but minuscule for the 
X-ray laser. Thus, laser-driven electron dynamics does not play an appreciable role 
in X-ray/atom interactions. Another qualitative difference between the two 1-mJ 
lasers is that the 30-fs optical laser pulse contains only ~ 10 cycles, whereas the 
100-fs X-ray pulse contains ~ 40 000 cycles. Thus the X-ray field appears as a quasi- 
continuous wave to a target atom. It is important to remember that the SASE X-ray 
pulses are not longitudinally coherent because the lasing starts from noise, leading 
to a chaotic and spiky temporal profile. Additional details on the properties of the 
SASE-LCLS pulses are described later in Section 16.4. As such, every LCLS pulse 
is different and spiky, both in the temporal and spectral domains. The coherence 
time within the LCLS SASE pulse is predicted to be a few hundred attoseconds 
and is given by t c = ■ y /it/a c0 , where o m is the rms SASE bandwidth [22]. However, 
even a few hundred attosecond spike within a 100-fs SASE pulse duration contains 
hundreds to thousands of X-ray periods and few-cycle laser-driven phenomena are 
not prevalent - interactions with LCLS SASE pulses are dominated by well-known 
X-ray/matter interactions. 

16 . 1.2 

X-Ray Atom Interactions 

The dominant X-ray interactions with matter are illustrated in Figure 16.3 for the 
prototypical second row element neon - the subject of intense investigations dis¬ 
cussed later in this chapter. The second row is of particular interest for biology. 
Comparable to carbon, nitrogen and oxygen, the binding energy of the Is electron 
in neon is below 1 keV, producing a sharp jump in photoabsorption at the K-edge, 
~ 870 eV. In the regime of interest for current X-ray FELs, below ~ 201ceV, the 
photoelectric effect, <7 p h 0 to dominates the other two photo processes of note, co¬ 
herent (fJojh), and incoherent (cr inc ) scattering. The coherent scattering cross sec¬ 
tion, albeit small, is of considerable importance, as elastic scattering is the basis 
for structure determination: for ordered materials by crystallography and for disor¬ 
dered material by coherent diffractive imaging [43]. The corresponding diffraction 
experiments are discussed in Chapter 17. The ratio of the photoelectric to the co¬ 
herent scattering cross section is thus an important figure of merit for understand¬ 
ing X-ray-induced damage in systems. Note that incoherent Compton scattering, 
another inelastic process that ionizes matter, dominates at higher X-ray energies. 

Photoionization dominates X-ray interactions up to 20keV, so let us examine 
this process in more detail for neon [45]. The photoionization cross section is pro¬ 
portional to an overlap integral of the initial bound state wave function with the 
outgoing continuum wave weighted by r. For photoionization of a Is electron the 
cross section is given by a ls — (8 je 2 /3)aE p h-R^ pls , where a is the fine structure 

1) The parameters calculated for the Ti:sapphire laser are purely calculations and unlikely to be 
realized when attempting to generate high harmonics as tunnel ionization occurs well-before the 
extreme intensities of 10 17 W/cm 2 . 
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constant, £ p h is the photon energy, and R €Pi i s = (R ep |r|J?i s ). The binding energies 
for 2s, 2p 1 j 2 , and 2p 3 ^ 2 electrons are 48.5, 21.7 and 21.6 eV, respectively [46]. Thus, 
for photon energies above these binding energies, multiple continua are present. 
The photoionization cross sections for these subshells as a function of energy [47] 
are shown in Figure 16.4. Clearly, the kinetic energy of the photoelectrons may be 
used to distinguish ejection from the different subshells, F e ,kin(f 1) = £ph — f? n i- 
Photoelectron angular distributions may be used, in addition to the kinetic ener¬ 
gy, to distinguish ionization mechanisms. The photoelectron angular distribution, 
in the dipole approximation, is given by 

^ = ^[l+l3P 2 cosm. (16.1) 


Here a is the photoionization cross section, P 2 = (3cos 2 ($) — l)/2 is the second 
Legendre polynomial, and & is the angle between the electric field vector of the pho¬ 
ton field and the direction of photoelectron ejection. The Is and 2s photoelectrons 
exhibit a particularly simple cos 2 ($) angular distribution, that is, ji\ s = /3 2s = 2. 
The 2p photoelectron angular distribution is more complex with outgoing s and d 
waves that interfere with a phase shift of A [45] 


/^2p — 


2 f-,J 2p 4 !Cd,2p P^,2p COS A 
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2 
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(16.2) 


One may eliminate contributions from s electrons by detection at # = 90°. In 
addition, one may obtain an angle-independent measure of the photoionization 



Figure 16.3 Photon interactions with neon. Cross sections for photoabsorption (Uphotof C0 ‘ 
herent scattering (u C oh) and incoherent (Compton) scattering (o\ nc ) are shown as a function of 
photon energy. Data from [44]. 
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Figure 16.4 Total and partial subshell photoionization cross sections for neon. Reprinted with 
permission from [47], Copyright (1974) by the American Physical Society. 


cross section by detecting at the magic angle, 54.7°, where P 2 cos(i?) = 0. Energy 
and angular distributions may be readily used to distinguish photoionization from 
different subshells. 

Understanding photoionization is only the first step in understanding the atomic 
response. If the photon energy is high enough to eject a Is electron, the resid¬ 
ual hole can be filled either by radiative or Auger processes at a rate given by 
T(ls) = /r(1s) + /a(1s). Radiative processes, governed by the dipole operator, 
involve a parity change and are subject to selection rules for the total angular mo¬ 
mentum (A J = ±1.0 and J — 0 0 is forbidden). Conversely, Auger processes 

are mediated by the Coulomb interaction, involve no parity change and have se¬ 
lection rules of AL = AS = AM L = AM S =0. Auger processes are labeled 
according to the holes in the initial photo ionized state and in the final state after 
decay, for example, K — L 2? )L 2i is the process that starts with a K hole and ends 
with two holes in the 2p shell. The radiative rate scales with the atomic number as 
Z 4 , so at high Z the radiative branch dominates. At about Z = 32 the radiative and 
Auger rates are equal for refilling a Is hole. In neon, Z = 10, Auger decay domi¬ 
nates the refilling of the Is hole with a branching ratio of0.984 [48]. The calculation 
of Auger rates is a complex many body problem; for the Auger decay of neon [Is] a 
number of methods have been employed [49-51]. 

Auger electrons are distinguishable from photoelectrons in two ways. First, pho¬ 
toelectron kinetic energies disperse 1 : 1 with the incident photon energy via 
Ee, kin(^0 = Eph— £ n i> whereas the kinetic energy of Auger electrons is independent 
of the incident photon energy. Second, Auger electrons have angular distributions 
distinct from photoelectrons. Within a two-step model, the angular distribution of 
Auger electrons can be characterized by /3 A = A 2 oa 2 , where A 2 o is the alignment 
parameter characterizing the ion formed by photoionization and a 2 characterizes 
the Auger process [45, 52]. For the Auger electrons coming from a K-shell vacancy 
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in neon, the alignment parameter A 20 = 0 and K-LL Auger electrons are expected 
to be isotropic. 


16.2 

Atomic and Molecular Response to Ultraintense X-Ray Pulses 

Given the extreme fluence and intensity at short wavelengths provided by the 
world’s first hard X-ray free electron laser it is imperative to understand the re¬ 
sponse of matter to such unprecedented conditions. Such an understanding will 
provide a firm foundation for all future applications and motivated initial experi¬ 
ments in atomic neon [53]. The application that has captured the imagination of 
the wider community is one proposed in 2000 by Hajdu and collaborators: the 
use of an ultrashort, ultraintense X-ray pulse can image a biomolecule without 
the need for crystallization [26]. This proposal specified a fluence of 3 x 10 12 X-ray 
photons at 12 keV in a 100-nm spot within a pulse of approximately 10-fs duration, 
leading to a calculated intensity of 10 22 W/cm 2 . The now-familiar pictures of the 
Coulomb explosion of a lysozyme molecule during X-ray irradiation show mini¬ 
mal displacement of nuclei within 10 fs, but significant disintegration within 50 fs. 
However, even prior to the movement of nuclei, the molecule is damaged due 
to photoionization and rearrangement of the electrons. The localization of elec¬ 
trons, in particular the contracted inner-shell electrons, is crucial for diffraction 
imaging experiments. It is that movement of inner-shell electrons that we seek to 
understand and control using ultraintense X-ray pulses. 

In the following sections, we discuss early experiments at the LCLS at intensi¬ 
ties approaching 10 18 W/cm 2 designed to elucidate the nature of the atomic and 
molecular response to X-rays at these extreme conditions. In Section 16.2.1, we 
discuss nonresonant X-ray processes where the photon energies are far removed 
from resonant structures. In Section 16.2.2, we focus on resonant X-ray process¬ 
es where the cross section can be several orders of magnitude greater than that 
for nonresonant interactions and thus may permit the observation of phenome¬ 
na such as Rabi cycling of inner-shell electrons. In Section 16.3, we describe the 
first laser-pump/X-ray probe experiment at the LCLS. In Section 16.4, we describe 
characterization of LCLS pulses based upon two-color atomic/molecular interac¬ 
tions. In Section 16.5, we present an outlook, summarizing briefly our current 
understanding of intense X-ray interactions, their impact on the X-ray imaging of 
complex species and the route to fully coherent X-ray pulses from FEL, which will 
benefit a wide community of researchers. We also refer the reader to two recent 
review articles that cover some of the same material [54, 55], 

The experiments described here were carried out in the atomic, molecular and 
optical (AMO) endstation in the high-field physics chamber [56] where the tight¬ 
est focus of the soft X-ray LCLS beam is obtained. Beamline optics was simulated 
by [57]. LCLS beams are focused by a Kirlcpatrick-Baez mirror pair to spot sizes of 
approaching 1 pm to intercept an atomic/molecular beam in the interaction region 
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Figure 16.5 High-field physics chamber in the 
AMO end station. Five high-resolution elec¬ 
tron time-of-flight spectrometers and a Wiley- 
McLaren ion spectrometer view the interac¬ 
tion region where focused LCLS pulses inter¬ 
cept a pulsed atomic/molecular beam. Using 
a coordinate system with z representing the 

viewed by five high-resolution electron time-of-flight spectrometers [58] and one 
ion time-of-flight spectrometer as shown schematically in Figure 16.5. 

16 . 2.1 

Nonresonant High-Intensity X-Ray Phenomena 
Atoms 

The simplest approach to understanding nonresonant X-ray phenomena at ul- 
trahigh intensities is to irradiate a well-known target, in the case of the first ex¬ 
periment at the LCLS, the neon atom [53]. Neon, in addition to being well stud¬ 
ied [47, 59-63] has a ls-binding energy of870 eV, conveniently located in the initial 
tuning range of the LCLS, as shown in Figure 16.3. The X-ray interaction can there¬ 
fore be tuned from “peeling” the outer- to “coring” the inner-shell electrons [64]. 

The experiments were preceded by theoretical predictions by Rohringer and 
Santra [65]. Even though the focused intensity of the X-ray FEL during these early 
experiments approached 10 18 W/cm 2 , perturbation theory is largely adequate at 
these short wavelengths near 10 A. Therefore, Rohringer and Santra used a rate 
equation model to predict the charge state distribution when neon was irradiated 
with nominal X-ray pulses from the LCLS containing 10 13 photons in 100 fs, fo¬ 
cused to a range of spot diameters (0.3-5 pm). The chaotic temporal profile of the 
LCLS pulses was included explicitly using an assumed coherence time of a few 
femtoseconds. The predictions were averaged over an ensemble of 10 000 random 
pulses to best simulate experimental observables. 

The experimental results [53] firmly established sequential single-photon absorp¬ 
tion as the dominant mechanism of X-ray atom interaction at intensities up to 


X-ray propagation axis and x the polarization 
axis, there are three electron spectrometers in 
the x-y plane, one each along x, y and one at 
the magic angle 54.7°. Two out-of-plane spec¬ 
trometers complete the array. Figure courtesy 
byj. Bozek and C. Bostedt. 
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Figure 16.6 High-intensity X-ray-atom interaction mechanisms observed in neon. Ionization 
occurs via valence-shell photoionization (V) or inner-shell photoionization (P) and subsequent 
Auger ionization (A). From [53], 


10 18 W/cm 2 . Three photon energies, 800, 1050, and 2000 eV were carefully select¬ 
ed to access three regimes, respectively: below the inner-shell ionization threshold, 
above the energetic threshold to produce hollow neon and above all thresholds for 
all charge states of neon. Ion charge state distributions, as well as electron energy 
and electron angular distributions were observed as a function of pulse duration 
and pulse energy at each photon energy. The observed ionization mechanisms are 
shown graphically in Figure 16.6, where three types of electrons are shown - V 
for valence ionization, P for inner-shell photoionization, and A for Auger ioniza¬ 
tion. The electrons were easily distinguished by their kinetic energies and angu¬ 
lar distributions using the live strategically placed high-resolution electron time- 
of-flight spectrometers [58]. The corresponding ion charge state distributions for 
given pulse parameters were determined using Wiley-McLaren ion time-of-flight 
techniques and these were compared to theoretical predictions using the rate equa¬ 
tion approach [65]. 

Beyond establishing the dominant interaction mechanism at high-X-ray inten¬ 
sities, this experiment further highlighted the power, and dangers, of these high- 
fluence X-ray pulses. From Figure 16.6, one can see that multiphoton absorption 
is the rule, not the exception for pulses containing 10 13 X-ray photons focused to 
focal diameters of ~ 1 pm. Within the LCLS pulse duration, it is obvious that the 
target is changing dramatically, that is, going from a 10-electron atom to a naked 
ion, within 100 fs. The concept of the X-ray pulse being a gentle, nonperturbing 
probe of a sample, the basis of most synchrotron-based X-ray studies, is simply not 
applicable at these intensities and fluences. 

A third general observation was that of intensity-induced X-ray transparency. 
This general phenomenon occurs when hollow atoms (empty Is shell) are formed 
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during the ionization process. Hollow atoms are easily formed by high-fluence, 
ultrashort X-ray pulses which can eject both Is electrons prior to Auger decay (2.4 fs 
for Ne). Since Is electrons carry most of the absorption strength, their absence 
induces transparency in the atom. Two counter-intuitive features associated with 
this observation are noted: first, the induced transparency was dependent on the 
pulse durations which ranged between the nominal values of 80 and 300 fs (for 
the electron beam) at constant fluence. Second, the shorter, more intense pulse 
caused less damage. The first observation was initially puzzling. However, as one 
accesses higher charge states during the course of the pulse, the inner-shell decay 
lifetimes progressively lengthen. For example, ground state Ne 7-1- cannot Auger 
decay. The observation of induced transparency (also observed in molecules and 
there termed “frustrated absorption” [66]) suggested that X-ray-induced damage 
is decreased at higher intensity (equivalent to shorter pulse duration at constant 
fluence) and that the ratio of elastic scattering relative to absorption, so important 
for imaging applications, would be enhanced. An interest to quantify this effect 
led to the development of a general purpose code, XATOM, that tracks electron 
dynamics during the course of irradiation with an FEL pulse [67]. 

These straightforward observations on neon atoms combined with theory also 
provide information on the pulse characteristics of the LCLS [53]. Comparisons of 
both the observed hollow-atom yield and the intensity-induced transparency with 
theoretical predictions indicated strongly that the pulse durations of the X-rays 
are shorter than those of the electron beam in the FEL. These indirect pulse du¬ 
ration measurements were subsequently corroborated by independent measure¬ 
ments [68] as discussed later in this chapter. The well-characterized ion-charge- 
state distribution for valence ionization also gives a reliable measure of the pulse 
fluence. (Since there are no Auger decays to provide an internal clock in valence 
ionization, there is no pulse duration dependence for ion charge state yield.) 

A class of phenomena, the “direct” two-photon X-ray absorption, analogous to 
early investigations of nonlinear interactions of intense optical fields with mat¬ 
ter [69], has not yet been discussed. In fact, a search for two-photon, one-electron 
ionization was the topic of study for the second experiment at the LCLS [70] and 
previously the subject of theoretical study [71]. One might consider starting with 
neutral neon as the target and irradiating with photon energies below the Is thresh¬ 
old (870 eV), where direct two-photon one-electron ionization will create a Is va¬ 
cancy. Then the observation of the Auger decay should be a clean signature of 
direct two-photon absorption, since Is vacancy formation is energetically forbid¬ 
den in a one-photon process. However, due to competing channels, for exam¬ 
ple, valence ionization which produces copious electrons of similar energies, this 
simple approach was not successful. It was found that a helium-like neon target 
(Ne 8+ ) offered a cleaner measurement. With high-fluence pulses, Ne 8 “*“ is read¬ 
ily produced via sequential single-photon absorption. By tuning the X-ray ener¬ 
gy above (1225 eV) and below (1110 eV) the K-shell threshold for ionization of 
Ne 8+ (1196 eV), it was possible to distinguish one- versus two-photon production 
of Ne 9 “*“. Above the threshold, a linear dependence between the photon number 
and the Ne 9+ ion yield was observed, whereas below the threshold a quadratic 
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dependence was observed. With improved theoretical modeling, taking into ac¬ 
count shake-off and incorporating two-photon absorption cross sections, ch 2 ), the 
two-photon mechanisms, either sequential single-photon absorption proceeding 
through valence ionization of transiently excited Ne 7+ , or direct two-photon ion¬ 
ization of the ground state Ne 8 +, could be assessed relative to one another. The 
observations could be modeled only after the two-photon absorption cross section, 
ch 2 ), at 1110 eV was enhanced over that given in [71] by two to three orders of mag¬ 
nitude. A potential reason for an enhanced cd 2 * is the existence of a |ls 1 4p) state at 
1127 eV which is near resonant with the below-threshold photon energy of 1110 eV. 
Of course, the investigation of nonlinear effects such as two-photon absorption re¬ 
quires extreme care to remove/measure harmonic content (second and third har¬ 
monics) contained in the incident LCLS beam [72]. 

16.2.1.1 Molecules 

Just as in atoms, the mechanism of intense X-ray interaction with molecules 
was investigated early on [66, 73]. In atoms, the prototypical target was neon; 
for molecules, detailed studies were conducted on nitrogen, N 2 . Because the ls- 
binding energy for nitrogen is 410 eV, in these early studies the photon energy 
could not be tuned low enough for selective outer-shell ionization and the inter¬ 
actions observed in N 2 were nonresonant and above the K-shell threshold. The 
phenomena observed were similar to those observed in atoms, for example, copi¬ 
ous hollow atom formation [73] and intensity-induced transparency or “frustrated 
absorption” in the terminology of [66]. In these studies of frustrated absorption in 
N 2 , irradiation at constant fluence and variable pulse duration showed a decrease 
in the average charge state for shorter pulses - down to the sub-10 fs level, where 
Auger decay cannot occur within the pulse. 

In molecules, a distinction relative to atoms is that multiple core holes may be 
formed on different atomic sites. Such inner-shell double vacancies are calculated 
to be much more sensitive to local chemical environment than the inner-shell sin¬ 
gle vacancies used in standard X-ray photoelectron spectroscopy [74, 75]. Double 
vacancies may be formed on a single site (ssDCH: single-site double core hole) or 
on two sites (tsDCH: two-site double core hole). The energetic shifts for ssDCH 
are significantly greater than those for tsDCH, thus the observation of ssDCH is 
significantly simpler [73]. 

16.2.2 

Resonant High-Intensity X-Ray Phenomena 

The previous section dealt with interactions of atoms and high-intensity X-rays 
in regimes far removed from resonances. However, resonant cross sections can 
exceed nonresonant photoionization cross sections by many orders of magnitude. 
(The importance of resonances as potential enhancers of nonlinear processes was 
described in the previous section.) Once again, we make use of the neon atom 
as a prototypical example. We consider the energy region near the K-edge where 
a textbook Rydberg series Is —>■ 3p, 4p... is visible, as shown in Figure 16.7. The 
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Figure 16.7 (a) Experimental high-resolution 
X-ray absorption spectrum of neon near the 
K-edge. The resonances are broadened by the 
2.4 fs natural lifetime of a Is vacancy in neon, 
which corresponds to a 0.27 eV Lorentzian 
width. From [63], (b) Propensity for various 
photoabsorption processes when the photon 
energy is tuned to the Is —*■ 3p resonance. 


Following the excitation of the Is electron to 
the ls -1 3p resonance state as shown at the 
top, the most likely photoabsorption process 
is stimulated emission. Ejection of the other 
outer-shell electrons (such as the 2s or the 
3p), to the continuum is much less probable 
due to the extremely large Is -1 3p resonance 
cross section. 


Is —>■ 3p resonance, ~ 1.5 Mb, stands far above the typical valence photoabsorption 
cross section at 860 eV of ~ 10 kb. The width of the resonance is controlled by the 
lifetime of the Is vacancy, 2.4 fs, which is primarily governed by Auger relaxation. 

The similarity of the neon absorption spectrum to that of a hydrogen atom, com¬ 
bined with the strength of the resonance, suggests that a strong enough X-ray field 
might exert control over inner-shell electron dynamics. For a simple control se¬ 
quence, a strong monochromatic X-ray field could excite a Is electron to the 3p state 
and then stimulate emission back to the Is state, that is, drive Rabi cycling [76, 77]. 
Rabi cycling would offer a way to alter the natural X-ray decay process, that is, 
to inhibit Auger decay and thereby X-ray damage. A simple back-of-the-envelope 
estimate suggests that Rabi flopping may be possible at presently available X-ray 
intensities; the dipole matrix element for the Is —>■ 3p transition is 0.01 atomic 
units (a.u.). With a field strength of E = 6.3 au (I = 1.8 x 10 18 W/cm 2 ), the Rabi 
flopping rate, (I'Ejti, equals the Auger decay rate (0.01 au). The earlier discussion 
emphasized complications due to competing processes. Therefore, it is useful to 
examine the propensities for various photoabsorption processes when sitting on a 
resonance, as is shown in Figure 16.7b. It is clear that stimulated emission is the 
dominant photoinduced process under resonant excitation conditions and that the 
primary competing channel is Auger decay. 

Unfortunately, the properties of present-day XFELs, based on SASE [21] are not 
ideal for quantum control experiments. The lack of longitudinal (temporal) co¬ 
herence prevents the direct observation of Rabi cycling, even in an isolated two- 
level system. The current situation is not unlike early research with intense optical 
lasers, where the effects of a strong stochastic field on atomic transitions were con¬ 
sidered more than 30 years ago [78, 79]. In anticipation ofXFELs, theoreticians have 
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Figure 16.8 Electron emission from neon (ob¬ 
served at 90° from the X-ray polarization axis) 
produced by LCLS pulses (nominally 0.3 mj, 
8.5 fs) focused to 1 X 2 pm 2 . X-ray photon en¬ 


ergies were corrected on a shot-by-shot basis 
using electron beam energies. Reprinted with 
permission from [82], Copyright (2011) by the 
American Physical Society. 


considered the effects of strong field excitation of inner-shell resonances [80, 81]. 
The incoherent nature of the SASE excitation pulse of current XFELs causes the 
mean times between excitation and stimulated emission to fluctuate. 

For the Ne Is —»• 3p transition, theoretical estimates of the resonant Auger pro¬ 
cess at high intensity [80] used a simplified two-level model, which neglects pho¬ 
toabsorption from valence electrons and AC stark shifts from other levels. Mod¬ 
els using incoherent LCLS pulses of 230-fs duration found that a time domain 
measurement would be difficult, but an energy domain signature of Rabi flopping 
would be observable as broadening of the resonant Auger line shape. A single-shot 
spectrum shows spiky structure, due to the coherence spikes within a LCLS pulse 
and cannot be compared with the model. However, the spectrum averaged over 
10 000 shots produces a resonant Auger profile that is broadened at high intensity. 
The observation of this intensity-induced broadening was the target of experimen¬ 
tal investigation [82]. 

Although the theoretical calculations [80] were done for the Ne Is —»• 3p transi¬ 
tion, the experiment [82] was actually performed on the Ne Is —x 2p transition. The 
experimental choice facilitated theory and experiment because the ls-2p resonance 
is better isolated (more than 70 natural linewidths separated from the ls-3p) giv¬ 
ing freedom from lineshape distortion [83]. The chosen transition is also stronger 
by a factor of 30, decreasing the intensity requirements for Rabi cycling. The only 
experimental drawback is the lack of a 2p hole in the ground state of neon. Howev¬ 
er, a single SASE FEL pulse can be used both to prepare the desired target, singly 
ionized neon containing a 2p hole, and to drive the Is —>■ 2p transition. Further, 
by using a relatively short pulse, one can prevent complicating ionization pathways 
and obtain a relatively clean spectrum. The experimental search for Rabi flopping 
then consists of (1) producing the ls-2p resonance, (2) driving it with the remain¬ 
der of the high-intensity SASE pulse, and (3) comparing the driven resonant Auger 
line shape with the off-resonant Auger line shape. 

The unveiling of the originally “hidden” ls-2p resonance, using a single SASE 
pulse as both pump and probe, is shown in Figure 16.8. Here, the electron kinetic 
energy is displayed versus the incident X-ray energy. Only single photon processes 
occur in X-ray experiments at synchrotrons. At energies below the K-threshold for 
neon only a single photon would be absorbed, giving rise to valence ionization and 
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thus a single diagonal photoelectron line (labeled 2p). However, with high-fluence 
FEL pulses, a second photon can be readily absorbed when the photon energy is 
tuned to the ls-2p resonance. This resonant photoabsorption creates a Is hole. 

The hole can be refilled by an Auger electron leading to vertical Auger lines, cor¬ 
responding to different final states in the doubly charged ion. It is important to 
note that these Auger cascades are triggered at photon energies substantially below 
the threshold for ls-electron ejection (870 eV). The propensity of high-fluence fem¬ 
tosecond FEL pulses to alter the target, combined with the power of hidden giant 
resonances reveals challenges in using FELs [82]. Calculations at a simple Hartree- 
Fock-Slater level can easily misplace resonances by 10 eV or more, and these reso¬ 
nances can be many orders of magnitude larger than the background nonresonant 
cross section; hence simple theoretical approaches may be insufficient for the in¬ 
terpretation of FEL spectroscopic data. 

Rabi flopping on the ls-2p resonance was confirmed by carefully comparing the 
line shape of the *D Auger line under on- and off-resonance conditions. The differ¬ 
ence between the resonance line shapes was small but clear. Reasons for the small 
effect include intensity averaging over the focal volume, lower intensity that initial¬ 
ly expected, and the temporal chaoticity of the beam. In this experiment, one must 
first prepare the 2p hole and then drive a Is electron to and from the 2p hole - all 
with 10-20-fs pulse containing a spiky structure! Calculations show that for a Gaus¬ 
sian pulse, the Rabi flopping, and modification of the resonant Auger lineshape 
would be significantly more visible [82]. Simple schemes to produce longitudinally 
coherent pulses by self-seeding have been proposed [84] and are currently being 
implemented at the LCLS. These will be discussed in Section 16.5. 


16.3 

Ultrafast X-Ray Probes of Dynamics 

The ultraintense nature of LCLS pulses is coupled to a second unique property, the 
ultrafast timescale - down to sub-10 fs. Other sources of subpicosecond X-ray puls¬ 
es exist, for example, tabletop high-harmonic generation and synchrotron-based 
slicing sources do not possess the unique combination of ultrafast timescale, tun- 
ability and pulse energy present in LCLS pulses. This powerful probe can be used 
to capture snapshots of molecules in action and represents the first step toward the 
dream of molecular movies. 

A first use of the LCLS as an ultrafast X-ray probe of dynamical processes was re¬ 
ported by Cryan et al. [85]. His study used a Ti:sapphire laser to generate an ensem¬ 
ble of transiently aligned N 2 molecules. The alignment, created as a rotational wave 
packet, recurs on a picosecond timescale and the X-ray pulse was timed to probe 
the aligned ensemble. This methodology delivers dynamical information relative 
to the fixed molecular frame. Coupled with the high intensity of the LCLS pulses, 
this presents a unique opportunity to investigate double-core-hole Auger electron 
dynamics in the molecular frame, without the usual complication of rotational av¬ 
eraging. The two beams were overlapped collinearly in the high-field physics cham- 
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Figure 16.9 Experimental setup for laser- 
pump/X-ray probe measurements of aligned 
molecules. X-ray and laser pulses propagate 
collinearly through the high-field-physics 
chamber as shown in Figure 16.5. A half-wave 


plate rotates the polarization of the nonreS' 
onant alignment laser. Reprinted with per¬ 
mission from [85], Copyright (2010) by the 
American Physical Society. 


ber and the molecular axis was rotated with the polarization of the alignment laser, 
as shown in Figure 16.9. After overcoming technical hurdles associated with spatial 
and temporal overlap, the experiment revealed a slightly anisotropic distribution of 
Auger emission from ssDCH molecules, with a maximal yield along the molecu¬ 
lar axis. The experiment further emphasized the difficulty of using tsDCH spec¬ 
troscopy, as these features appear in a congested spectral regime. Nevertheless, the 
ability to use aligned molecules under field-free conditions for experiments with 
X-ray FELs is an important advance for AMO physics; it can lead to an understand¬ 
ing of dynamics in the molecular frame, and for coherent X-ray imaging [26, 86] it 
can reduce difficulties associated with orientational averaging. 


16.4 

Characterization of LCLS Pulses 

Characterizing the properties of SASE X-ray FEL pulses (energy, duration, timing 
jitter, temporal profile, focus) is a great technical challenge. Knowledge of these 
properties is key to the interpretation of experimental data and to the development 
of predictive theories. Obtaining these properties in a nondestructive manner, as 
is possible with a dilute gas phase target where the X-ray beam passes virtual¬ 
ly untouched, is a widely appreciated goal. Several diagnostics investigated ear¬ 
ly rely on phenomena associated with strong-field laser-based AMO experiments, 
such as ionization processes in the presence of a laser field or impulsive molec¬ 
ular alignment. Considerable efforts have been made to quantify the pulse ener¬ 
gy [88] using X-ray-induced ultraviolet emission in gaseous nitrogen. At the LCLS, 
these nitrogen-gas-based detectors are placed downstream of the undulator and up¬ 
stream of optics that deliver the FEL radiation to one of six endstations. The pulse 


16.4 Characterization of LCLS Pulses | 545 

energy measured using these gas detectors is, of course, reduced by optical reflec¬ 
tions or monochromatization. Nevertheless, the gas detector value is a valuable 
measure of LCLS performance. 

Characterization of the X-ray pulse duration is still a work in progress. The X-ray 
pulse duration is an enormously flexible parameter and can be varied either by 
changing the bunch compression of the electron beam (70-300 fs) [89], or by lower¬ 
ing the electron bunch charge from the nominal 250 to 20 pC (to produce sub-10-fs 
pulse durations) [28]. Development of a noninvasive technique to provide knowl¬ 
edge of the pulse duration on a shot-by-shot basis would be extremely valuable. For 
X-ray pulse lengths greater than 40 fs, cross-correlation between an optical laser 
and the X-ray pulses using laser-assisted Auger decay (LAAD) in a gaseous tar¬ 
get [90] can fulfill this need [68]. In this scheme, Auger electrons are released into 
a multicycle laser field of energy hv, where they exchange energy with the opti¬ 
cal laser field. This energy exchange requires relatively modest optical laser fields, 

< 10 12 W/cm 2 , to produce satellite electron lines. The satellite lines are displaced 
by the energy of the optical laser, hv, from the normal “diagram” Auger line. The 
LAAD spectra reflect four parameters: the pulse duration and intensity of the op¬ 
tical laser, the pulse duration of the X-ray laser and the temporal overlap between 
the optical and X-ray laser pulses. In order to perform cross-correlation on a shot- 
by-shot basis, a large solid-angle magnetic bottle spectrometer was used. The mag¬ 
netic bottle spectrometer had only modest energy resolution (0.4%, 3 eV) so that 
adjacent sidebands could not be resolved. Nevertheless, through modeling of the 
LAAD spectra produced by 1000 eV X-ray pulses incident on neon gas in the pres¬ 
ence of an 800-nm, 10 12 W/cm 2 ,100 fs dressing field, it was possible to extract X-ray 
FWHM pulse durations of r x _ ray = 40 ± 20(120 ± 20) fs that correspond to FWHM 
electron bunch durations of r e i = 75(175) fs with a FWHM jitter of 140 ± 20fs. 

The finding that the X-ray pulse duration is substantially shorter than that of the 
electron beam is in agreement with indirect measurements made earlier [53]. Sim¬ 
ulations of the electron and X-ray temporal profiles are shown in Figure 16.10. The 
work demonstrated the feasibility of this noninvasive method for characterization 
of the pulse duration and jitter of the LCLS beam with respect to an optical laser. 

With the careful selection of target atoms and Auger transitions the method can be 
generally applicable. 

For shorter X-ray pulses on the few-femtosecond scale, where r X - r ay is compara¬ 
ble to the period of the dressing laser, the LAAD sideband technique is inadequate. 

In this case, a long-wavelength laser can streak the photoelectrons, chosen such 
that the X-ray pulse duration lies safely within a half period, as has been widely 
used in characterization of tabletop attosecond, XUV sources [42, 91, 92]. Extensive 
efforts have been made at the LCLS to measure sub-10 fs pulses, though, as of the 
writing of this chapter, no official publication has appeared. The predicted pulse 
profile, containing a few hundred attosecond spikes over an envelope of 100-fs du¬ 
ration, is difficult to map in the temporal domain. 

Characterization of the time-jitter between the LCLS pulse and a secondary opti¬ 
cal laser is important to advance the use of X-rays as an ultrafast probe of dynami¬ 
cal phenomena. The earliest characterization of optical/X-ray jitter [93] was done in 


546 


76 Ultraintense X-Ray Interactions at the Linac Coherent Light Source 




Figure 16.10 Simulations of FEL pulses for electron pulse durations of T e i = 75andl75fs 
using the GENESIS code [87], For details see [68]. 


conjunction with the experiment probing Auger decay of aligned N 2 molecules [85], 
In contrast to the LAAD or streaking approach, where electron spectroscopy was 
employed, this experiment relied on ion spectroscopy: transient molecular align¬ 
ment features were resolved in ion-fragmentation spectra. The width of the align¬ 
ment features required that the optical and X-ray pulses synchronize to better than 
400 fs. A slot in the ion time-of-flight spectrometer allowed a clear distinction of the 
X-ray-induced fragmentation patterns associated with molecules aligned or anti- 
aligned relative to the spectrometer axis. Correlation of these X-ray-induced ion- 
fragments with an electron beam arrival time monitor, located in the accelerator 
complex, revealed a timing synchronization between the optical and X-ray pulses 
of approximately 280 fs (FWHM) [93]. To take full advantage of the ultrashort X-ray 
pulses from LCLS, it is clear that improved timing and synchronization tools must 
be developed. 


16.5 

Outlook 

Science at the LCLS is thriving during this exciting period and we, the researchers, 
are on a steep learning curve. Fundamental interactions of SASE X-ray pulses with 
matter in the high-intensity regime up to 10 18 W/cm 2 and for photon energies up 
to 2000 eV have been investigated and a framework of understanding has been es¬ 
tablished [53, 66, 73]. The dominant mechanism of interaction is sequential single 
photon absorption, which, for high-fluence pulses from LCLS, results in multi¬ 
photon absorption within a single pulse. The existence of resonances that may be 
revealed during this multiphoton process presents both dangers and opportunities. 
The danger lies in unforeseen giant resonances that, when excited, unleash dam¬ 
aging Auger cascades. The opportunities are that such giant resonances can be 
used to enhance the normally weak X-ray-atom interaction and provide a route to 
quantum control of inner-shell electrons. Attempts to control of inner-shell dynam¬ 
ics are in the beginning stages [82] and would be much enhanced by X-ray pulses 
with temporal coherence, for example, near transform-limited pulses that can be 
achieved by seeding [84]. An alternate scheme to temporally coherent X-ray pulses, 
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that is, an atomic neon X-ray laser pumped by the LCLS [94], has been developed 
by Rohringer and colleagues [95]. 

Considerable effort has been devoted to the control of atomic and molecular pro¬ 
cesses using ultrafast laser technology to manipulate valence electrons [39, 96, 97]. 

The active control of inner-shell electron processes is basically unexplored. There 
is potential for wide-ranging applications: for example, inhibition of Auger decay 
could suppress X-ray radiation damage [98] and modification of inner-shell elec¬ 
tronic structure can alter nuclear lifetimes dominated by internal conversion [99] 
or electron capture decay [100]. The absence of research in this field is due to the 
ultrafast nature of inner-shell decay and the lack of a suitably intense radiation 
source to selectively address inner-shell electron motion on the relevant timescale. 

Fully coherent tunable, polarized X-ray pulses, as potentially available from seeded 
FELs, are critical to advance this field. 

Seeding of the LCLS using the Geloni scheme [84] is currently an ongoing project 
at the LCLS. A single-crystal diamond monochromator, to selectively delay a small 
bandpass A E/E = 10 -4 of X-rays, is deployed after the initial undulator stages 
have produced SASE radiation of bandwidth A E/E ~ 10“ 3 . At the same point in 
the undulator hall, the electron beam is chicaned using a set of magnetic structures 
to overlap the delayed, narrow bandpass X-ray pulse in the remainder of the undu¬ 
lator hall. This seeding scheme is expected to produce, in the low bunch charge 
mode (20pC), a 100 GW, fully coherent pulse containing 4 x 10 11 photons in a 
pulse with duration of 5 fs (FWHM) at 0.15 nm. While there are limitations to this 
initial implementation (limited tuning range (~ 0.14—0.16 nm) and operation on¬ 
ly in the low bunch charge mode), this is a major step toward fully coherent FEL 
pulses. The advantages for AMO experiments, for example, control of inner-shell 
electrons, are clear, but there are also clear advantages for experiments that sim¬ 
ply use monochromatic radiation. Currently there is a 100% intensity variation 
for LCLS SASE pulses that pass a standard two-crystal silicon monochromator of 
bandpass A E/E = 10 -4 . Even worse, the most probable intensity is zero, since the 
likelihood of an energy spike in the SASE pulse overlapping the monochromator 
bandpass is small. In a seeded LCLS beam such intensity fluctuation should be 
reduced as the pulses, after the monochromator, proceed through the remainder 
of the undulator hall and are amplified to saturation. With reduced intensity fluc¬ 
tuations on a monochromatic beam, unwanted nonlinear effects for ultrafast X-ray 
probes can be better accounted for. Experimentalists eagerly await the tests of these 
first hard X-ray seeding experiments at the LCLS. 

Imaging of biomolecules, though not discussed here in detail (see Chapter 17), 
continues to be a prime motivation for X-ray FEL development. Already some no¬ 
table successes have been achieved using the soft X-ray pulses to image nanocrys¬ 
tals of photosystem I [101] and a single intact mimi virus [86]. In the case of the 
photosystem I nanocrystal experiment, the concept of “diffract and destroy” was 
validated on crystals of submicron dimensions, that is, on crystals too small to 
be routinely imaged at synchrotrons. The orientation problem for nanocrystals is 
solved in situ by capturing both small and wide angle scattering patterns. The radi¬ 
ation damage that occurs within a single pulse appears manageable for nanocrys¬ 
tals - and Coulomb explosion is not an issue as the loss of periodic order terminates 
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the scattering into Bragg peaks. For the single mimi virus imaging, this experi¬ 
ment demonstrated the potential for single shot imaging of nonperiodic objects on 
a virus of 0.75 pm diameter, too large for full 3D reconstruction by cryo-electron 
microscopy. Both of these stunning achievements were enabled by the design, con¬ 
struction, and operation of the CAMP instrument, comprised of large-format, high¬ 
speed, X-ray pnCCDs combined with electron and ion imaging spectrometers in a 
multipurpose chamber [102], 

However, challenges in bioimaging remain. The reported results for nanocrystals 
do not yet achieve atomic resolution due to the long wavelength of soft X-ray radi¬ 
ation - so results from hard X-ray imaging experiments are eagerly anticipated. To 
acquire enough statistics for a 3D reconstruction, approximately 3 million images 
were required, and the hit rate to assure fidelity was typically less than 50%. So an 
efficient throughput mechanism for the hard X-ray experiments, where the focus 
will be 100 nm rather than a few microns, will be challenging. This is especially 
true if the nanocrystals are difficult to manufacture. For noncrystalline objects, the 
dream of reconstructing structure via a series of single shot coherent diffraction 
images remains an outstanding challenge. The resolution obtained using 0.69-nm 
(1.8-keV) radiation was 32 nm. The reconstructed image is only two-dimensional at 
present and some limitations were encountered due to the lack of dynamic range 
in the detector. In both cases, it appears that atomic resolution structure determina¬ 
tion requires the terawatt level FEL output - a goal that, according to simulations, 
can be reached using a seeded beam and a 200-m tapered undulator, as tentatively 
planned for the LCLS-II project. 

While considerable effort has been devoted to the control of atomic and molecu¬ 
lar processes using ultrafast laser technology to manipulate valence electrons [39, 
96, 97], active control of inner-shell electron processes is unexplored. The explo¬ 
ration of wide-ranging applications, for example, inhibition of Auger decay [98] 
and modification of inner-shell electronic structure [99, 100], will surely continue 
as the FEL radiation sources reach maturity. 
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17 

Coherent Diffractive Imaging 

Willem Boutu, Betrand Carre, and Homed Merdji 


17.1 

Introduction 

The connection between the protein structure and protein function is one central 
topic in modern biology. Knowledge of the protein sequence and composition is not 
enough: the three-dimensional structure is a crucial parameter to enable the pro¬ 
tein function. X-ray crystallography has already provided us with the full 3D confor¬ 
mation of hundreds of macroproteins, but its limitations are increasingly obvious: 
The big protein crystals necessary for X-ray crystallography are often not available 
and crystallization turned into a serious bottleneck for structure determination. 
Smaller crystals (nanocrystals) are easier to produce, but, as we will see later, the 
X-ray dose required to measure a high-quality signal is too large and the small crys¬ 
tal is damaged before the diffraction signal can be collected. (With a larger crystal 
the dose is spread over many replicas of the protein. The molecular dose is con¬ 
sequently reduced). Alternative imaging techniques, allowing to reach Angstrom 
spatial resolution, are needed. Third-generation synchrotron sources provide us 
with high-brilliance beams at Angstrom wavelength; hence one could consider du¬ 
plicating traditional microscopy techniques to image the sample under study di¬ 
rectly. High-quality optics is required for this approach. Soft X-ray zone plates have 
been developed, for example. However, the maximal spatial resolution is limited 
by the outermost period of the zone plate [1]. Nowadays, the most advanced zone 
plates have an outermost zone width of 15.1 nm, hence offering a spatial resolution 
down to approx. 12 nm [2]. Those results are very interesting, but atomic resolution 
seems to be out of reach. Moreover, the diffraction efficiency of such state-of-the-art 
zone plates is very low (less than a percent). To acquire good images, they must be 
accumulated over a long time or very high-radiation doses are required, the latter 
which is often forbidden by the sample tolerance. As we will see in this chapter, 
coherent diffractive imaging (CDI) of hard X-ray free-electron laser radiation has 
the potential to allow such an experiment [3, 4]. 

Reaching the atomic spatial resolution is not the only reason to use CDI with 
EUV or X-ray light. In this energy domain, the penetration depth of radiation is 
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X-ray energy' (eV) 



Figure 17.1 Penetration depth of carbon and oxygen with respect to the X-ray photon energy. 
The gray area represents the water window, where the contrast is maximized for biological sam¬ 
ples. Taken from [5], 


very large, allowing the study of the inside of thick or buried samples. This is 
a great advantage compared to electron imaging, which offers very good spatial 
resolution but is limited to thin samples (around 100 nm). Figure 17.1 represents 
the penetration distance of carbon and oxygen for soft X-ray radiation. Penetration 
depth tends to increase with the photon energy and already reaches around 10 pm 
at 1.5 keV. The figure also shows that going for hard X-ray is not always necessary. 
Carbon is the main component of biological samples, while water (and therefore 
oxygen) is a source of background signal. The so-called water window, between the 
carbon and oxygen absorption K-edges (at respectively 284 and 530eV) offers the 
highest contrast for organic material imaging, because carbon will absorb, while 
water is transparent. 

Whatever the energy domain selected, CDI is a lensless imaging technique, 
where the objective optics are replaced by an algorithm running on a computer. The 
idea behind coherent diffractive imaging comes from Sayre [6]. He stated that if a 
diffraction pattern from a crystal was sufficiently oversampled, the phase problem 
could be solved, that is, the unknown phase of the diffraction pattern, which is nec¬ 
essary to achieve the reconstruction of the sample image, can be determined. He 
later extended the approach to noncrystalline objects [7, 8]. The first experimental 
demonstration of the technique was provided by Miao and co-workers in 1999 [9]. 
Since then, multiple applications, as well as improvements of the technique, have 
been published. 

Thanks to the absence of an imaging lens, the spatial resolution of coherent 
diffractive imaging is, theoretically, only limited by the wavelength. Although CDI 
can be used at visible wavelengths, we will restrict the following examples and ap¬ 
plications to the UV and X-ray domains. Section 17.2 presents different approaches 
to demonstrate the basic equation of CDI, that is, that the coherent field diffracted 
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by a sample is, in the far field, equal to the sample Fourier transform. Section 17.3 
examines the requirements regarding the light properties and the experimental 
setup, and presents the expected resolution of corresponding experiments. In the 
following sections, we concentrate on two commonly used techniques of coher¬ 
ent diffractive imaging, using either iterative phasing algorithms (Section 17.4) or 
holographic schemes (Section 17.5). 


17.2 

Far-Field Diffraction 


The far-field diffraction pattern of a scatterer is its Fourier transform. The main 
goal of this section is not to re-demonstrate this relation, any good optics book 
can help you through that. Our idea is to review different approximations used, as 
they will constrain the experimental design. Those constraints will determine the 
requirements on the light source properties, on the distances involved and on the 
detector characteristics. The relevant optics can be considered from several points 
of view, which we will review briefly. 


17 . 2.1 

Optical Point of View 


In this section, we consider a plane wave going through a 2D thin sample. An object 
is considered to be thin if its thickness e is smaller than the depth of focus of the 
imaging setup [10]: 


1 

2NA 2 ’ 


(17.1) 


where NA is the numerical aperture of the system. 

Just behind the sample, the electromagnetic field will propagate in free space. 
This propagating field is a solution of Maxwell’s equations. As we are not sensitive 
to polarization, we can use the scalar form, known as the Helmholtz equation: 


V 2 W(r) + k 2 W(r) = 0 , 


(17.2) 


where, dropping the time dependence, W(r) is the electromagnetic field. In a typ¬ 
ical coherent diffractive imaging experiment, the detector will be put at a distance 
Z from the sample (see Figure 17.2) and will be perpendicular to the beam prop¬ 
agation direction. This suggests for the separation of the transverse (x and y) and 



■z 


Figure 17.2 Illustration of an incident plane wave scattered by an object. 
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parallel (z) components of the field. Taking the Fourier transform of Eq. (17.2) only 
in the perpendicular plane, we get 

(-q 2 L + dl+k 2 )W(q ± :z) = 0, (17.3) 

where W(q^\z) denotes the W(r) Fourier transform. The general solution of 
Eq. (17.3) has the following form: 

W(q ± ; z) = W + (q 1 _)e iKZ + W-(q ± )e~ iKZ , (17.4) 

where k = k 2 — q 2 ± and are two independent functions, representing 

the fields propagating in the forward and backward directions. In usual experi¬ 
mental conditions, there is no backward propagating field, so W~(q ± ) can be set 
to zero. 

Taking the wave at the exit of the sample f'o as an initial condition, the scattered 
field at any position z can be written as 

V(r ± ;z) = F- 1 [y l o(q±)e iKZ ]. (17.5) 


Under the paraxial approximation, the diffracted angles are small and one assumes 
that ^(qjJ is nonnegligible only when |<j_J k. One can then expand k to the 
first nonzero order in q ± and Eq. (17.5) becomes 


W (rj_; z) = 


¥ / o(g_ L )exp 




(17.6) 


If (/ * S) = / f( x ')S( x ~ x')dx' is the convolution operation, the following useful 
relation can be formulated: 


f*g=V2^3?- 1 (F(fW(g)) . 


Using relation (17.7), Eq. (17.6) becomes 


V / (r±;z) 


1 

s/2ji 


y 0 (r±) * P z (r±) , 


(17.7) 


(17.8) 


where P z is the Fresnel propagator, P z (r±) = —ik/zexp[ikz[(l + r 2 L /(2z 2 )]]. 
Choosing R± as variable in the sample plane (z = 0, see Figure 17.2), Eq. (17.8) 
can be developed as 


—ik 

V / (7_l;z) = -e‘ 

2itz 


' J dR± l / / o(R±;0) exp 


. k(r± - R±) 2 
2 z 


(17.9) 


After expanding the square term, this integral can be written as a Fourier transform 
if we identify q ± with kr±/z. Omitting some phase terms, we obtain 


V / (r ± ;z) = 


V / o(R±) exp 


kR 2 ± 
2 z 


q ± = kr±/z 


(17.10) 
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Usually, in a coherent diffraction imaging experiment, the object’s transmission is 
equal to zero except in a finite region of space (V(R±) has a support). The phase 
modulation, due to the last exponential term in Eq. (17.10), is then maximal along 
the edges of the support. If a is the typical sample dimension, then this phase is 
small for 

a 2 

f= — <& 1, (17.11) 

AZ 

where/is called the Fresnel number. If that condition is true, then the Fraunhofer 
approximation says that the phase term can be neglected. This is the case in the far 
field, that is, for z a 2 /A. Equation (17.10) then becomes 

¥'(rx;z» y) =y[V / o(*±)]. (17.12) 

This is a key equation in CDI: in the far field, the diffractive field is equal to the Fourier 
transform of the exit wave after the sample. 

17 . 2.2 

Born Approximation 

We now consider the case when the propagation does not happen in free space. 
Equation (17.2) can be rewritten as 

V 2 W(r) + k 2 n 2 W(r) = 0, (17.13) 

which can be reformulated using the scattering potential F = 1/(4Jt )k 2 (n 2 (r) — 1): 

V 2 W(r) + k 2f P(r) = -4j *F(r)W(r) . (17.14) 

In X-ray domains, interactions are very weak. Hence, we can adopt a perturbative 
method to solve Eq. (17.14). If we expand the field W(r) as the Born series 

W(r) = ¥'<°>(r)+ y / < 1 >(r) + -” (17.15) 

the zeroth order is a solution to Eq. (17.2) and higher terms follow: 

V 2 ¥'<”>/) + fe 2 ^ <n) (r) = —4jtf(r)^"“^(r) ■ (17.16) 

Intuitively, the wave is the scattered field resulting from the interaction of ¥ / (°) 
with the sample scattering potential, is the scattering amplitude due to 
and so on. 

Equation (17.14) can be solved using the Green function [11]. Considering that 
the incident wave is a plane wave, W^(r) = exp (ikz.r), the scattered field can 
be written as 

/ e ik\r—R±\ 

F(R ± )W(R ± )~ -— d 3 R ± 

\r- 

Q 


(17.17) 
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with Q being the object volume. Under the Fraunhofer approximation, |r| S> .R_l, 
and | r — R± | rewrites as 

\r-R±\ « |f| — *j_.f . (17.18) 

Equation (17.17) can be simplified as 

gi fe I r| r 

W[r) = W 0 e lkzr + -p-p J F(R ± )<l / (R ± )e lkR - L - r d i R ± . (17.19) 

Q 

As we just remarked, the scattering cross section is very weak, hence we can con¬ 
sider only the first-order perturbation, W = because of the weakness 

of the interaction, photons can only be scattered once. This is known as the first 
Born approximation. Replacing W(R±) by W^(r), Eq. (17.19) reads as 

giklrl p _ _ 

W(r) = W 0 e ,kzr + J F(R ± )e~ l,iR ^ r - z fi 3 R_ L . (17.20) 

a 

In an experiment one has to remove the direct beam after the sample, as the diffrac¬ 
tion efficiency is very low. This is required to avoid saturation or even destruction 
of the detector. Equation (17.20) reduces then to the Fourier transform of the scat¬ 
tering factor. This result is similar to Eq. (17.12) and the result obtained in the 
previous section. The Born approximation supposes that ¥ / h) W^\ which in 

turn implies that the object has to be optically thin (but there is no restriction on 
two-dimensional objects). 

17 . 2.3 

Resolution 

Figure 17.3 represents the actual layout of a CDI experiment. The detector is placed 
in the far field at a distance Z from the sample. It is made of N 1 pixels of size 
A r 2 . The system numerical aperture NA can then be defined as NA = n sin 0 max . 
In the paraxial approximation, and because the refractive index is equal to one, 
NA ss NAr/(2Z). 



CCD 


Figure 17.3 Experimental geometry. 
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Figure 17.4 (a) Sample, (b) Modulus square 
of the sample Fourier transform, with a beam 
block removing the central data, (c) Inverse 
Fourier transform of (b) (the phase informa¬ 


tion from the Fourier transform was kept), (d) 
Same as (c) after low pass filtering of the data, 
on the same color scale. 


Let us call r t the transverse resolution (usually, we consider the half-period trans¬ 
verse resolution). The maximum angle 6 max can be written as 


0 


max 


sin 0 max 


A 

2 r t 


or 


tan 0 m ax 


NAr 
2Z ' 


Hence, we determine the theoretically possible transverse resolution 


(17.21) 


(17.22) 


AZ 

Tt ~ NAr ’ 


(17.23) 


However, the resolution is usually worse when working with real data. A consid¬ 
eration of Eq. (17.20) provides a good example of the difficulties and limitations 
of this definition. For example, the use of a beam block to stop the intense direct 
beam removes the low-frequency data from the measurements. This is illustrated 
in Figure 17.4. We calculated the Fourier transform of sample (a), removing the 
central pixels to simulate a beam stop (the modulus square of the result is present¬ 
ed in Figure 17.4b). The inverse Fourier transform results in Figure 17.4c shows 
that the few missing frequencies significantly affect the reconstruction. One way 
around this is to apply a low-pass filter on the data before the inverse Fourier trans¬ 
form. This removes the slow variations in the reconstruction (Figure 17.4d). When 
accumulation is possible, it might be better to generate a full diffraction pattern by 
adding several datasets, obtained using short and long acquisition times. The for¬ 
mer can be taken without a beam block, and only the central part of the diffraction 
pattern will be recorded with sufficient signal-to-noise ratio (SNR). The latter, using 
a beam block, will be used for the wide diffraction angles. That way, the full dynam¬ 
ics of the signal can be recorded, without loss of information, despite the limited 
dynamic range of the detector. Another solution is to subtract the least constrained 
modes from the reconstruction [12]. 

The longitudinal resolution r\ is equal to the depth of focus, hence 

A 

2NA 2 ' 


n = 


(17.24) 
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Consequently, the longitudinal resolution reads as 


21Z 2 
(NAr) 2 ' 


(17.25) 


17 . 2.4 

Comments on the Approximations 

Let us comment here on the different approximations made in Sections 17.2.1 

and 17.2.2 and their implications for an actual experiment. 

• Paraxial approximation. This is the small-angle approximation. Under this con¬ 
dition, the arc of the Ewald sphere can be considered as a straight line, in the 
detector plane. 

• Fraunhofer approximation. This is the far-field approximation. The Fresnel 
number / = o 2 /(lz) is smaller than one, that is, z 3> o 2 /l, with a being a 
typical dimension of the object. This condition sets some constraints on the ex¬ 
perimental layout: depending on the wavelength and the size of the object under 
study, there is a minimum distance between the detector and the object. This 
has to be balanced by the signal detection efficiency: if the detector is placed too 
far away from the object, the number of photons detected per pixel might be too 
low to ensure a good SNR. Taking the example of Ravasio et al. [13], their object 
size is around 2 pm, the wavelength is 32 nm and the distance from sample to 
CCD is around 2 cm. The Fresnel number/is then equal to 6 x 10“ 3 , well below 
one. 

• Thin sample. Several different notions can be used here. In both previous cases, 
the object under study was considered to be optically thin. An object optical 
thickness can be defined as |kdnj_| where: 

dn±(R±) = J {n(Rj_\z)-l)dz. (17.26) 

An object is optically thin if \ kdn±\ <5C 1. A basic interpretation of this is that 
there will be no multiple scattering effect. 

The approximation used in Section 17.2.1 is more restrictive. It considers an 
object to be thin when the thickness is smaller than the depth of focus. As CDI 
aims at reaching high-spatial resolutions, the depth of focus becomes very small. 
If condition (17.1) is not fulfilled, 3D imaging has to be considered, and 2D 
views can be obtained from 2D projections of the 3D reconstruction. Trying to 
reconstruct directly the 2D projection from a single view will result in an image 
with defocusing artifacts. Once a reconstruction is obtained at a given position 
in Z, it is possible to propagate it using the Fresnel propagation equation, hence 
bringing different parts of the image under focus. But this is not equivalent to 
3D imaging: for complicated samples, the different images will be difficult to 
interpret [10]. 
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17.3 

Source Requirements 

According to Eq. (17.12), CDI is, in principle, experimentally easy: one just has to 
shine light on a unknown sample, to record the far-field diffraction pattern, and to 
invert the data by Fourier transform. The great advantage, as we already stated, is 
that no imaging optics are needed. To increase the photon flux on the sample, the 
beam can be focused. A basic experimental setup is shown in Figure 17.5. As we 
will see in the following sections, the crucial aspects of the setup are the relation 
between the detector pixel size, the sample size and the distance between the de¬ 
tector and the sample (see Section 17.4.1). The source of radiation used to perform 
the experiment must also fulfill some specific requirements. In this section, we 
will go through the main requirements to see how one can work with a real and 
nonperfect source. In the last part of the section, we will briefly compare the main 
sources used so far in the UV/X-ray domain. Of course, other sources can be used, 
such as X-ray lasers [14] or lasers (when working at visible wavelengths). 

17 . 3.1 

Coherence 

Coherent diffractive imaging, as stated in its name, requires a highly coherent 
beam. Two kinds of coherence will be discussed here, the transverse coherence 
in the plane perpendicular to the propagation direction, and the temporal, or lon¬ 
gitudinal, coherence in the propagation direction. 



Figure 17.5 Scheme of a coherent diffractive imaging setup. 
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17.3.1.1 Transverse Coherence 

The transverse coherence length gives the width of the area over which the ra¬ 
diation shows a clear phase relationship. For diffractive imaging, this coherence 
length has to be as large as, or larger than, the size of the sample under study. 
More detailed considerations showed that the transverse coherent length of the 
source has to be about twice the transverse dimension of the object [15]. Williams 
et al. showed that even slight perturbances of the coherence are enough to prevent 
the convergence of reconstruction algorithms, and consequently to prevent the ob¬ 
ject reconstruction [16]. 

UV or X-ray free-electron lasers (see [17] for instance) and high-order harmon¬ 
ics [18,19] have very good spatial properties. For commonly used samples, they can 
be considered as fully coherent and the mentioned condition is always met. Syn¬ 
chrotrons, thanks to their high-photon flux and the relatively large amount of facili¬ 
ties available, represent the most commonly used source for CDI experiments. But 
synchrotron radiation is not spatially coherent. However, it is possible to generate 
a partially coherent beam from a synchrotron source using an aperture. According 
to the van Cittert-Zernike theorem, the illumination within the half-radius of the 
Airy pattern from a pinhole can be considered as coherent. If the sample fits under 
this area, coherent diffractive imaging is feasible. 

However, there are techniques to work with a partially coherent source. Williams 
et al. proposed to use illumination with a curved wavefront. Fresnel diffraction gives 
better convergence properties and makes the algorithms more robust to partial 
convergence, as the solution to the phase problem is then unique [16]. Whitehead 
et al. decomposed their partially coherent source as a multimodal field with mutu¬ 
ally incoherent modes and modified the reconstruction algorithm accordingly [20]. 
Experimentally, they performed a coherent diffractive imaging experiment at a syn¬ 
chrotron, with the slit either open (low coherence) or closed (high coherence). Fig¬ 
ure 17.6 shows their results. The diffraction pattern shown here (Figure 17.6a) was 



Figure 17.6 Effect of partial coherence on 
coherent diffractive imaging, (a) Diffraction 
pattern, acquired with a high-coherence illu¬ 
mination. (b) Detail of the diffraction pattern, 
taken with a high-coherence beam on the left 


side of the line and a low-coherence beam on 
the right side. Reconstruction of the sample 
from low (c,d) or high (e,f) coherence beam 
using a modified (c,e) or usual (d,f) algo¬ 
rithm. Taken from [20], 
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taken with the high-coherence beam. The inset represents a detail of the pattern, 
with high coherence on the left side of the line and low coherence on the right 
hand. The loss of contrast is clearly visible. The four images on the right repre¬ 
sent four reconstructions of the sample, using four different conditions. Using the 
multimodal approach, they were able to image the object even in the low-coherence 
case, while usual phasing algorithms failed. This technique requires, however, that 
the beam coherence properties have been completely characterized, which is not 
always feasible. 


17.3.1.2 Longitudinal Coherence 

The longitudinal coherence length is the length over which two wavefronts with 
wavelengths differing by AA are dephased by n. Using Figure 17.7a, it can be eval¬ 
uated as 

< m7 > 

Figure 17.7b gives the required condition for the coherence length to allow coher¬ 
ent diffractive imaging. At the maximum diffraction angle, for a sample size a, we 
get 

Icoh > ^ sin 6 . (17.28) 


Combining Eqs. (17.27) and (17.28), we get 

A a 
AT. — 2r t 


(17.29) 


Equation (17.29) gives a relationship between the spectral bandwidth A/AA, the 
size of the object and the (best possible) spatial resolution r t . Synchrotrons usually 
offer high-spectral purity, thanks to monochromators, with AA/A up to the 10 -4 
range. This is not the case with high-order harmonic sources. If only one given 
harmonic order is selected, for example, by using a multilayer coated mirror, A A/A 
is in the 10“ 2 range. This is sufficient for coherent diffractive imaging experiment. 
But if multiple orders are used, either in order to achieve attosecond time reso¬ 
lution or to increase the photon number on the sample, AA/A is on the order of 


A 




(a) (b) 


Figure 17.7 (a) Illustration of the longitudinal coherence length L c 0 h- (b) Path length difference 
at maximum diffraction angle. 
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Figure 17.8 (a) Experimental setup for coherent diffractive imaging with multiple harmonic 
orders, (b) Harmonic comb used in the experiment, (c) Scanning electron microscope image of 
the sample, (d) Reconstruction of the sample from the diffraction data. Taken from [21]. 


unity. However, this lack of longitudinal coherence can also be taken into account 
in the analysis. For instance, Chen et al. used a modified phasing algorithm to in¬ 
vert diffraction data taken with several harmonic orders [21]. Figure 17.8a and b 
represents the experimental setup they used. A simple aluminum filter selected 
six consecutive harmonic orders, generated in argon. Thanks to this configuration; 
they estimated that the acquisition time was reduced by a factor of 16 compared to 
acquisition with the single most intense harmonic. Figure 17.8c shows an electron 
microscope image of the sample, and Figure 17.8d its reconstruction by the mod¬ 
ified algorithm, with a spatial resolution of 165 ± 5 nm for a wavelength of about 
35 nm. 


17.3.2 

Signal-to-Noise Ratio 

Figure 17.9 is illustrating another limitation of working with real data. On this 
diffraction pattern, acquired with a high-harmonic source in Saclay, signal is vis¬ 
ible up to q values of 8.9 pm -1 , corresponding to a spatial resolution of 56 nm. 
However, after reconstruction, the actual spatial resolution, evaluated by the phase- 
retrieval transfer function (PRTF) (see Section 17.4.3.1), is limited to 78 nm. This 
is due to the fact that, at large diffraction angles, the number of photons per pix¬ 
el is too low. Moreover, this weak signal is buried in the noise. The actual spatial 
resolution is limited by the SNR. 
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resolution 


56 nm 


56 nm 



-8.9pnr' 


8.9pm 1 


Figure 17.9 Experimental diffraction data (log scale). 

Sources of noise are well known, some of them being unavoidable. Noise can 
be due to the experimental setup. For instance, XUV CCD cameras are extreme¬ 
ly sensitive to infrared light. When working with high-order harmonic, or in an 
infrared-pump/XUV probe setup, the detector has to be shielded from all IR pho¬ 
tons. The detector itself can be a source for noise: readout noise of a CCD camera 
cannot be avoided. When working with hard X-rays, hybrid-pixel detectors offer a 
noiseless readout and are able to detect single photons, but they work only in the 
keV range. However, photon noise can be minimized, as it scales with the square 
root of the number of photons: increasing the flux or increasing the pixel size (by 
hardware binning of the CCD for instance) will increase the SNR. Another path 
to improve the spatial resolution is to use postexperiment image processing and 
statistical tools. 


17.3.3 

Dose 


We just mentioned that increasing the photon flux was a way to increase the SNR, 
hence improving the spatial resolution. But there is an upper limit to the radiation 
dose a sample can receive. This limit is especially severe for biological samples. 
The dose, measured in Gray (Gy), is defined as the absorbed energy divided by the 
mass: 


absorbed energy fiN 0 E 


(17.30) 


Dose = -^ = -—- 

mass pA 


with p being the absorption coefficient, N 0 the number of photons per unit area 
A, p the material density and E the photon energy. The maximum dose depends 
on the desired spatial resolution. While a relatively low dose of 2 x 10 7 Gy will de¬ 
stroy the atomic order in a protein crystal [22], higher doses on the order of 10 10 Gy 
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Figure 17.10 Required dose to achieve a de- ice” line). The dashed line represents the radi- 

sired spatial resolution for 8-keV photons, for ation damage limit. Some points taken from 

either biological samples in vacuum (the “car- the literature are marked. Taken from [24], 
bon” line) or frozen samples (the “carbon in 

can be tolerated in frozen cells to generate lower resolution images [23]. Those two 
points are represented in Figure 17.10 and linked with a dashed line: radiation dos¬ 
es above this line cannot, a priori, be used for imaging biological object. The limit 
is higher, but still exists, for inorganic materials. Knowing the scattering cross sec¬ 
tion of a sample and the minimum SNR required for coherent diffractive imaging 
(usually, the Rose criterion is used, which states that a SNR of at least 5 is needed to 
recognize a feature above the background), it is possible to calculate the minimum 
dose needed to achieve a desired spatial resolution (see, e.g., [25]). An example of 
such a calculation is reported in Figure 17.10 [24]. The thick black line represents 
the dose needed when working with a frozen biological sample, the thin black line 
is the same for a sample in vacuum. Frozen cells can bear higher doses. 

According to Figure 17.10, the best spatial resolution one could reach using co¬ 
herent diffractive imaging is around 5 nm. Those calculations were performed for 
8-keV radiation, but using a shorter wavelength would not change the result by 
much. Atomic resolution seems to be out of reach. In crystallography, the radiation 
damage problem is avoided by spreading the dose over many replicas of the same 
protein in the crystal. When studying isolated protein by coherent diffractive imag¬ 
ing, a proposed solution is to use many copies of the protein, sent within a jet into 
the X-ray beam path, one at a time. Accumulating signal for many copies should 
give a good SNR. A problem with the molecular jet concept is that the molecules 
fall into the beam path with random orientation. To circumvent this problem, the 
molecules could be aligned or oriented before interaction with the X-ray pulse [26]. 
Another possibility is to classify different diffraction patterns into classes of orien¬ 
tations. All the patterns are then assembled to create a full three-dimensional set, 
which can be inverted to reconstruct the sample structure in real space [27-30]. 

Another possibility to break the 5-nm barrier is offered by free-electron lasers. 
This can be explained by looking at the damage mechanisms. Depending on the 
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Figure 17.11 Explosion of a macroprotein induced by radiation damage. The molecule was 
exposed to the same number of photons in a (a) 10-fs or a (b) 50-fs pulse. Taken from [33]. 



(a) (b) (c) 

Figure 17.12 Coherent diffractive imaging ex- (c) Scanning electron microscope image of 
periment performed at FLASH (X = 32 nm). the sample after exposure to a single FLASH 
(a) Scanning electron microscope image of pulse. Taken from [32], 
the sample, (b) Reconstruction of the object. 

photon energy, different processes will be involved. At X-ray wavelengths, ioniza¬ 
tion plays the major role. Inner shell electrons, ionized by the radiation, will leave 
the molecule. Vacancies will be subsequently filled by relaxation through Auger 
processes, releasing more electrons from the molecule. At the beginning of the 
pulse, the electrons simply leave, leaving a net positive charge. The accumulat¬ 
ing positive charges will eventually trap lower energy electrons in the sample. 
For strong XFEL light pulses, this happens in a few femtoseconds. At a longer 
timescale (on the order of 10 fs), Coulomb explosion of the sample due to electro¬ 
static forces will occur [31]. Calculations have shown that a sample exposed to an 
X-ray pulse with few femtoseconds duration will explode only after the pulse has 
passed through it. The photons are consequently diffracted by an unperturbed sam¬ 
ple, and coherent diffractive imaging is possible. This is illustrated in Figure 17.11. 
When exposed to a 50-fs long pulse, the disintegration of the molecule happens 
before the end of the pulse, preventing diffractive imaging. For shorter pulses of 
10 fs or less, the changes in the molecular structure between the beginning and the 
end of the pulse are minor. Chapman et al. showed that diffraction imaging before 
the onset of radiation damage was indeed possible at the FLASH free-electron laser 
(Figure 17.12) [32]. In spite of the destruction of the sample by the UV pulse (Fig¬ 
ure 17.12c), they could invert the diffraction pattern and reconstruct the sample 
image (Figure 17.12b). 
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Table 17.1 Comparison of light sources for coherent diffractive imaging. 


Sources 

Synchrotron 

FEL 

HHG 

Pros 

High brilliance 

High brilliance 

Spatially coherent 


High repetition rate 

Short pulse duration 

Short pulse duration 


Longitudinal coherence 

VUV to hard X-ray 

Synchronized with lasers 


VUV to hard X-ray 

Spatially coherent 

Table-top, affordable 

Cons 

No spatial coherence 

Start on noise 

VUV only 


Low flux after pinhole 

Temporal jitter 

Low efficiency 


No temporal resolution 

Destroys the sample 



Big and expensive 

Big and expensive 


Future 

Slicing (temporal jitter!) 

Seeding with laser HHG 

Reach water window 


17.3.4 

Different XUV Sources Comparison 

Table 17.1 summarizes different characteristics of the three main sources of 
UV/X-ray radiation used for coherent diffractive imaging, namely synchrotrons, 
free-electron lasers, and high-order laser harmonics. As one can see, each has 
its own advantages and disadvantages. The choice of source should therefore be 
adapted to the desired application. 


17.4 

Solving the Phase Problem 

As demonstrated in Section 17.2 (e.g., Eq. (17.12)), the far-field diffraction pattern 
of a sample is its Fourier transform. However, detectors in the UV-X-ray range can 
only record the intensity of the field, and not its phase. Inverting the experimental 
data by a simple inverse Fourier transform is therefore not possible. This is called 
the phase problem. Thankfully, techniques exist to either retrieve the spatial phase, 
which is the subject of this section, or to encode the phase directly in the diffraction 
pattern, as we will see in Section 17.5. 

17.4.1 

Oversampling Method 

17.4.1.1 Oversampling Ratio 

Before trying to solve the phase problem one has to ask whether or not it is solv¬ 
able. One necessary condition is that the number of unknown variables is smaller 
or equal to the number of equations. If the detector has N x N pixels, the latter, 
equal to the number of measured amplitudes, is equal to N 2 . Consider a sample 
made of n x n pixels. Because of its complex value (usually, a sample has a given 
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Figure 17.13 Illustration of the oversampling, (a) and (b) A N 2 object and its Fourier transform, 
(c) and (d): same Fourier transform, but sampled over (2 N) 2 pixels. The sample has the same 
support (N 2 pixels) and is embedded in a (2N) 2 area. 


absorption, which is related to the imaginary part of the refractive index), the num¬ 
ber of unknowns is equal to 2 n 2 . Defining the oversampling ratio a as the number 
of measured amplitudes over the number of pixels in the real space [34], one gets 

N 2 

a = — > 2 . (17.31) 

n l 

This means that the number of unknown variables has to be reduced by a factor 
at least equal to two. To that goal, on can use a finite and isolated object embedded 
in an otherwise empty space (which is usually the case in experiments). To fulfil 
the requirement of Eq. (17.31), the object support (that is, the area where is has a 
nonzero value) has to be smaller than half the size of the field of view, as illustrat¬ 
ed by Figure 17.13. Test objects used in the literature are often real objects, that 
is, pure transmission objects. The number of unknown variables is consequently 
reduced by 2. But due to Friedel symmetry, the object Fourier transform is symmet¬ 
ric, and so is the measured diffraction pattern. The number of equations is then 
also reduced by two, and the sample oversampling condition applies. 

Another point of view on oversampling is given by the Nyquist-Shannon theo¬ 
rem. This theorem states that a signal can be completely reconstructed if the sam¬ 
pling frequency is at least twice the highest frequency of the signal. Suppose that 
the object has a size n x n, with a pixel size (in the real space) Ar. The mini¬ 
mum signal period in the Fourier space is then equal to l/(nAr). If this object is 
embedded in a N x N sample, the sampling period in reciprocal space is equal 
to l/(NAr). The Nyquist-Shannon theorem then implies that n/N > 1/2. This 
condition restricts the object size less than Eq. (17.31). 












574 I 7 7 Coherent Diffractive Imaging 


X 

X XX 


(a) (b) (c) (d) 

Figure 17.14 All displayed objects have the same Fourier transform intensity. If (a) is the object 
(the hue scale represent the phase, the brightness the amplitude), (b) is just a translation of the 
object, (c) the inverted object and (d) differs from (a) by a global phase shift. 

The oversampling condition is true, whatever the object dimension. Therefore, in 
principle, oversampling the diffraction pattern by the factor of 2 in each dimension 
is not necessary [35]. A minimum sampling ratio of %/2 for 2D and l/l for 3D 
objects has been shown to be enough by simulations [34]. An oversampling ratio 
higher than two does not gives any additional information, but up to a certain point 
it can help the convergence of the phasing algorithms [35]. 

17.4.1.2 Uniqueness of the Solution 

Respecting the oversampling condition guaranties that the phase problem can be 
solved, but not that a unique solution exists. For ID objects this is never the case 
and the problem cannot be solved. Thankfully, for objects with higher dimension¬ 
ality, the solution is almost always unique (see, e.g., [36]). In this regard, we can 
already mention some trivial cases, which are not among the pathological cases of 
nonuniqueness, but which will pose a problem to the reconstruction algorithms. 
All the objects presented in Figure 17.14 have the same Fourier transform intensity. 
Therefore, reconstruction algorithms will need additional input to discriminate one 
solution. The problem posed by the central symmetry of the object (Figure 17.14c) 
is known as the twin image problem in holography. 

17.4.2 

Basics on Iterative Phasing Algorithms 
17.4.2.1 Constraints 

Solving the phase problem when the oversampling conditions are fulfilled does not 
require any a priori knowledge about the sample. The analysis is based on the mea¬ 
sured diffraction pattern, that is, the square of the amplitude of the sample Fourier 
transform. In real space, we know that the object is isolated, that is, that it fits in¬ 
side a support - but we usually have no information about this support. The first 
step is hence to find additional constraints, and finding a tighter support is usually 
enough. A first approximation of the support can be found using the measured 
diffraction pattern. Indeed, an object, whatever it is, fits under its autocorrelation, 
which is the inverse Fourier transform of the measured data (Figure 17.15): 


A Wo = = [I^TOI 2 ]. 


(17.32) 
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Figure 17.15 (a) Experimental diffraction pattern (same as Figure 17.9). (b) Fourier transform 
of (a) (with a saturated vertical scale), (c) Object corresponding to (a), (b) is clearly the autocor¬ 
relation of (c). 


But as can be seen in Figure 17.15b, the inverted object also fits under the autocor¬ 
relation. Moreover, different objects can have the same autocorrelation. However, a 
number of techniques have been developed to further restrict the support starting 
from the autocorrelation (see, e.g., [37]). 

Having a tight support helps achieving fast convergence. A theoretical method 
for support determination usually gives a good first approximation, but it is usu¬ 
ally still too large. Marchesini et al. proposed an empirical method, called the 
Shrinkwrap method [38]. The phase-retrieval algorithm starts from a “loose” sup¬ 
port, found by the technique we just mentioned for instance, and after a certain 
number of iterations tightens the support accordingly to the last partial sample 
reconstruction. This can of course be done several times during the reconstruction 
process. The method has already been used for experimental reconstruction (see, 
e.g., [10]). 


17.4.2.2 Error Reduction Algorithm 

A phase-retrieval algorithm will try to retrieve the spatial phase of the diffracted 
field using the constraints mentioned in the previous section, namely (i) the mea¬ 
sured diffraction intensity (constraint in the Fourier space) and (ii) the support 
finite size (constraint in the real space). Starting from a usually random guess, it 
projects it alternatively onto each constraint set, using a Fourier transform between 
each projection to switch from one space to the other. An error metric is used after 
each iteration to evaluate the accuracy of the reconstruction, which is usually good 
enough after a few thousand iterations. 

The error reduction algorithm, introduced by Gerchberg and Saxton [39], is easy 
to implement and can be used to illustrate the phase-retrieval algorithms principle. 
It uses two projectors, one in the real space and one in the Fourier space. The first 
one can be written as 

\p(r) if r e support 

PsP(r)= r '[ . , (17.33) 

/ Ootherwise 

which means that for a given reconstruction p(r), for all the r outside the support, 
p(r) is set to zero. The second projector can be expressed as follows: 

hp(q) = VHq)e iM , 


(17.34) 
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Real space constraints set 



which means that the amplitudes of the Fourier transform of a given reconstruc¬ 
tion are replaced by the measured data points, while its phase is kept unchanged 
(here, p is the Fourier transform of p ) the whole algorithm can thus be written as 

p n +i(r) = PsPfPn(r) where P F = ^(Pf)? ■ (17.35) 

The first step is usually to assign an arbitrary spatial phase to the measured diffrac¬ 
tion pattern, giving p 0 . After a few thousand iterations, the algorithm converges 
(Figure 17.16). The main problem with the error-reduction algorithm is that it can 
easily be trapped at a local minimum. 


17.4.2.3 Other Projectors and Algorithms 

To help the convergence of the algorithms, everything that is known about the sam¬ 
ple can help. Indeed, the algorithms aim at reconstructing a sample transmission, 
which is a physical problem. Hence, known physical properties of the object can be 
used to improve the real space projector. Here are some examples: 

• Positivity: The object is real, that is, it is a pure transmission object. 


PsP(r) = 


|p(r)| if r e support 
0 otherwise 


(17.36) 


• Absorption cannot be negative. 


\3(p(r)) > 0 if r G support 

PsP(r) = | ~ (17.37) 

1 0 otherwise 

• Pure phase object: 


\Po(r)e‘^^ if re support 
* P(f,= 0 otherwise. 


(17.38) 
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Likewise, physical considerations can be taken into account when defining the 
Fourier space projector: 

• Missing data: 


jf is measured 
0 otherwise . 


P r p(q) = 


(17.39) 


Those are just a few examples, more sophisticated projectors can of course be de¬ 
signed. 

The error-reduction algorithm is only one example among many others. A good 
comparison between the most popular algorithms can be found in [40]. Fienup in¬ 
troduced the hybrid input output (HIO) algorithm in the late seventies, which in¬ 
troduced nonlinear feedback to avoid local minima [41, 42]. HIO is one of the most 
popular algorithms, usually used in an alternating scheme with the error-reduction 
algorithm, which is supposed to speed up the convergence. Other common algo¬ 
rithms are the relaxed average alternating reflector (RAAR) [43] and the difference 
map [44]. 

17.4.3 

Implementations of Phase Retrieval Algorithms 
17.4.3.1 Back to Spatial Resolution 

A phase retrieval algorithm stops iterating when a predefined error function goes 
below an arbitrary set value. But the actual spatial resolution of the reconstructed 
object is difficult to evaluate. The resolution definition given by Eq. (17.23) cannot 
really be used here, because the resolution has to be estimated from the recon¬ 
structed image. Usually, the resolution is quite different from the theoretical reso¬ 
lution limit (see Figure 17.9 and the associated comment). Because different defi¬ 
nitions for the resolution can be used, it is sometimes difficult to compare results 
from the literature. However, the PRTF becomes increasingly common [12, 32]. 
PRTF is based on the assumption that several reconstructions are produced for 
one experimental diffraction pattern. Each reconstruction uses a different random 
set of spatial phases for the phase-retrieval algorithm starting step. The PRTF is 
then defined as 



(17.40) 


where the averaging is done over multiple reconstructions. This relation gives a 
degree of confidence that the phases were retrieved: if so, the values add in phase, 
otherwise the average tends toward zero. The half-period resolution is defined as 
the value where the PRTF drops below 1/e (see Figure 17.17). 


17.4.3.2 A Few Examples 

Since the first experimental demonstration of CDI in 1999 by Miao et al. [9], this 
research activity has gained in popularity. Publication deals with a multitude of 
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(c) Resolution [nm] 


Figure 17.17 Illustration of the spatial resolution estimation from the PRTF. (a) Diffraction 
pattern, (b) Reconstruction of the object, (c) PRTF function of the reconstruction, giving a half¬ 
period resolution of 62 nm. Taken from [13]. 

issues, from experimental improvements to biological applications, from 3D imag¬ 
ing to time resolved experiments. The following list of examples is far from exhaus¬ 
tive, but it illustrates the variety of the work currently performed. 

Figure 17.18 represents the first image reconstruction from experimental data. 
Their sample (Figure 17.18a) was a collection of 100-nm gold dots, deposited on 
a silicon nitride membrane. The experiment was performed at the National Syn¬ 
chrotron Light Source, at X = 1.7 nm, with an exposure time of 15 min. A modified 
HIO algorithm leads to the image reconstruction (Figure 17.18c), after 1000 itera- 


a be 
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Figure 17.18 The first experimental X-ray coherent diffractive imaging experiment, (a) SEM 
image of the sample, (b) Diffraction pattern, on a log scale, (c) Reconstruction of the sample. 
Taken from [9]. 
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Figure 17.19 The first experimental X-ray coherent diffractive imaging experiment using a free- 
electron laser, (a) SEM image of the sample, (b) Diffraction pattern, (c) Reconstruction of the 
sample. Taken from [32], 



Figure 17.20 The first experimental X-ray coherent diffractive imaging experiment using HHG. 
(a) SEM image of the sample, (b) Diffraction pattern, on a log scale, (c) Reconstruction of the 
sample. Taken from [46], 

tions. As mentioned in Section 17.3.4, other XUV sources can be used to perform 
coherent diffractive imaging experiments. Figures 17.19 and 17.20 are the first pub¬ 
lished results using a free-electron laser at A = 32 nm and a high-order harmonic 
source at 29 nm. The experiment using the FLASH free-electron laser is a single 
shot measurement. The sample was a silicon nitride membrane patterned with 
a focused ion beam. The shrinkwrap technique was used to improve the support 
for the reconstruction. Figure 17.19c is an average over 250 reconstructions (3000 
to 4000 iterations each) and presents a resolution of 62 nm. For the HHG experi¬ 
ment, Sanberg et al. used a 40 pm thick carbon foil with holes of various sizes. The 
exposition was 2h long. The reconstruction was performed with the Guided HIO 
algorithm [45] and achieved a 214-nm spatial resolution. 

Multiple experiments on biological samples have since been performed [12, 47- 
52]. Figure 17.21 represents some examples, showing that imaging small (top) and 
large (bottom left) cells is possible, as well as resolving finer structure, for example, 
in chromosomes (bottom right). Because of the high-penetration power of the used 
wavelength, the inside of the cells is visible, and inner structures can be identified. 
Figure 17.21a also demonstrates that single shot imaging is feasible with a free- 
electron laser even for biological samples, which are more sensitive to radiations. 
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Figure 17.21 (a,b) Image of a freeze-dried 
yeast cell ((a) CDI reconstruction from ALS 
data (A = 1.66 nm), (b) from scanning trans¬ 
mission X-ray microscope). The letters identify 
cell parts. Taken from [12]. (c,d) Reconstruc¬ 


tions of a diatom (unicellular algae) at FLASH 
(A = 8nm). (c) 1500 shots accumulation. 

(d) Single shot image. Taken from [51]. (e) 
Reconstruction of a human chromosome (at 
SPring-8, A = 0.25 nm). Taken from [49], 


Three-dimensional imaging is more challenging experimentally as well as nu¬ 
merically. The data acquisition procedure is very time consuming, the sample has 
to be rotated using fine steps to achieve a good spatial resolution. Two different 
approaches can he used to invert the diffraction patterns and reconstruct the im¬ 
age. The 3D pyramid image in Figure 17.22a was obtained by inverting directly the 
3D data set in Fourier space, obtained by assembling together multiple diffrac¬ 
tion patterns acquired for each orientation [10]. Chapman et al. took one mea¬ 
surement for every angular degree, with a 73-s acquisition time per orientation. 
The shrinkwrap technique, with a HIO and a RAAR algorithm was applied on 
this 3D data set to obtain a 3D image with a spatial resolution of 10 to 50 nm. 
Another approach was used in the result presented in Figure 17.22b [50]: Jiang 
et al. measured diffraction patterns for 25 different orientations (with an exposure 
time of 2000 x 0.5 s plus 80 x 50 s per orientation). They then used the guided 
HIO [45] to reconstruct the 25 different 2D projections, which they assembled in 
a 3D image using a tomographic technique. Numerous other 3D imaging exam¬ 
ples can be found (e.g., [53, 54]). Raines et al. proposed another method, which 
they called ankylography, to achieve 3D imaging from a single orientation of the 
sample under some specific experimental conditions [55]. Ptychography is another 
technique based on coherent diffractive imaging developed for extended objects, 
larger than the beam size (in which case the object is not an isolated object) [56]. 
The idea is to scan the object with the beam, taking a diffraction pattern at each 
position. If each spot overlaps with its neighbors, the information is highly re- 
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Figure 17.22 (a) 3D reconstruction of a pyra¬ 
mid of silicon nitride membrane, covered by 
50-nm gold spheres. Experiment performed at 
the ALS (A = 1.65 nm). Taken from [10]. (b) 


3D reconstruction of a yeast spore cell. Exper¬ 
iment performed at the SPring-8 synchrotron 
source (A = 0.25 nm). Taken from [50]. 



Figure 17.23 (a) Ptychography experimental set up, (c) projection image of a mouse bone with 
the scanning points superimposed, (b) 3D rendering of the tomographic reconstruction, show¬ 
ing a inner structure of the bone. Taken from [56]. 


dundant and both the sample and the beam properties can be recovered. An ex¬ 
ample is presented in Figure 17.23. Of course, this kind of measurement is even 
more demanding experimentally: the example shown here required a set of 704 
scan points for each of the 180 sample orientations. The total exposure time was 
36 h. 
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Figure 17.24 Time-resolved CDI of a patterned silicon nitride sample at the moment of de¬ 
struction by picosecond laser ablation, (a) Evolution of the diffraction pattern with pump-probe 
delay, (b) Evolution of the sample reconstruction with pump-probe delay. Taken from [57], 


One advantage of the high-order harmonics sources, and to a lesser extent of 
free-electron lasers (cf. 17.1) is a short pulse duration that allows time-resolved ex¬ 
periments. The difficulty with FELs is that they need to be synchronized with a 
pump laser. The temporal jitter from imperfect synchronization lowers the tempo¬ 
ral resolution. An early experiment at FLASH FEL [57] used a picosecond laser to 
ablate a sample made of a silicon nitride membrane, patterned with a focused ion 
beam. In a pump-probe scheme, using new, but identical samples for each delay, 
the destruction of the object could be observed in real time by imaging the process 
with picosecond resolution. The result is presented in Figure 17.24. Single shot 
measurements are mandatory if perfectly identical samples are not available. Free- 
electron lasers offer the required properties for such single shot measurements 
(contrary to synchrotrons). High-order harmonics sources also demonstrated the 
ability to perform single shot coherent diffraction experiments [13]. Because they 
are naturally synchronized with the generating ultrafast laser, their femtosecond 
or even attosecond pulse duration should soon lead to time resolved results with 
subpicosecond time resolution. 
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17.5 

Holography 

Oversampling and phase-retrieval algorithms are one way to solve the phase prob¬ 
lem and reconstruct a sample image from its far-field diffraction pattern. This tech¬ 
nique is efficient and has already provided beautiful results, but it suffers from 
some drawbacks. The algorithms can be complicated and requires significant com¬ 
putation time for 3D image reconstruction. When the data are noisy, convergence 
is difficult to achieve. Also, sophisticated algorithms depend on parameters that 
have optimum values which are problem dependent: finding the right parameter 
values for each reconstruction is time consuming. However it is possible to encode 
directly the sample phase information in the diffraction pattern using holographic 
techniques. Here, we describe two such techniques: Fourier transform holography 
(FTH) first and secondly a holography technique using extending references. 

17.5.1 

Fourier Transform Holography 

Fourier transform holography uses interferences between the field scattered by the 
sample and the field of a reference to encode phase information. In the first X-ray 
FTH experiment [58], McNulty and co-workers used the first-order focus of a zone 
plate to generate the reference beam, while the zero order was illuminating the 
sample. In later experiments, the reference was usually produced by a small aper¬ 
ture in the vicinity of the sample (see [59] for instance). In order to explain the 
principle of FTH, let us take this latter example, using a sample as shown in Fig¬ 
ure 17.25. The sample is labeled p, and contains two components: the object itself, 
o (here a letter h patterned in a silicon nitride membrane), and the references, r 
(two holes were used here). The experimental setup and parameters are the same 
as for coherent diffractive imaging (Figure 17.5, [13]). The recorded diffraction pat¬ 
tern in the far field, which is called a hologram in holography, presents additional 
fringes due to the interferences between the scattered fields from the object and 
the references. It can be written as 

Hologram = | S 7 [p)\ 2 = I.T'(o) + S' (r)| 2 . (17.41) 

Denoting the object and reference Fourier transforms as O and R, Eq. (17.41) be¬ 
comes 

Hologram = |0| 2 + |fl| 2 + OR* + O* R . (17.42) 

If we take the inverse Fourier transform of Eq. (17.42), we get the sample autocor¬ 
relation (see Eq. (17.32)), which can be written as 

F -1 (Hologram) = p®p=o(g>o+r(g>r+o(g>r+r(g>o. (17.43) 

The first two terms in Eq. (17.43) represent the object and reference autocorrela¬ 
tions. The other two terms represent cross-correlations between object and refer¬ 
ence. If the reference is small enough to be considered as a Dirac function, the 
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Figure 17.25 Fourier transform hologra¬ 
phy: the sample contains the object o and 
one (or more) references r, close to it (a). 
The diffraction pattern, called the hologram 
shows fringes due to the interferences be¬ 


tween the different diffracted fields (b). The 
reconstructed image shows four object im¬ 
ages corresponding to the object-reference 
cross-correlations (c). 


inverse Fourier transform of the hologram directly gives the object reconstruction 
(and its twin image). An example is given in Figure 17.25. In the reconstruction, 
the bright central part is the superposition of object and reference autocorrelations. 
Four object images “h” can be recognized. The two images on the top and bottom 
come from the vertically displaced reference (they are one reconstruction and its 
central symmetric), while the other two come from the horizontally displaced ref¬ 
erence. Finally, only two independent reconstructions are achieved, one for each 
reference pinhole. The reconstruction principle works for complex object. In the 
example shown in Figure 17.25, the sample was a pure transmission object and in 
this simple case the phase is flat. 


17.5.1.1 Limitations 

The main limitation of FTH is apparent in Eq. (17.43). To reconstruct the object 
directly from the hologram by inverse Fourier transform, we supposed that the 
reference could be approximated by a Dirac function. If the reference is larger, the 
reconstruction will actually give the cross-correlation between the object and the 
reference, thus reducing the spatial resolution. This is illustrated in Figure 17.26a: 
the reference pinhole is large and the object reconstruction is blurred. However, 
this is an interference experiment. To ensure a fringe visibility, the intensities of the 
fields going through the object and the reference have to be similar, which implies 



Figure 17.26 (a) Effect of a large reference on the spatial resolution, (b) Relationship between 
diffraction angle and spatial resolution. 
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Figure 17.27 Holographic separation condi¬ 
tion. The object has a size a X b. The distance 
d y between the object and one reference is too 
short, so the object reconstruction by that ref¬ 


erence is overlapping with the autocorrelation 
terms. Distance d x with the second reference 
is large enough to separate the object recon¬ 
struction from autocorrelation terms. 


that the reference has to be large. Moreover, enlarging the reference increases the 
SNR at large diffraction angles, which in turn implies that the spatial resolution 
will be better (see Figure 17.26b). 

Another drawback of FTH lies in the experimental requirements. The sample 
needs to be designed carefully. Figure 17.27 illustrates a case, when the distance 
between the object and the reference is too small and the object reconstruction 
overlaps with the autocorrelation terms. This is called the holographic separation 
condition. The direct consequence of this condition is that fields with higher spatial 
coherence are required: the coherence length needs to be larger than the distance 
between the object and the reference, not just larger than the object as in pure 
coherent diffractive imaging. 


17.5.1.2 Applications 

Fourier transform holography has been used with lasers in the visible regime for 
some time now, but its first meaningful applications with UV or X-ray sources are 
more recent. Me Nulty et al., as we already mentioned, performed a FTH experi¬ 
ment in 1992 but without a pinhole or a small scatterer for the reference [58]. An 
experiment with reference was performed in 2004 by Eisebitt and co-worlcers (see 
Figure 17.28) [59]. They used FTH to image magnetic domains in a Co/Pt multilay¬ 
er film, working at the cobalt L edge (2 = 1.59 nm). Since then, many experiments 



hologram reconstruction 

Figure 17.28 FTH imaging of magnetic domains in CO/Pt multilayer films. The black and white 
domains in the object reconstruction represent the two orientations of domains. The reference 
size was 100 nm and the spatial resolution 50 nm (A = 1.59 nm). Taken from [59]. 
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Figure 17.29 (a) Experimental setup, with 
two spatially separated and time delayed puls¬ 
es, represented in red and blue, (b) Sample 
illumination: the object at the center is illu¬ 
minated by both red and blue pulses, while 


most of the references see only one pulse, 
(c) Hologram and object reconstructions. 
Reconstructions marked in red are due to a 
reference illuminated only by the red pulse. 
Taken from [64], 


imaged magnetic domains, not only mostly at the same Co edge [60-62], but also at 
higher wavelength (at the cobalt M edge). Imaging of biological samples was also 
published [63]. Gniither and co-workers proposed a clever way, by using multiple 
references hit by delayed pulses (while both pulses are superimposed on the object) 
to perform time resolved sequential imaging (Figure 17.29) [64]. 

In parallel, a lot of effort was invested to overcome FTH limitations. FTH can be 
combined with iterative algorithms: FTH can be the first step, producing a tight 
support for the phase-retrieval algorithm [65]. But there is no clear demonstration 
that this can really improve the spatial resolution. As we already mentioned, the 
problem lies in the size of the reference. If the reference is large but perfectly 
known, its exact shape can however be deconvoluted from the reconstruction, and 
so its size is less a limitation [66]. Tackling the problem from the other side, one 
can use a small-sized reference, in order to achieve a good spatial resolution, and 
add several of them (see, e.g., [67]). As shown in Figure 17.30, the reconstruction 
from a single small reference can be so noisy that the object is not visible. But when 
all the reconstructions from five different reference holes are summed coherently, 
a good quality reconstruction of the object is obtained. However the holographic 



Figure 17.30 (a) Sample, with one object (the “F” letter) and five point-like references, (b) Re¬ 
construction from one single reference, (c) Coherent sum of the five reconstructions. Taken 
from [67], 
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separation condition has to be fulfilled for every reference, which can complicate 
the layout. Marchesini and co-workers pushed this approach to the extreme, using 
a uniformly redundant array: a special procedure can then to be used to decode the 
hologram [68], 

17.5.2 

HERALDO 

Holography with extended reference by autocorrelation linear differential opera¬ 
tion (HERALDO) was proposed by Guizar Sicairos and Fienup [69, 70], based on 
an idea of Podorov and co-workers [71]. HERALDO uses extended references to 
maximize the fringe contrast but does not require a perfect knowledge of the ref¬ 
erence. More precisely, it used the edges of extended objects as the references and 
combine a differential operator with the reference shape to provide a direct recon¬ 
struction procedure. 

17.5.2.1 HERALDO Principle 

The idea behind the HERALDO technique is summarized in Figure 17.31: the 
slit r, parallel to the x axis, delivers two point-like Dirac functions after derivation 
along x. Applying the correct differential operator associated to a given reference, 
a single-point reference can be reconstructed. This adds one step as compared to 
FTH reconstruction, as can be seen in Figure 17.32. The hologram is first inverse 
Fourier transformed (this is the same step as in FTH). The object is still convoluted 
with the reference and, consequently, no spatial resolution is apparent at this point. 

The differential operator associated with the reference is then applied. In the ex¬ 
ample, one reconstruction of the object appears at each extremity of the reference 
slit. Compared to Eq. (17.43), the HERALDO procedure can be written as 

-pr(p <8> p) = C + ~^r{o (g> r) + -pr(r ® o) , (17.44) 

ax ax ax 

where C stands for the autocorrelation terms. Hence 

-pr(p <g) p) = C + (- 0 ) <8> —(f) + -j—(r) <g> o (17.45) 

ax ax ax 

d 

— {p®p)=C-° (x+a) + o (x+ b) (17.46) 



Figure 17.31 A extended slit can be transformed into two single-point references by derivation 
along the slit direction. 
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Figure 17.32 HERALDO reconstruction proce¬ 
dure: the field diffracted by the sample (object 
+ extended reference) gives an hologram. 

After inverse Fourier transform, the linear dif¬ 


ferential operator is applied to the sample 
autocorrelation, and gives a direct reconstruc¬ 
tion of the object. 


as d/(dx)(r) is a Dirac function centered on the reference extremity. It is worth not¬ 
ing that the exact orientation of the reference does not have to be known: it can be 
found analyzing the main diffraction direction in the hologram. The shape of the 
extended reference can be more complicated than a simple slit: the reference can 
consist of triangles, squares, or other shapes. In those cases, it may be necessary to 
combine two or more differential operators along different directions, transform¬ 
ing the sharp edge of a triangle into a point, for instance. The technique has also 
been extended to the case of crossing wires, which may be easier to manufacture 
for small-scale samples [72]. 


17.5.2.2 Limitations and Advantages 

The spatial resolution in a HERALDO experiment is not limited by the size of 
the reference, but the quality of the edges is nevertheless a limiting factor. If the 
reference derivative is not a point-like function, Eq. (17.45) shows that the recon¬ 
struction process will degrade the resolution. 

Another difficulty comes from the holographic separation condition. Designing a 
sample with an extended reference adds additional constraints in the reference size 
and position [69]. This also means that the coherence requirement on the source 
is more stringent. Also, the reference should be tailored to match the object under 
study. Although this is not difficult when patterning objects and references on a 
membrane, this may be more difficult for other kinds of samples. The use of carbon 
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nanotubes as references was proposed to achieve better resolution [73]. However, 
in the case of macroprotein imaging, bringing the reference at the right distance 
from the object seems to be rather difficult. Experiments may need to rely on luck, 
sending both the object and the reference into the X-ray beam path using molecular 
jets and hoping that, for some shots, the distance would be right. 

It is difficult to compare different techniques, but from preliminary results ob¬ 
tained with our HHG source, HERALDO seems to be less sensitive to noise than 
iterative algorithms [74]. Moreover, we found that for 1-pm objects, using a 32- 
nm HHG source to perform diffractive imaging experiments, iterative algorithms 
could not invert the diffraction patterns in the single shot regime, while HERAL¬ 
DO, with various reference shapes, succeeded. 


17.5.2.3 Applications 

Experiment using the HERALDO technique have been performed, with several dif¬ 
ferent radiation sources: synchrotrons [72, 75], free-electron lasers [76], and HHG 
sources [73]. Figures 17.33 and 17.34 show two of those results. The first illus¬ 
trates the use of a nontrivial reference shape (a triangle). The diffraction pattern 
(Figure 17.33b) is dominated by the diffraction from the edges of the reference, 
but signal from the object itself is also visible. The triangular reference gives three 
independent reconstructions, each obtained after applying two differential opera¬ 
tors per reference. The three reconstructions can be added coherently to increase 
the spatial resolution. The second example, performed with a HHG source, is 
a single laser shot measurement: we demonstrated a 110-nm spatial resolution 
(2 = 32 nm) and 20-fs temporal resolution. Time-resolved experiments become 
possible with real time data analysis, thanks to the direct image reconstruction. Fig¬ 
ure 17.35 shows a sample with two large square references. The spacing between 
the references and the object, as well as the size of the squares, are dictated by 
the holographic separation condition. After applying the reconstruction procedure, 



Figure 17.33 (a) SEM image of the sample. 
The triangle is the reference, and the squares, 
made of 18-nm iron nanocubes, is the object, 
(b) Diffraction pattern, on a log scale, tak¬ 
en at the Stanford Synchrotron Light Source 


(2 = 1.76 nm). (c) Individual reconstruction 
from each corner of the reference, (d) Coher¬ 
ent sum of the reconstructions, providing 
16-nm resolution. Taken from [75]. 
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Figure 17.34 (a) SEM image of the sample. 
Two perpendicular slits were used as refer¬ 
ences. (c) and (d) Reconstructions from the 
horizontal and vertical slits, respectively. Two 


independents images are obtained per recon¬ 
struction, one at each slit extremity, (d) Co¬ 
herent sum of the reconstructions, providing 
110-nm resolution. Taken from [73]. 



Figure 17.35 (a) SEM image of the sample. 
Two large squares were used as references. 
The object and the squares are each 1-pm 
wide, (b) Reconstruction of the object. The 
inverse Fourier transform of the diffraction 


pattern was differentiated along both, the 
vertical and the horizontal axis. Eight inde¬ 
pendent reconstructions are visible, with their 
twin images. 


eight different reconstructions of the object are obtained, one for each corner of the 
either reference. One of the two references was badly illuminated, which explains 
why some of the reconstructions show reduced contrast. Nevertheless, adding co¬ 
herently the eight reconstructions should result in a good spatial resolution. 


17.6 

Conclusions 

UV-X-ray CDI is a promising imaging technique, which will soon give access 
to both the ultrasmall (nanometer or Angstrom) and the ultrafast (femtosecond) 
scales. CDI is based on the far-held diffraction theory, stating that the far-held 
diffraction pattern of a sample is its Fourier transform. However, because detec- 
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tors, such as CCD cameras, register only the intensity of the field, oversampling of 
the diffraction pattern is necessary to solve the phase problem and to reconstruct 
the sample image. Thanks to very powerful iterative algorithms, 3D imaging of 
isolated objects is now possible. The phase problem can also be solved using exper¬ 
imental tricks to encode the phase into the diffraction pattern. We discussed FTH, 
with or without extended references. Other kinds of holography are, of course, 
applicable, for example, in-line holography. We deliberately did not compare the 
resolution achieved by holography and iterative algorithms. Such a comparison is 
not easy, and maybe even impossible. The choice of experimental method is strong¬ 
ly problem dependent. Holography data are easier to analyze, but the resolution 
is limited by the reference size and/or quality. Nanocrystals or carbon nanotubes 
can be used, but reaching atomic-scale spatial resolution seems difficult. On the 
other hand, we saw that HERALDO was more efficient than iterative algorithms 
for image retrieval in the case of single shot imaging with a low-photon flux. 

As we mentioned in the introduction, one goal of CDI is to perform protein imag¬ 
ing, in order to reveal three-dimensional protein structure. A first step toward this 
end has been reached at the hard X-ray free-electron laser LCLS in the beginning of 




(b) (c) 

Figure 17.36 (a) Experimental setup for protein nanocrystal imaging, (b) Low angle diffraction 
pattern on a log scale. The inset shows the reconstruction of the corresponding nanocrystal. 

(c) Electron density map of the protein complex. See [4] for details. 
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2011 [4]. The authors were able to resolve the structure of photosystem I, with 8.5-A 
resolution, by the investigation of nanocrystals. Nanocrystals are easier to manu¬ 
facture as compare to the larger crystals traditionally used in crystallography. Fig¬ 
ure 17.36 shows their experimental setup and main results. Individual nanocrys¬ 
tals, suspended in a liquid jet, cross the X-ray beam path (2 = 1.8 keV = 0.69 nm). 
Two detectors, at a short distance (for large angle diffraction) and farther away (for 
small-angle diffraction) recorded more than 3 000 000 diffraction patterns. After 
sorting the data to account for random crystal orientations, they were able to recon¬ 
struct the shape of the nanocrystals (bottom left) but also the electron density map 
for the protein complex (bottom right). A newer experiment at the same facility re¬ 
solved the structure of a cysteine protease with 2.1-A resolution by analyzing some 
300 000 diffraction images from microcrystals [77]. 


References 

1 Chao, W., Kim, J., Rekawa, S., Fischer, 
P., and Anderson, E.H. (2009) Demon¬ 
stration of 12 nm resolution fresnel zone 
plate lens based soft X-ray microscopy. 
Opt. Express, 17 (20), 17669-17677. 

2 Chao, W., Harteneck, B.D., Liddle, J.A., 
Anderson, E.H., and Attwood, D.T. 
(2005) Soft X-ray microscopy at a spatial 
resolution better than 15 nm. Nature, 
435, 1210-1213. 

3 Gaffney, K.J. and Chapman, H.N. (2007) 
Imaging atomic structure and dynamics 
with ultrafast X-ray scattering. Science, 
316 (5830), 1444-1448. 

4 Chapman, H.N., Fromme, P., Barty, 

A., White, T.A., Kirian, R.A., Aquila, 

A., Hunter, M.S., Schulz, J., DePonte, 
D.P., Weierstall, U., Doak, R.B., Ma- 
ia, F.R.N.C., Martin, A.V., Schlichting, 

1., Lomb, L., Coppola, N., Shoeman, 

R. L., Epp, S.W., Hartmann, R., Rolles, 
D., Rudenko, A., Foucar, L., Kimmel, N., 
Weidenspointner, G., Holl, P., Liang, M., 
Barthelmess, M., Caleman, C., Boutet, 

5., Bogan, M.J., Krzywinski, J., Bostedt, 
C., Bajt, S., Gumprecht, L., Rudek, B., 
Erk, B., Schmidt, C., Homke, A., Reich, 

C. , Pietschner, D., Struder, L., Hauser, 

G. , Gorke, H., Ullrich, J., Herrmann, 

S. , Schaller, G., Schopper, F., Soltau, 

H. , Kuhnel, K.U., Messerschmidt, M., 
Bozek, J.D., Hau-Riege, S.P., Frank, M., 
Hampton, C.Y., Sierra, R.G., Starodub, 

D. , Williams, G.J., Hajdu, J., Timneanu, 


N., Seibert, M.M., Andreasson, J., Rock¬ 
er, A., Jonsson, O., Svenda, M., Stern, S., 
Nass, K., Andritschke, R., Schroter, C.D., 
Krasniqi, F., Bott, M., Schmidt, K.E., 
Wang, X., Grotjohann, I., Holton, J.M., 
Barends, T.R.M., Neutze, R., Marchesi- 
ni, S., Fromme, R., Schorb, S., Rupp, 
D., Adolph, M., Gorkhover, T., Ander- 
sson, I., Hirsemann, H., Potdevin, G., 
Graafsma, H., Nilsson, B., and Spence, 
J.C.H. (2011) Femtosecond X-ray pro¬ 
tein nanocrystallography. Nature, 470, 
73-77. 

5 Kirz, J., Jacobsen, C., and Howells, M. 
(1995) Soft X-ray microscopes and their 
biological applications. Q. Rev. Biophys., 
28, 33-130. 

6 Sayre, D. (1952) Some implications of a 
theorem due to Shannon. Acta Crystallo- 
gr„ 5 (6), 843. 

7 Sayre, D. (1980) Prospects for long- 
wavelength X-ray microscopy and diffrac¬ 
tion, Springer-Verlag, Berlin, in: Imag¬ 
ing Processes and Coherence in Physics, 
pp. 229-235. 

8 Sayre, D., Chapman, H.N., and Miao, 

J. (1998) On the Extendibility of X-ray 
Crystallography to Noncrystals. Acta 
Crystallogr. Sect. A, 54 (2), 232-239. 

9 Miao, J., Charalambous, P., Kirz, J., 
and Sayre, D. (1999) Extending the 
methodology of X-ray crystallography 
to allow imaging of micrometre-sized 


References 


593 


non-crystalline specimens. Nature, 400, 
342-344. 

10 Chapman, H.N., Barty, A., Marchesi- 
ni, S., Noy, A., Hau-Riege, S.P., Cui, 

C. , Howells, M.R., Rosen, R., He, 

H. , Spence, J.C.H., Weierstall, U., 
Beetz, T., Jacobsen, C., and Shapiro, 

D. (2006) High-resolution ab initio 
three-dimensional X-ray diffraction mi¬ 
croscopy. J. Opt. Soc. Am. A, 23 (5), 
1179-1200. 

11 Born, M. and Wolf, E. (1989) Principles of 
Optics, Pergamon Press, 6th edn. 

12 Shapiro, D., Thibault, P., Beetz, T., Elser, 
V., Howells, M., Jacobsen, C., Kirz, J., 
Lima, E., Miao, H., Neiman, A.M., and 
Sayre, D. (2005) Biological imaging by 
soft X-ray diffraction microscopy. Proc. 
Natl. Acad. Sci. USA, 102 (43), 15343- 
15346. 

13 Ravasio, A., Gauthier, D., Maia, F.R.N.C., 
Billon, M., Caumes, J.P., Garzella, D., 
Geleoc, M., Gobert, O., Hergott, J.F., Pe¬ 
na, A.M., Perez, H., Carre, B., Bourhis, 

E. , Gierak, J., Madouri, A., Mailly, D., 
Schiedt, B., Fajardo, M., Gautier, J., 
Zeitoun, P., Bucksbaum, P.H., Haj- 
du, J., and Merdji, H. (2009) Single¬ 
shot diffractive imaging with a table-top 
femtosecond soft X-ray laser-harmonics 
source. Phys. Rev. Lett., 103, 028104. 

14 Kim, H.T., Kim, I.J., Kim, C.M., Jeong, 
T.M., Yu, T.J., Lee, S.K., Sung, J.H., 
Yoon, J.W., Yun, H., Jeon, S.C., Choi, 

I. W., and Lee, J. (2011) Single-shot 
nanometer-scale holographic imaging 
with laser-driven X-ray laser. Appl. Phys. 
Lett., 98 (12), 121105. 

15 Spence, J.C.H., Weierstall, U., and How¬ 
ells, M. (2004) Coherence and sampling 
requirements for diffractive imaging. 
Ultramicroscopy, 101 (2-4), 149-152. 

16 Williams, G.J., Quiney, H.M., Peele, 
A.G., and Nugent, K.A. (2007) Coherent 
diffractive imaging and partial coher¬ 
ence. Phys. Rev. B, 75 (10), 104102. 

17 Singer, A., Vartanyants, I.A., Kuhlmann, 
M., Duesterer, S., Treusch, R., and Feld- 
haus, J. (2008) Transverse-coherence 
properties of the free-electron-laser 
FLASH at DESY. Phys. Rev. Lett., 

101 (25), 254801. 


18 Ditmire, T„ Gumbrell, E.T., Smith, R.A., 
Tisch, J.W.G., Meyerhofer, D.D., and 
Hutchinson, M.H.R. (1996) Spatial co¬ 
herence measurement of soft X-ray radi¬ 
ation produced by high order harmon¬ 
ic generation. Phys. Rev. Lett., 77 (23), 
4756-4759. 

19 Le Deroff, L., Salieres, P., Carre, B., 
Joyeux, D., and Phalippou, D. (2000) 
Measurement of the degree of spatial co¬ 
herence of high-order harmonics using 
a Fresnel-mirror interferometer. Phys. 
Rev. A, 61 (4), 043802. 

20 Whitehead, L.W., Williams, G.J., Quiney, 
H.M., Vine, D.J., Dilanian, R.A., Flewett, 
S., Nugent, K.A., Peele, A.G., Balaur, E., 
and McNulty, I. (2009) Diffractive imag¬ 
ing using partially coherent x rays. Phys. 
Rev. Lett., 103 (24), 243902. 

21 Chen, B., Dilanian, R.A., Teichmann, S., 
Abbey, B., Peele, A.G., Williams, G.J., 
Hannaford, P., Van Dao, L., Quiney, 

H. M., and Nugent, K.A. (2009) Multiple 
wavelength diffractive imaging. Phys. 
Rev. A, 79 (2), 023809. 

22 Henderson, R. (1995) The potential and 
limitations of neutrons, electrons and 
X-rays for atomic resolution microscopy 
of unstained biological molecules. Q. 
Rev. Biophys., 28, 171-193. 

23 Maser, Osanna, Wang, Jacobsen, Kirz, 
Spector, Winn, and Tennant (2000) Soft 
X-ray microscopy with a cryo scan¬ 
ning transmission X-ray microscope: 

I. instrumentation, imaging and spec¬ 
troscopy./. Microsc., 197 (1), 68-79. 

24 Shen, Q., Bazarov, I., and Thibault, P. 
(2004) Diffractive imaging of nonperiod¬ 
ic materials with future coherent X-ray 
sources./. Synchrotron Radiat., 11 (5), 
432-438. 

25 Howells, M., Beetz, T., Chapman, H., 
Cui, C., Holton, J., Jacobsen, C., Kirz, J., 
Lima, E., Marchesini, S., Miao, H., Sayre, 
D., Shapiro, D., Spence, J., and Staro- 
dub, D. (2009) An assessment of the 
resolution limitation due to radiation- 
damage in X-ray diffraction microscopy. 
/. Electron Spectrosc. Relat. Phenom., 

170 (1-3), 4-12. 

26 Larsen, J., Hald, K., Bjerre, N., and 
Stapelfeldt, H. (2000) Three dimen¬ 
sional alignment of molecules using 


594 


7 7 Coherent Diffractive Imaging 


elliptically polarized laser fields. Phys. 
Rev. Lett., 85 (12), 2470. 

27 Huldt, G., Szoke, A., and Hajdu, J. 
(2003) Diffraction imaging of single 
particles and biomolecules. J. Struct. 
Biol., 144 (1-2), 219-227. 

28 Hau-Riege, S.P., London, R.A., Huldt, 
G., and Chapman, H.N. (2005) Pulse 
requirements for X-ray diffraction imag¬ 
ing of single biological molecules. Phys. 
Rev. E, 71 (6), 061919. 

29 Loh, N.T.D. and Elser, V. (2009) Recon¬ 
struction algorithm for single-particle 
diffraction imaging experiments. Phys. 
Rev. E, 80 (2), 026705. 

30 Loh, N.D., Bogan, M.J., Elser, V., Bar- 
ty. A., Boutet, S., Bajt, S., Hajdu, J., 
Ekeberg, T., Maia, F.R.N.C., Schulz, J., 
Seibert, M.M., Iwan, B., Timneanu, N., 
Marchesini, S., Schlichting, I., Shoe- 
man, R.L., Lomb, L., Frank, M., Liang, 
M., and Chapman, H.N. (2010) Crypto¬ 
tomography: Reconstructing 3D Fouri¬ 
er intensities from randomly oriented 
single-shot diffraction patterns. Phys. 
Rev. Lett., 104 (22), 225501. 

31 Hau-Riege, S.P., London, R.A., and 
Szoke, A. (2004) Dynamics of biologi¬ 
cal molecules irradiated by short X-ray 
pulses. Phys. Rev. E, 69 (5), 051906. 

32 Chapman, H.N., Barty, A., Bogan, M.J., 
Boutet, S., Frank, M., Hau-Riege, S.P., 
Marchesini, S., Woods, B.W., Bajt, S., 
Benner, W.H., London, R.A., Plonjes, 
E., Kuhlmann, M., Treusch, R., Duster- 
er, S., Tschentscher, T., Schneider, J.R., 
Spiller, E., Moller, T., Bostedt, C., Hoen- 
er, M., Shapiro, D.A., Hodgson, K.O., 
van der Spoel, D., Burmeister, F., Bergh, 
M., Caleman, C., Huldt, G., Seibert, 
M.M., Maia, F.R.N.C., Lee, R.W., Szoke, 
A., Timneanu, N., and Hajdu, f. (2006) 
Femtosecond diffractive imaging with a 
soft-X-ray free-electron laser. Nat. Phys., 
2 (12), 839-843. 

33 Neutze, R., Wouts, R., van der Spoel, 
D., Weckert, E., and Hajdu, J. (2000) 
Potential for biomolecular imaging with 
femtosecond X-ray pulses. Nature, 406, 
752-757. 

34 Miao, J., Sayre, D., and Chapman, H.N. 
(1998) Phase retrieval from the magni¬ 
tude of the fourier transforms of nonpe¬ 


riodic objects. I. Opt. Soc. Am. A, 15 (6), 
1662-1669. 

35 Miao, J., Ishikawa, T., Anderson, E.H., 
and Hodgson, K.O. (2003) Phase re¬ 
trieval of diffraction patterns from non¬ 
crystalline samples using the oversam¬ 
pling method. Phys. Rev. B, 67 (17), 
174104. 

36 Bates, R. (1982) Fourier phase problems 
are uniquely solvable in more than one 
dimension. I: Underlying theory. Optik, 
61, 247-262. 

37 Crimmins, T.R., Fienup, J.R., and The- 
len, B.J. (1990) Improved bounds on 
object support from autocorrelation sup¬ 
port and application to phase retrieval. J. 
Opt. Soc. Am. A, 7 (1), 3-13. 

38 Marchesini, S., He, H., Chapman, H.N., 
Hau-Riege, S.P., Noy, A., Howells, M.R., 
Weierstall, U., and Spence, J.C.H. (2003) 
X-ray image reconstruction from a 
diffraction pattern alone. Phys. Rev. B, 
68 (14), 140101. 

39 Gerchberg, R. and Saxton, W. (1972) A 
practical algorithm for the determina¬ 
tion of phase from image and diffraction 
plane pictures. Optik, 35, 237-246. 

40 Marchesini, S. (2007) Invited article: A 
unified evaluation of iterative projection 
algorithms for phase retrieval. Rev. Sci. 
Instrum., 78 (1), 011301. 

41 Fienup, J.R. (1978) Reconstruction of an 
object from the modulus of its Fourier 
transform. Opt. Lett., 3 (1), 27-29. 

42 Fienup, J.R. (1982) Phase retrieval algo¬ 
rithms: a comparison. Appl. Opt., 21 (15), 
2758-2769. 

43 Russel Luke, D. (2005) Relaxed averaged 
alternating reflections for diffraction 
imaging. Inverse Probl., 21, 37-50. 

44 Elser, V. (2003) Phase retrieval by iter¬ 
ated projections. J. Opt. Soc. Am. A, 20, 
40-55. 

45 Chen, C.C., Miao, J., Wang, C.W., and 
Lee, T.K. (2007) Application of opti¬ 
mization technique to noncrystalline 
X-ray diffraction microscopy: Guided hy¬ 
brid input-output method. Phys. Rev. B, 
76 (6), 064113. 

46 Sandberg, R.L., Paul, A., Raymondson, 
D.A., Hadrich, S., Gaudiosi, D.M., Holt- 
snider, J., Tobey, R.I., Cohen, O., Mur- 
nane, M.M., Kapteyn, H.C., Song, C., 


References 


595 


Miao, J., Liu, Y., and Salmassi, F. (2007) 
Lensless diffractive imaging using table- 
top coherent high-harmonic soft-X-ray 
beams. Phys. Rev. Lett., 99 (9), 098103. 

47 Miao, J., Hodgson, K.O., Ishikawa, T., 
Larabell, C.A., LeGros, M.A., and Nishi- 
no, Y. (2003) Imaging whole Escherichia 
coli bacteria by using single-particle 
X-ray diffraction. Proc. Natl. Acad. Sci. 
USA, 100 (1), 110-112. 

48 Huang, X., Nelson, J., Kirz, J., Lima, 

E. , Marchesini, S., Miao, H., Neiman, 
A.M., Shapiro, D., Steinbrener, J., Stew¬ 
art, A., Turner, J.J., and Jacobsen, C. 
(2009) Soft X-ray diffraction microscopy 
of a frozen hydrated yeast cell. Phys. Rev. 
Lett., 103 (19), 198101. 

49 Nishino, Y., Takahashi, Y., Imamoto, N., 
Ishikawa, T., and Maeshima, K. (2009) 
Three-dimensional visualization of a 
human chromosome using coherent 
X-ray diffraction. Phys. Rev. Lett., 102 (1), 
018101. 

50 Jiang, H., Song, C., Chen, C.C., Xu, 

R., Raines, K.S., Fahimian, B.P., Lu, 
C.H., Lee, T.K., Nakashima, A., Urano, 
J., Ishikawa, T., Tamanoi, F., and Miao, 
J. (2010) Quantitative 3D imaging of 
whole, unstained cells by using X-ray 
diffraction microscopy. Proc. Natl. Acad. 
Sci. USA. 107 (25), 11234-11239. 

51 Mancuso, A.P., Gorniak, T., Staier, F., 
Yefanov, O.M., Barth, R., Christophis, 

C. , Reime, B., Gulden, J., Singer, A., Pet¬ 
tit, M.E., Nisius, T., Wilhein, T., Gutt, C., 
Griibel, G., Guerassimova, N., Treusch, 

R. , Feldhaus, J., Eisebitt, S., Weckert, E., 
Grunze, M., Rosenhahn, A., and Var- 
tanyants, I.A. (2010) Coherent imaging 
of biological samples with femtosecond 
pulses at the free-electron laser FLASH. 
New J. Phys., 12 (3), 035003. 

52 Seibert, M.M., Ekeberg, T., Maia, 

F. R.N.C., Svenda, M., Andreasson, J., 
Jonsson, O., Odic, D., Iwan, B., Rocker, 
A., Westphal, D., Hantke, M., DePonte, 

D. P., Barty, A., Schulz, [., Gumprecht, 
L., Coppola, N., Aquila, A., Liang, M., 
White, T.A., Martin, A., Caleman, C., 
Stern, S., Abergel, C., Seltzer, V., Claver- 
ie, J.M., Bostedt, C., Bozek, J.D., Boutet, 

S. , Miahnahri, A.A., Messerschmidt, M., 
Krzywinski, J., Williams, G., Hodgson, 


K.O., Bogan, M.J., Hampton, C.Y., Sier¬ 
ra, R.G., Starodub, D., Andersson, I., Ba- 
jt, S., Barthelmess, M., Spence, J.C.H., 
Fromme, P., Weierstall, U., Kirian, R., 
Hunter, M., Doak, R.B., Marchesini, S., 
Hau-Riege, S.P., Frank, M., Shoeman, 
R.L., Lomb, L., Epp, S.W., Hartmann, 
R., Rolles, D., Rudenko, A., Schmidt, 
C., Foucar, L., Kimmel, N., Holl, P., 
Rudek, B., Erk, B., Homke, A., Reich, 
C., Pietschner, D., Weidenspointner, G., 
Struder, L., Hauser, G., Gorke, H., Ull¬ 
rich, J., Schlichting, I., Herrmann, S., 
Schaller, G., Schopper, F., Soltau, H., 
Kuhnel, K.U., Andritschke, R., Schroter, 
C.D., Krasniqi, F., Bott, M., Schorb, S., 
Rupp, D., Adolph, M., Gorkhover, T., 
Hirsemann, H., Potdevin, G., Graafsma, 
H., Nilsson, B., Chapman, H.N., and 
Hajdu, J. (2011) Single mimivirus par¬ 
ticles intercepted and imaged with an 
X-ray laser. Nature, 470, 78-81. 

53 Miao, J., Ishikawa, T., Johnson, B., An¬ 
derson, E.H., Lai, B., and Hodgson, K.O. 
(2002) High resolution 3d X-ray diffrac¬ 
tion microscopy. Phys. Rev. Lett., 89 (8), 
088303. 

54 Diaz, A., Mocuta, C., Stangl, J., Man- 
dl, B., David, C., Vila-Comamala, J., 
Chamard, V., Metzger, T.H., and Bauer, 

G. (2009) Coherent diffraction imaging 
of a single epitaxial InAs nanowire us¬ 
ing a focused X-ray beam. Phys. Rev. B, 
79 (12), 125324. 

55 Raines, K.S., Salha, S., Sandberg, R.L., 
Jiang, H., Rodriguez, J.A., Fahimian, 
B.P., Kapteyn, H.C., Du, J., and Miao, J. 
(2009) Three-dimensional structure de¬ 
termination from a single view. Nature, 
463, 214-218. 

56 Dierolf, M., Menzel, A., Thibault, P., 
Schneider, P., Kewish, C.M., Wepf, R., 
Bunk, O., and Pfeiffer, F. (2010) Ptycho- 
graphic X-ray computed tomography at 
the nanoscale. Nature, 467, 436-439. 

57 Barty, A., Boutet, S., Bogan, M.J., Hau- 
Riege, S., Marchesini, S., Sokolowski- 
Tinten, K., Stojanovic, N., Tobey, R., 
Ehrke, H., Cavalleri, A., Dusterer, S., 
Frank, M., Bajt, S., Woods, B.W., Seib¬ 
ert, M.M., Hajdu, J., Treusch, R., and 
Chapman, H.N. (2008) Ultrafast single- 


596 


7 7 Coherent Diffractive Imaging 


shot diffraction imaging of nanoscale 
dynamics. Nat. Photonics, 2, 415-419. 

58 McNulty, I., Kirz, J., Jacobsen, C., An¬ 
derson, E.H., Howells, M.R., and Kern, 
D.P. (1992) High-resolution imaging 
by Fourier transform X-ray holography. 
Science, 256 (5059), 1009-1012. 

59 Eisebitt, S., Lorgen, M., Eberhardt, W., 
Liming, J., Andrews, S., and Stohr, J. 
(2004) Scalable approach for lensless 
imaging at X-ray wavelengths. Appl. 
Phys. Lett., 84 (17), 3373-3375. 

60 Hellwig, O., Eisebitt, S., Eberhardt, W., 
Schlotter, W.F., Liming, J., and Stohr, J. 
(2006) Magnetic imaging with soft X-ray 
spectroholography. J. Appl. Phys., 99 (8), 
08H307. 

61 Scherz, A., Schlotter, W.F., Chen, K., 
Rick, R., Stohr, J., Liming, J., McNulty, 
I„ Gunther, C., Radu, F., Eberhardt, W., 
Hellwig, O., and Eisebitt, S. (2007) Phase 
imaging of magnetic nanostructures us¬ 
ing resonant soft X-ray holography. Phys. 
Rev. B, 76 (21), 214410. 

62 Stickler, D., Fromter, R., Stillrich, H., 
Menk, C., Tieg, C., Streit-Nierobisch, 

S., Sprung, M., Gutt, C., Stadler, L.M., 
Leupold, O., Griibel, G., and Oepen, 
H.P. (2010) Soft X-ray holographic mi¬ 
croscopy. Appl. Phys. Lett., 96 (4), 042501. 

63 Guehrs, E., Gunther, C.M., Konnecke, 
R., Pfau, B., and Eisebitt, S. (2009) Holo¬ 
graphic soft X-ray omni-microscopy 

of biological specimens. Opt. Express, 

17 (8), 6710-6720. 

64 Gunther, C.M., Pfau, B., Mitzner, R., 
Siemer, B., Roling, S., Zacharias, H., 
Kutz, O., Rudolph, I., Schondelmaier, 
D., Treusch, R., and Eisebitt, S. (2011) 
Sequential femtosecond X-ray imaging. 
Nat. Photonics, 5, 99-102. 

65 Stadler, L.M., Gutt, C., Autenrieth, T., 
Leupold, O., Rehbein, S., Chushkin, Y., 
and Griibel, G. (2008) Hard x ray holo¬ 
graphic diffraction imaging. Phys. Rev. 
Lett., 100 (24), 245503. 

66 He, H., Weierstall, U., Spence, J.C.H., 
Howells, M., Padmore, H.A., Marchesi- 
ni, S., and Chapman, H.N. (2004) Use of 
extended and prepared reference objects 
in experimental Fourier transform X-ray 
holography. Appl. Phys. Lett., 85 (13), 
2454-2456. 


67 Schlotter, W.F., Rick, R., Chen, K., 
Scherz, A., Stohr, J., Liming, J., Eisebitt, 
S., Gunther, C., Eberhardt, W., Hellwig, 
O., and McNulty, I. (2006) Multiple ref¬ 
erence fourier transform holography 
with soft x rays. Appl. Phys. Lett., 89 (16), 
163112. 

68 Marchesini, S., Boutet, S., Sakdinawat, 
A.E., Bogan, M.J., Bajt, S., Barty, A., 
Chapman, H.N., Frank, M., Hau-Riege, 

S. P., Szoke, A., Cui, C., Shapiro, D.A., 
Howells, M.R., Spence, J.C.H., Shaevitz, 
J.W., Lee, J.Y., Hajdu, f., and Seibert, 
M.M. (2008) Massively parallel X-ray 
holography. Nat. Photonics, 2, 560-563. 

69 Guizar-Sicairos, M. and Fienup, J.R. 
(2007) Holography with extended ref¬ 
erence by autocorrelation linear differ¬ 
ential operation. Opt. Express, 15 (26), 
17592-17612. 

70 Guizar-Sicairos, M. and Fienup, J.R. 
(2008) Direct image reconstruction from 
a Fourier intensity pattern using heral- 
do. Opt. Lett., 33 (22), 2668-2670. 

71 Podorov, S.G., Pavlov, K.M., and Pa- 
ganin, D.M. (2007) A non-iterative re¬ 
construction method for direct and un¬ 
ambiguous coherent diffractive imag¬ 
ing. Opt. Express, 15 (16), 9954—9962. 

72 Guizar-Sicairos, M., Zhu, D., Fienup, 

J. R., Wu, B., Scherz, A., and Stohr, J. 
(2010) Holographic X-ray image recon¬ 
struction through the application of 
differential and integral operators. Opt. 
Lett., 35 (7), 928-930. 

73 Gauthier, D., Guizar-Sicairos, M., Ge, X., 
Boutu, W., Carre, B., Fienup, J.R., and 
Merdji, H. (2010) Single-shot femtosec¬ 
ond X-ray holography using extend¬ 
ed references. Phys. Rev. Lett., 105 (9), 
093901. 

74 Merdji, H. (2012) Private communica¬ 
tion. 

75 Zhu, D., Guizar-Sicairos, M., Wu, B., 
Scherz, A., Acremann, Y., Tyliszczak, 

T. , Fischer, P., Friedenberger, N., Ollefs, 

K. , Farle, M., Fienup, J.R., and Stohr, 

J. (2010) High-resolution X-ray lensless 
imaging by differential holographic en¬ 
coding. Phys. Rev. Lett., 105 (4), 043901. 

76 Nishino, Y., Tanaka, Y., Okada, M., 
Okaya, M., Uozaki, Y., Nozaki, K., 
Yabashi, M., Nagasono, M., Tono, K., 


References 


597 


Kimura, H., Ohashi, H., Matsui, S., 
Ishikawa, T., and Matsubara, E. (2010) 
Femtosecond snapshot holography with 
extended reference using extreme ul¬ 
traviolet free-electron laser. Appl. Phys. 
Express, 3 (10), 102701. 

77 Redecke, L., Nass, K., DePonte, D.P., 
White, T.A., Rehders, D., Barty, A., Stel- 
lato, F., Liang, M., Barends, T.R., Boutet, 
S., Williams, G.J., Messerschmidt, M., 
Seibert, M.M., Aquila, A., Arnlund, D., 
Bajt, S., Barth, T., Bogan, M.J., Caleman, 
C., Chao, T.C., Doak, R.B., Fleckenstein, 


H., Frank, M., Fromme, R., Galli, L., 
Grotjohann, I., Hunter, M.S., Johans¬ 
son, L.C., Kassemeyer, S., Katona, G., 
Kirian, R.A., Koopmann, R., Kupitz, C., 
Lomb, L., Martin, A.V., Mogk, S., Neutze, 
R., Shoeman, R.L., Steinbrener, J., Tim- 
neanu, N., Wang, D., Weierstall, U., Zat¬ 
sepin, N.A., Spence, J.C.H., Fromme, P., 
Schlichting, I„ Duszenko, M., Betzel, C., 
and Chapman, H.N. (2013) Natively in¬ 
hibited trypanosoma brucei cathepsin b 
structure determined by using an X-ray 
laser. Science, 339, 227-230. 


599 


Index 


Symbols 

1/f noise, 101 
2DSI, 73 
2PE, 444 

N-methylacetamide 

- electron hole migration, 410 

A 

ABCU 

- from 2 pm NIR radiation, 408 
Above-threshold ionization, 426 
Above-threshold ionization (ATI), 121, 191 
AD, 47 

Adiabaticity parameter 

- in Kr, 340 

Alignment of molecules, 413 
Amplified self-emission, 138 
Amplified spontaneous emission, 55 
Angular dispersion (AD), 47 
Angular distribution 

- measurement, 297 

- measurement by velocity map imaging, 
472 

APS, 439 
ARAIGNEE, 71 
Argon 

- autoionization, 386 

- Fano resonance, 386 

- multiple ionization, 486 
ASE, 138 

ATI, 121, 191, 426 
Attosecond nanophotonics, 421 
Attosecond nanoplasmonic streaking, 439 

- collective electron dynamics, 442 
Attosecond nanoscope, 444 
Attosecond pulse train 

-Attosecondpulses, 331, 421 

- autocorelation, 398 


attosecond pulses 

- from nanoparticles, 452 
Attosecond streaking technique, 439 
Auger cascade, 543 

Auger decay, 380 

- cascaded Auger decay, 391 

- Krypton, 388 

- xenon, 391 
Auger ionization 

- of neon, 542 
Autocorrelation, 75 

- field autocorrelation, 53 

- intensity autocorrelation, 54 

- interferometric autocorrelation, 53 

- second-order autocorrelation, 53 
Autoionization 

- argon, 386 

- autoionization times in helium, 373 

- helium, 371 

- krypton, 388 
-xenon, 391 

Azabicyclo[3.3.3]undecane 

- electron dynamics, 408 

B 

Basis functions, 260 
Born approximation, 561 
Born-Oppenheimer approximation, 287 
Broadband frequency conversion, 23 

C 

Carbon dioxide 

- electron hole migration, 409 

- pump-probe experiment, 398 
Carrier envelope offset (CEO), 44 
Carrier envelope phase 

- control of electron emission, 425 

- control of hydrogen dissociation, 399 


Attosecond and XUV Physics, First Edition. Edited by Thomas Schultz and Marc Vrakking. 

© 2014 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2014 by WILEY-VCH Verlag GmbH & Co. KGaA. 


600 


Index 


Carrier envelope phase (CEP), 21, 44, 45, 95, 
96, 334, 397, 425 

- amplifier stabilization, 123 

- closed-loop noise analysis, 103 

- feedback stabilization, 110 
-feed-forward stabilization, 114 

- in amplifiers, 115 

- in oscillators, 104 

- noise, 100 

- open-loop noise analysis, 101 

- oscillator stabilization, 110 
Carrier envelope phase detection, 107 

- 0-f CEP stabilization, 128 

- above-threshold ionization (ATI), 121 

- common-path interferometer, 109 

- f-2f interferometer, 107,119 

- half-cycle cutoff in high harmonic 
spectra, 123 

- Michelson interferometer, 109 

- multiphoton-induced surface 
photoemission, 122 

- quantum interferences in 
semiconductors, 109 

- spectrally and spatially resolved 
interferometry, 110 

- terahertz-emission spectroscopy, 122 
CCA, 435 

CEO, 44 

CEP, 44, 45, 95, 334, 397, 425 
charge oscillation 

- krypton, 390 

Chirped pulse amplification (CPA), 22, 25, 26, 
116 

Chromatic aberration, 48 
Cluster plasmons, 433 
Cold-target recoil ion momentum 
spectroscopy (COLTRIMS) 

- in Xe, 472 
COLTRIMS 

- electron dynamics, 472 

Constant cross-section approximation, 435 
CPA, 22, 25, 26, 116 
Cross-correlation, 55 

- with X-rays, 545 
Cross-phase modulation (XPM), 62 

D 

Delayed photoemission, 384 
Deuterium 

- two-photon double ionization, 487 
DFG, 127, 128 

Difference frequency generation (DFG), 127, 
128 


Discrete-variable grid, 260, 278 
Dissociative ionization 

- of hydrogen, 290 

Dissociative photoionization (DPI), 294 
Double ionization 

- helium, 373 

- nonsequential double above threshold 
ionization, 377 

- nonsequential two-photon double 
ionization, 375 

- postionization energy exchange, 377 

- second ionization during core relaxation, 
377 

- sequential two-photon double ionization, 
376 

DPI, 294 

Dressed potential energy surfaces 

- high-energy cutoff, 399 
DVR, 260 

E 

Effective range theory, 198 

Ehrenfest theorem, 396 

Eigenstates of helium, 365 

Eigenstates of hydrogen, 362 

Electron complex canonical momenta, 220 

Electron correlation, 378 

Electron dynamics, 397 

- coupled to nuclear dynamics, 412 

- hole migration, 409 

- in ABCU, 408 

- in lithium hydride, 405 

- in Mg-porphyrin, 407 

- in the DNA backbone, 415 

- in water and ice, 416 
Electron dynamics in hydrogen 

- in Xe, 406 
Electron emission 

- control by carrier envelope phase, 425 

- from nanoparticles, 426 

- from SiC >2 nanoparticles, 427 
Electron hole migration 

- in N-methylacetamide, 410 

- in a peptide, 411 

- in carbon dioxide, 397, 409 

- in glycine, 410 
Electron localization 

- hydrogen, 398 
Electron ponderomotive energy 

- in Xe, 341 

- post-orientation in linear molecules, 326 
Electron recollison, 325 

Electron tunneling, 219 
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Electron wavefunction 

- asymptotic part, 217 
Electron-electron correlation, 233 
Electron-hole dynamics, 237, 240 
Electronic potential curve, 39, 40 
Electronic wave packet, 366 
Electrooptic sampling (EOS), 55 
EOS, 55 

Exit point in electron tunneling, 210 
Experimental observables 

- modeling by TDSE, 272 

- TDSE modeling of harmonic response, 

274 

- TDSE modeling of ionization, 272 

- TDSE modeling of photoelectron spectra, 

275 

F 

Factorization of the high harmonic dipole, 221 
Fano resonance 

- argon, 386 

- helium, 371 
FDTD, 441 

FEL, 530 

FEM, 441 

Few-cycle pulses, 20, 22, 23, 425 
Fiber amplifier, 26 

Field-enhanced XUV generation, 449 
Finite difference time domain, 441 
Finite element, 441 
Finite element basis functions, 263 
FLASH, 530 

Fourier transform spectroscopy (FTS), 53 
Fraunhofer approximation, 564 
Free-electron laser 

- brilliance, 469 

- pulse parameters, 470 
Free-electron laser (FEL, 530 

- pulse parameters, 470 
Frequency-resolved optical gating (FROG), 55 

- FROG-CRAB, 80 

- GRENOUILLE, 59 

- polarization grating FROG, 56 

- principle component generalized 
projection algorithm, 57 

- reconstruction algorithm, 57 

- second harmonic FROG, 56 

- third harmonic FROG, 56 

- transient grating FROG, 56 
FROG, 55 

FTS, 53 
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Gaussian laser profile, 139 


GD, 44 
GDD, 44 
Glycine 

- electron-hole migration, 410 
GRENOUILLE, 59 

Group delay (GD), 44 

Group delay dispersion (GDD), 44 

Group velocity, 21 

H 

Hamilton-Jacobi equation, 186 
Helium 

- autoionization, 371 

- double ionization, 373 

- eigenstates, 365 

- Fano resonance, 371 

- shake-up states, 376 

- TDSE modeling of ionization, 279 

- two-photon double ionization, 476 

- two-photon ionization, 473 
HERALDO, 587 

HHG, 74 

- high-order harmonic generation, 323 
High harmonic dipole 

- factorization in the frequency domain, 
222 

- factorization in the time domain, 224 

- for one-electron systems, 209 
High harmonic generation 

- cutoff energy, 203, 212, 216, 250 

- electron propagation, 223, 238 

- electron propagation with Coulomb 
correction, 217 

- electron recombination, 223, 239 

- ionization time, 210, 214 

- laser-induced dynamics in the ion, 234 

- multielectron effects, 285 

- multielectron model, 231 

- one-electron system, 205 

- plasmon field enhanced, 450 

- pulse parameters, 470 

- recombination time, 210, 214 

- saddle point method, 209 

- semiclassical description, 195 

- the simple man model, 203 
High-energy oscillators, 23 

Highest occupied molecular orbital (HOMO), 
232 

High-harmonic generation 

- electron trajectories, 328 

- energy range, 331 

- from 2 pm NIR radiation, 346, 352 

- from 3.6 pm IR radiation, 347, 352 
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- from 243 nm VUV radiation, 323 

- from 800 nm radiation, 352 

- from 1064 nm Nd 

- YAG radiation, 323 

- high-energy cutoff, 326, 342, 350 
-inAr, 323, 328, 334 

-in Kr, 323 
-in Ne, 323, 332 

- in Xe, 323, 329 

- pulse duration, 331 

- pulse parameters, 470 

- short and long trajectories, 326, 343 

- three step model, 325 
Hole migration 

- RABITT, 409 
Hollow atoms, 538 
Holography, 583 
HOMO, 232 

Hydrodynamic modeling of plasma, 141 
Hydrogen 

- dissociative ionization, 400 

- eigenstates, 362 

- electron dynamics, 406 

- electron localization, 398 
Hydrogen atom 

- photoelectron spectrum, 277 
Hydrogen molecule 

- dissociative ionization, 290 

- TDSE modeling of ionization, 281 

/ 

index 

- SFA, see strong field approximation, 327 
Index RE MI 

- reaction microscope, 472 
Infinite range exterior complex scaling 

(irECS), 270 
Interferometry, 63 
-2DSI, 73 
-ARAIGNEE, 71 

- long crystal SPIDER, 71 

- multiple spectral shearing 
interferometry, 68 

- SEA-SPIDER, 67 

- Spectral interferometry, 63 

- Spectral phase interferometry, 64 

- SPIDER, 64 

- SPIRIT, 73 
Ion chronoscopy 

- neon, 384 

- xenon, 391 

Ion momentum distribution 

- double ionization of helium and neon, 
478 


Ionization 

- double ionization of helium and neon, 
478 

- modeling by TDSE, 272 

- multiple ionization of argon, 486 

- multiple ionization of neon, 486 

- nonsequential double ionization, 476 

- sequential double ionization, 476 

- sequential two-photon double ionization 
of neon, 481 

- two-photon double ionization of helium, 
476 

- two-photon double ionization of neon, 
480 

- two-photon single ionization of helium, 
473 

Ionization time, 210, 214, 219 

- measurement of ionization times, 231 
irECS, 270 

K 

Keldysh parameter, 382 

- from 243 nm VUV radiation, 468 

- in Ar, 340 

Keldysh theory of tunnel ionization 

- high-order harmonic generation, 340 
KER, 488 

Kerr lens mode-locking (KLM), 21 
Kinetic energy 

- measurement by COLTRIMS, 472 

- measurement by velocity map imaging, 
472 

kinetic energy release, 488 
KLM, 21 

Kramers-Henneberger frame of reference, 
259 

Krypton 

- Auger decay, 388 

- charge oscillation, 390 

L 

LAAD, 545 
Laser 

- average power, 24, 25 

- broadband frequency conversion, 19, 23 

- few-cycle pulses, 20, 22, 23, 425 

- group velocity, 21 

- high-energy oscillators, 23 

- intensity regimes, 531 

- interaction with atoms and molecules, 
258 

- mode-locking, 21 

- phase velocity, 21 

- Pulse duration, 22 
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- electron dynamics, 405 
Local basis functions, 261 
Lorentzian laser profile, 139 
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- THz pulses, 22 

- Tiisapphire laser, 20 

- Ti:sapphire laser parameters, 532 

- XUV pulses, 22 
Laser amplifiers, 25 

- CEP in amplifiers, 115 

- CEP stabilization, 123 

- chirped pulse amplification, 25, 26 

- fiber amplifier, 26 

- multipass amplifier, 26 

- parametric amplifier, 27 

- plasma-based soft X-ray amplifier, 137 

- regenerative amplifier, 26 
Laser gain media, 105 

- Cr:ZnSe, 22 

- sesquioxide, 24 

- tungstate, 24 

- Yb:KLuW, 24 

- Yb:KYW, 24 
-Yb:Lu 2 0 3 , 24 

Laser oscillators, 20 

- CEP in oscillators, 106 

- CEP stabilization, 110 
Laser pulse characterization 

- attosecond spectral shearing 
interferometry, 77 

- attosecond streak camera, 78 

- autocorrelation, 53 

- chronocyclic tomography, 60 

- cross-correlation, 55 

- electrooptic sampling, 55 

- FROG, 55, 344 

- FROG-CRAB, 80 

- GRENOUILLE, 59 

- long crystal SPIDER, 71 

- multiple spectral shearing 
interferometry, 68 

- PROOF, 81 

- RABITT, 79, 332, 344, 355 

- SEA-SPIDER, 67 

- spectral interferometry, 63 

- SPIDER, 64, 344 
-X-SPIDER, 80 

- XUV autocorrelation, 75 

- XUV chronocyclic tomography, 78 

- XUV interferometry, 81 

- XUV pulses, 73 
-XUV SPIDER, 81 

laser-assisted Auger decay (LAAD), 545 
Laser-induced dynamics in the ion, 234 
LCLS, 530 

Length gauge, 181, 205 

Linac Coherent Light Source (LCLS), 530 
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magnetic bottle electron energy spectrometer 

- pulse duration, 347 
Maxwell wave equation, 43 
MBES 

- in Xe, 347 
Mean field, 430 
MF, 430 
MFPAD, 293 
Mg-porphyrin 

- electron dynamics, 407 
Michelson interferometer, 109 
Mode-locking, 21 
Molecular Coulomb explosion 

- in Ar, 398 

Molecular fragmentation 

- of deuterium, by EUV pulses, 487 

- of nitrogen, by EUV pulses, 489 
Molecular frame photoelectron angular 

distribution (MFPAD), 293 
Multielectron model to describe HHG, 231 
Multipass amplifier, 26 

N 

Nanoparticles 

- control of electron emission, 426 
Nanoplasma, 433 

Neon 

- Auger process, 542 

- multiple ionization, 486 

- nonresonant multiple ionization, 537 

- photoionization cross-section, 533 

- resonant multiple ionization, 540 

- sequential photon absorption, 537 

- sequential two-photon double ionization, 
481 

- shake-up states, 381 

- two-photon double ionization, 480 

- two-photon ionization, 539 

- X-ray interaction, 533 
Nitrogen 

- delay in photoionization, 403 

- EUV ionization and fragmentation, 489 

- nonresonant multiple ionization, 540 
Nodal planes in molecular orbitals, 238 
nonlinear optical parametric amplification 

(NOPA), 28 
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Nonsequential double above threshold 
ionization (NS-DATI), 377 
Nonsequential double ionization 

- coupled to nuclear dynamics, 476 
Nonsequential two-photon double ionization 

(NS-TPDI), 375 
NOPA, 20, 28 
NS-DATI, 377 
NSDI 

- in a peptide, 476 
NS-TPDI, 375 

Nyquist-Shannon theorem, 573 

O 

One-electron system 

- high harmonic dipole, 209 

- high harmonic generation, 205 
OPA, 28 

OPCPA, 28,118 

optical parametric amplification (OPA), 28 
optical parametric chirped pulse amplification 
(OPCPA), 28 

P 

PAD, 293 

Parametric amplifier, 27 

- carrier envelope phase stabilization, 126 
Paraxial approximation, 564 

PCGPA, 57 
PEC, 39, 40 
PEEM, 444 
Peptide 

- electron hole migration, 411 
Periodically poled nonlinear crystals (PPLN), 

109 

PES, 77 
PFT, 47 

Phase retrieval by omega oscillation filtering, 
81 

Phase-locked loop (PLL), 110 
Photoelectron angular distribution (PAD), 293 

- concurrent orientation, 310 

- molecular orientation, 294 

- one-photon photoionization, 297 

- orientation by alignment, 314 

- photoionization cross-sections, 302 

- postorientation in linear molecules, 304 

- postorientation in nonlinear molecules, 
306 

Photoelectron emission microscopy 

- imaging of plasmonic fields, 444 
Photoelectron spectroscopy 

- IR-XUV ionization of helium, 369 


- TDSE simulation, 366 

- velocity map imaging, 426 
Photoelectron spectroscopy (PES), 77 
Photoelectron spectrum 

- hydrogen atom, 277 
Photoionization cross-sections, 302 
Photoionization delay 

- nitrogen, 403 
PIEE,377 

Pink noise, 101 

Plasma X-ray amplifier, 137 

- Bloch-Maxwell model, 149 

- chirped pulse amplification, 157, 163 

- gain and saturation fluence, 143 

- hydrodynamic modeling, 141 

- multistage amplifier, 156, 168 

- spatial profile, 145, 158 

- temporal profile, 151, 158 
Plasmons, 422 

- attosecond experiments, 439 

- field-enhanced XUV generation, 449 

- in clusters, 433 
PLL, 110 

Poles in dipole matrix elements, 212 
Ponderomotive energies 

- in Ar, 469 

Ponderomotive potential, 383 
Postionization dynamics 

- classical model, 341 

- classical model, see simple man model, 
341 

Postionization energy exchange (PIEE), 377 
Potential energy curve (PEC), 39, 40 
Power spectra density (PSD), 100 
PPLN, 109 
PPT theory, 198, 216 

Principle component generalized projection 
algorithm (PCGPA), 57 
PROOF, 81 
PSD, 100 

Pulse front tilt (PFT), 47 
Pulse parameters of X-ray sources 

- electron localization, 470 
Pulse-shaping, 366 
Pump-probe experiment 

- carbon dioxide, 398 
Pump-probe spectroscopy, 40 

Q 

Quantitative rescattering theory, 198 

R 

RABITT, 79, 332 

- nitrogen photoionization, 403 
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Reaction microscope (REMI) 

- in lithium hydride, 472 
Recombination time, 210, 214 
Regenerative amplifier, 20, 26 
Runge-Kutta methods, 267 

S 

Saddle point methods, 209, 242 

- approximation, 190, 213 

- divergence in saddle point solutions, 251 

- finding the saddle points, 214 

- saddle point solutions, 219 
Sampling theorem, 45 

SASE, 530 
SD, 56 
SDI 

- electron hole migration, 476 
Second ionization during core relaxation 

(SICR), 377 

Second-order harmonic generation (SHG), 56 
Self-amplified spontaneous emission (SASE), 
530 

Self-diffraction (SD), 56 
Self-phase modulation (SPM), 22, 62 
Semiconductor saturable absorber (SESAM), 
24 

Sequential double ionization (SDI), 481 

- in glycine, 476 
Sequential ionization 

- of deuterium, 488 

Sequential two-photon double ionization 
(S-TPDI), 376 
SESAM, 24 
SFA, 76, 179 
Shake-up states 

- helium, 376 

- neon,381 
SHG, 56 
SICR, 377 
Signal-to-noise ratio 

- in X-ray diffraction, 568 
Signal-to-noise ratio (SNR) 

- in autocorrelation, 54 
Simple man model 

- three step model, 341 

Single active electron approximation, 181 

- model high harmonic generation, 205 
Singular value decomposition (SVD), 58 
Si 02 nanoparticles 

- effective field, 429 

- electron emission, 427 
SNR, 54, 568 
Sonography, 60 


Space-time coupling (STC), 46, 50 
Spatial chirp, 48 
Spectral interferometry 
-basics, 433 

- sodium nanoparticles, 437 
Spectral shearing interferometry, 64 
Spectrography, 55 

SPIDER, 64 

- SEA-SPIDER, 67 
SPIRIT, 73 

SPM, 62 
SSI, 64 
STC, 46, 50 
S-TPDI, 376 

Strong field approximation 

- orientation by alignment, 327 
Strong field interactions, 339 
Strong fields, 467 

Strong-field approximation (SFA), 76, 184, 186 

- comparison with time-dependent 
Hartree-Fock, 286 

- limits of the SFA, 188 

- transition amplitudes, 187 
Strong-field ionization, 219, 232, 238 

- electron correlation effects, 233 
Strong-field ionization of Ar 

- energy range, 348 
Strong-field S-matrix, 184 
SVD, 58 

T 

Tabletop X-ray lasers, 135 

TADPOLE, 64 

TAS, 39 

TBP, 45 

TDCI, 282 

TDHF, 283 

TDSE, 81, 179,257 

TG, 56 

The simple man model, 203 
THG, 56 

Third-order harmonic generation (THG), 56 
Three-step model, 341 
THz pulses, 22 
Tfsapphire laser, 20 
Time-bandwidth product (TBP), 45 
Time-dependent configuration-interaction 
(TDCI), 282 

Time-dependent Hartree-Fock (TDHF), 283 

- comparison with the strong-field 
approximation, 286 

- multiconfiguration TDHF, 283 
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Time-dependent Schrodinger equation 
(TDSE), 81, 179, 181, 366 
-basis functions, 257, 260 

- discretization of the TDSE, 260 

- few-electron systems, 282 

- finite element basis functions, 263 

- formal solution, 182 

- grid boundary, 265, 269 

- grid methods, 260 

- helium, 278 

- hydrogen molecule, 278 

- length gauge, 258 

- local basis functions, 261 

- modeling harmonic response, 274 

- modeling ionization, 272 

- modeling of observables, 272 

- modeling of photoelectron spectra, 275 

- nuclear motion, 287 

- pseudo-spectral approach, 278 

- Runge-Kutta time propagation, 267 

- single active electron, 324 

- split Hamiltonian, 269 

- strong-field approximation, 184 

- time propagation, 266 

- two electron systems, 278 

- velocity gauge, 258 

- Volkov propagator, 185 
Time-dependent surface flux (t-SURFF), 276 
Time-resolved fluorescence spectroscopy 

(TRFS), 39 

Time-resolved spectroscopy (TRS), 39, 40 
TPDI, 362 

- in carbon dioxide, 476 
TPSI 

- from 2 pm NIR radiation, 473 
TRA, 39 

Transient absorption spectroscopy (TAS), 39 

Transient grating (TG), 56 

TRFS, 39 

TRS, 39 

t-SURFF, 276 

Tunnel ionization 

- from 243 nm VUV radiation, 340 
Tunneling time, 193 

Two photon absorption 

- high-order harmonic generation, 467 
Two-photon double ionization 

- helium, 476 

- neon, 480 

- nonsequential, 375 

- of helium, 476 

- postionization energy exchange, 377 


- second ionization during core relaxation, 
377 

- sequential process in neon, 481 

- sequential TPDI, 376, 377 
Two-photon double ionization (TPDI), 373 
Two-photon double ionization of deuterium, 

487 

Two-photon ionization 

- helium, 473 

Two-photon single ionization 

- of helium, 473 
Two-photon-photoemission, 444 

V 

Velocity gauge, 181 
Velocity map imaging, 426 

- with X-rays, 472 

VER Molecular alignment, 413 
VMI 

- seevelocity map imaging, 426 
Volkov function, 207 

Volkov propagator, 184, 276 

W 

Wave equation, 43 
Wavepacket 

- electronic wave packet, 366 
White noise, 101 

Wiegner distribution, 41, 46 

X 

Xenon 

- above-threshold ionization, 427 

- Auger decay, 391 
XPM, 62 

X-ray 

- Auger process in neon, 542 

- brilliance of synchrotrons and FELs, 530 

- characterization of LCLS pulses, 544 

- cross-correlation, 545 

- induced transparency, 538 

- interaction with neon, 533 

- LCLS pulse parameters, 532 

- light sources, 469 

- nonresonant multiple ionization of neon, 
537 

- nonresonant multiple ionization of 
nitrogen, 540 

- Rabi cycling, 541 

- radiation dose, 569 

- resonant multiple ionization of neon, 540 

- streaking, 545 

- two-photon ionization, 539 

- ultrafast X-ray probe, 543 
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X-ray diffraction 

- before sample destruction, 557, 571 

- Born approximation, 561 

- far-field diffraction, 559 

- iterative phase retrieval, 574, 577 

- nanocrystal structure analysis, 592 

- of biological samples, 579 

- phase retrieval, 557, 572, 577 

- protein imaging, 592 

- Resolution, 562, 570, 577 

- signal-to-noise ratio, 557, 568 

- source requirements, 565 

- with XFEL pulses, 578 
X-ray gratings, 165 

- conical diffraction grating, 166 


X-ray holography, 583 

- HERALDO, 587 

- of Co/Pt magnetic domains, 585 

- of iron nanotubes, 589 

- time resolved sequential imaging, 586 
X-SPIDER, 80 

XUV photoionization, 75 
XUV pulses, 22 

XUV simplified chronocyclic tomography 
(XUV-SCT), 78 
XUV sources, 572 
XUV-SCT, 78 
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